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Dr SIMSON's 

P R E F ACE; 



THii opinions of the Moderns, concerning 
the Author of the Elements of Geometry, 
^^ which go under Euclid^s name, are very different, 
^ and contrary to one another, f^eter Ramus 
v^ afcribes the Propofitions, as welt as their Demon- 
/ ftrations, to Theon ; others think the Propofitions 
^ to be Euclid's, but that the Demonflrations are 
Theon's j and others maintain, that all the Pro- 
pofitions and their Demonflrations are Euclid's 
own. John Eluteo and Sir Btenry Savile are the 
authors of greatell note who affert this laft, and 
the greater part of Geometers have ever flnce 
been of this opinion, as they thought it the moft 
probatle. Sir Henry Savile, after the feveral 
arguments he brings to prove it, makes this 
conciufioti, (p. 13. Praeled.) *^ That, excepting a 
^* very few Interpolations, Explications, and Ad- 
^' ditions, Theon altered nothing io Euclid." 

a But,' 



iv Dr SIM son's 

But, by often confidering and comparing together 
the Definitions arid Demonftrations, as they are 
in the Greek editions we now have, I found that 
Theon, or whoever was the Editor of the prefent 
Greek text, by adding fome things, fuppr effing 
others, and mixing his^ own with Euclid's De- 
monftrations; had- ehang^ more things to the 
worfe than is commonly fuppofed, and thofe not 
of fmall moment, efpeeially in- the Fifth and Ele- 
venth Books of the Elements, which this Editor 
has greatly vitiated y for inftance, by fubftituting 
a fliorter, but in fufEcient D.emonftratioa of the 
i 8th Propofition of the 5th Book, in place of the 
legitimate one which Euclid had given ; and by 
taking out of this Book, befides other things, the 
good Definition which Kudoxus or Euclid had 
given of Compound Ratio, and giving an abfurd 
one in place of it, in the 5th Definition of the 
6th Book, which neither Euclid, Archimedes, 
AppoUonius, nor any Geometer before Theon's 
time, ever made ufe of, and of which there is 
not to be found the leaft appearance in any of 
their writings ; and, as this Definition did much 
embarrafs beginners, and is quite ufelefs, it is now 
thrown out of the Elements, and .another, which, 
without doubt, Euclid had given, is put in its 
proper place among the Definitions of the 5th 
Book, by which the dodrine of Compound Ra- 
tios is rendered plain and eafy* Befides, among 
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PRIIFACE^ ▼ 

the Definitions of the 1 1 th Book, there is this^ 
which is the loth, viz, " Equal and fimilar folid 
^* Figures are thofe which are contained by fimilar 
** Planes of the fame number and magnitude." 
Now, this Propofition is a Theorem, not a De- 
finition ; becaufe the equality of figures of any 
kind muft be demonftrated, and not affumed; and 
therefore, though this were a true Propofition, it 
ought to have been demonftratcd. But, indeed, 
this Propofition, which makes the loth Definition 
of the nth Book, is not true univerfally, except 
in the cafe in which each of the folid angles of 
the figures is contained by no more than three 
plane angles ; for, in other cafes, two folid figures 
may be contained by fimilar planes of the fame 
number and magnitude, and yet be unequal to 
one another ; as Avail be made evident in the 
Notes fubjoined to thefe Elements. In like man- 
«et, in the Demonftration of the i6th Propofition 
of the nth Book, it is taken for granted, that 
thofe folid angles are equal to one another which 
are contained by plane angles of the fame nun>- 
ber and magnitude, placed in the fame order; 
but neither is this univerfally true, except in the 
cafe in which the folid angles are contained by 
no more than three plane angles ; nor of this cafe 
is there any Demonftration in the Elements we 
now have, though it be quite neceflary there 
(hould be one. Now^ upon the i oth Dt^finition 

of 



tri Hr SIMSON*^ 

of this Book depend the 25 th and 28th PrcJpafl-* 
lions of it ; and upon the 25th and 26th depend 
other eight, viz. the 27th, 31ft, 32d, 33d, 34th, 
36th, 37th, and 40th of the fame Book ; and the 
1 2th of the 1 2th Book depends upon the 8th 
of the fame ; and this 8th, and the Corollary of 
Proportion 17th and Propofition i8th of the 
1 2th Book, depend upon the 9th Definition of 
the I ith Book, which is not a right Definition; 
becaufe there may be folids contained by the 
fame number of fimilar plane figures, which are 
not fimilar to one another, in the true fenfe of 
iimilarity received by all Geometers ; and all thefe 
Propofitions have, for thefe reafons, been infuf* 
ficiently demonftrated fince Theon's time hither- 
to. Befides, there are feveral other things which 
have nothing of Euclid's accuracy, and which 
plainly fhew, that his Elements have been much 
corrupted by unfldlful Geometers ; and, though 
thefe are not fo grofs as the others now men- 
tioned, they ought by no means to remain un- 
correded. 

Upon thefe accounts, it appeared neceflTary, 
and I hope will prove acceptable to all lovers of 
accurate reafoning, and of Mathematical learning, 
to remove fuch blemifhes, and reftore the prin- 
cipal Books of the Elements to their original ac- 
cur?cy, as far as I was able ; efpecially fince thefe 
Elements are the foundation of a Science by 

which 



PREFACE. vii 

which the inveftigation and difcovery of ufeful 
truths, at leaft in Mathematical learning, is pro- 
naoted as far as the limited powers of the mind 
allow; and which like wife is of the greateft ufc 
in the arts both of peace and war, to many of 
which Geometry is abfoltitely neceflary. This I 
have cndmvouTcd to do, by taking away the in- 
accurate and- falie reafonictgs which unikilf ul Edi- 
tors have put into the place of fome of the ge- 
nuine Demonftrations of Euclid, who has ever 
been juftly celebrated as the moft accurate of 
Geometers, and by reftoring to him thofe things 
which Theon or others have fupprefled, and 
which have thefe many ages been buried in ob- 
Jivion* 
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THE PREFACE, 



INthe preceding Preface, Dr Simfon has fhown how 
much the Elements of Euclid have fufFered from 
the Greek Editors ; arid in the Work, he has cor- 
refted many errors, and reftored feveral of Euclid's 
Demonftratlons ; by which means, the Elements are 
in a great meafure reftored to their original accuracy. 
But there are fomc things of great importance over- 
looked by him, which need corredtion ; and others, 
though correded, are not reftored to their original 
accuracy, becaufe his correAions are lefs extenfive 
than the blemifhes, or are not adapted to Euclid's 
defign. For inftance, he did not obferve, that the 
Demonftration of the a 8th Propofition of 'the Ele- 
venth Book was infufficient, though that Propofi- 
tion be the foundation of the principal part of folid 
Geometry ; and in correfling the 26th of the fame 
Book, he overlooked the defign of the Propofition, 
and inftead of changing the Enunciation, as he ought 
to have done, he attempted to accommodate the De- 
itionftration to the Enunciation, as it is in the Greek, 
in which htf did Aot fuccced : Kkewife, in correfting 
the Definition of fimilar folids, he has gone too far 
from tHe text, and changed the order of the Defini- 

A tions, 



fibns, whidi fop would hax^ had no ocfeafionj tpiOi 
if he had properly attead^ tp Euclid* Again^ he 
very properly chai^gaJ the Demog^atiQn <£ the i jfh 
Propofition of the Third Book, Ijut he did not take 
iiotice, that the alteratioo; be coi^plains, of t;he^e, is 
only one of a feries of alte|f*ao^ flaa4ejiR;ev€;y Prq- 
pofition froTO the gitk to iti ; ^d ia tb^^q^? J3q[fti3f?ier, 
\vhen he correfted the jJth.PropqijfioQ of ^t^^ Fourth 
Book, he did notobferve, th^t tjie wnt i^hich he 
flames in it, is common, to it, with manyptljgrPror 
pofitions throughout the .JLlements. la th^=ls}qt(?s, 
it (hall be made evident, that fome corre^ip^s. are 
heceffary in all thefe infts^nces. They:arie.accQrding- 
iycorreded hqe^ together with jfeveral otihei;i er- 
rors. ■ .' *• ^ ..'.'" , . • _ 
To attempt inch alterations as tbefe, jioes not feenj 
to need an apology.; their neceffity and ufefulnefs 
are fufficiently obvious ; and in making them, the 
author walks in a beaten path^ : Bm th^er^ is^ another 
clafs of alterations introdjic^d^ tb?^^ i^^ the^ f^^gil^pa* 
tion of obfcuritieSy which, though nf?t lefs ufi^l^ 
jire not thought toc^bc fQ./p^qftffary as the. former. 
As to th^fe^ it feepia to he enpugbr if .the expreffioi> 
be more p^rfpicpous thap- before, apd •no other obr 
jeftioa Vi^ againft it th^n.wh^t; lay 4ga^ft thefor- 
tner ; aind this, it i^ Iwpe^ is fh^. cafe^atprpfe^ 
Thus, j;he Enunciations f of tlie 7th .Progpfitipa of 
^^e Fij:;ft Bpok, and of the ?7tb, 28tb, and aoth of 
the Sixth Book, are, changed ja$ ar^^aUp the kcbnd 
^Definition of the Sixth Bopk, and tbe 5jtb and 7th 
pefinitions of the Fifth Book, befides feveral others 
of lefs importance, Now, in all thefe places men-; 
tioned, the literal tranflation from the Grejek is ac- 
knowledged, to be very obfcure, fo that an alteration 
pan fcarceiy be objeded to : and the meaning of the 

prefent 



jjrefent mode of ^cpreflioa is very^ariy the fame 
with that of the fomiir, tnd the intention and uie 
are exa<aiy the fame. In the Fifth Book, however^ 
tlife cfeange of expreffion made in the Definitions, 
caiiftS a fiffiiilar chai^ge irt dieir application, on which 
accoufiti^n\fheDettionftmtionsf -there is fomctimes 
a dJffafent A^ neccffaryin ordftrto cx>nned them 
with thdI>Bfifllt!c)rife^-'iLAd-foina:imes a difference in 
the conffiniftion, But it is generally made more fimple 
than before. Beiides, in this Book, the form of the 
conftrudions is altered, the multiples being now ex- 
hibited,by increafing themagiutudes^inftead of being 
made diflferent magnitudes, as they were before ; and 
thofe of them that are equimultiples, are marked 
with the fame letters: By which means, their de- 
pendence upon their magnitudes will be more evi- 
dent, and the Student will find no difficulty, either 
in difcovering the multiples of magnitudes, or in 
knowing which of them are equimultiples; ''—things 
wliidi created confiderable trouble before* In other 
fdfpeft^, this Book is the fame as before, except 
that the 1 ft, 2d, and 6th Propofitions are more ge- 
neral- and that the Demonftrations near the begin- 
liing are very fully exprcffed. 

It will be £hown in the Notes, that the Definition 
of prcp6nit>nals now jgiven, is almoft the fame with 
the ancient definition; and it is obvious^ that it 
agrees with the Hiodern definition,, an^ !$• ^ much 
better expreffion of it, than that which is gommojuly 
given : and it is as eafily applied as either of them 
to the purpofe of demonftrating the properties of 
proportionals ; fo that there does not appear to be 
any* valid obj^ion againft it. 
'%■ was at firft intended to have given the I2th 
Book of Euclid entire, and to have annexed fome 

A 2 ufeful 



4 ,P R EiFjAvClE. 

trfeful Propofitio^s to it.: but.jbt$.'^fign'isdr(>ptaf 
prefeat, b(x:aufi? that ^0^1? iaiyexyiproirK, amd feldom 
read by beginriers j ^nd i the additional Projpofiiioiis 
could not be eafilydeduced fromiit ; and to dddacn- 
ilrate them, ind^pendeflit pf ic^ winild haveifvz)dled 
the Book too mi«^> : Jk isj^rdpr^ 
more convenienti efpepially fpj: heginaersjifon Tshofe 
ufe this Book, as chiefly iijteq^i^di ,to. detniaaftrate 
the relations of thje pa^Ujelppijed andipirffm^tbt^^^ 
folids, which are tl|^ fiiye^ o£ thkBooki aiid fibm 
them to deduce the principal PropofitiopKr<jfithe 
J 2th Book, whicb; eafily flow Irom them jf thus 
forn\uag.a plain, and {hortabridg^emeat of /it:'.- In 
the coniWdiona of thi& Book^ the %ttres inforihed 
in the circles are Gonipof€do£rei9:)a;txgles.i»ade id the 
manner of tbe moderns, but the Demonftrations^are 
conducted in the manner of the ancients ; .by wfakh 
means it is manifeft^ that the principal difference be-* 
tween the ancient and modern methods of -cidiau- 
ftions, does not lie in the method^ tUemfelves, »but 
in the inaccurate mode of exprefjiion ufed by many 
•of the modems^ . - - ' 

The^adof the loth Book of Euclid is thc3 3d of 
this ; and th? 5th, 6tb, and 7th, are contained in the 
5th, and ita^ corollaries ; and the lOth, iitb, and 
lath, an the 6th and yth^ and their eorollaaies ; and 
the 1 8th ia the loth of this j ,all the other Propofitions 
of this. Book of Euclid are only fubfidia]^ ones^* 

Befides thefe akemions, there aore fevend parti- 
cular errors corre(^d /k& thia W^^^i and many of 
the Demonflxatipns which-,w$r^ fbrm«rly given in 
different cafes, are now *made iptjr^ g«iej?al, and 
many others are fhortened* LiJ^ewife, a number of 
ufeful Definitions and Propofitions are added to the 
Elements, and fome ufeleis onea thrown out* But 

for 
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. loTiA'Stort particular account <]f thcfe things, the 
I3eaddrtar6fet»e4 td the I^otes,' in which he wl alfo 
find' the datiirc of Gemrietrical accuracy fireated pretty 
fiil]^; and iQ the Notes (Ml the 29th Propofition of 
the /Erft- Book;' the wth Axiom is demonftrated 
.ip^kiosrufe aaytiflamjpi^ die other Axioms, which 
(the/ moderm havte attempted to ftibftitute for it, are 
pattimiiaiiy ^toiifl^ered ^^ and in the Notes on the 
Fifth Book, the Definition erf pfoportidnals is de- 
duced:frdm>'dhe hianner of obtaining ottr firft ideas 
of pcoportioiiv • 

In the Elements of Plane and Spherical Trigono- 
metiry^aiSfsesed to fome of the Editions of DrSimfon's 
EuGlid, fcwrttl things were affumed without proofs 
which gare considerable trouble to beginners. T hefe 
Elensents an now made more accurate and com*^ 
plete ; iand a new Lemma is prefixed, which is the 
fbundndbn c£ the appUcsrtion of Arithmetic fo Geo- 
mctty*: Hik^wife, the tiature and ufe of the Trigo-^ 
nometrital Tables are explained after the id Propo- 
fition^^'and. their i^onftradtion is given at the end of 
Plane Trigonometry, to which alfo tihefe is added a 
method of fiilding the ratio of the circumference of 
a drcle to its diameter; for Without the knowledge 
of thde tlungs; Trigonometry cannot be fully un- 
derftood. And in Spherical Trigonometry, the Pro- 
portiosiS for refclving the cafes, which were former- 
ly fo numerous as to be a bwden to the memory^ 
are now nedueed to a few general ones, that are as 
eaiiiy underftood and demonftrated, as any of the 
particular ones; and eafy rules are given for pre- 
venting the ambiguity of the Solutions. * There are 
alio many new Dcmonftrations given in Trigonome- 
try, much more limple than the former ones. 

It is acknowledged, that in this performance the 

brevity 
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brevity afFeded by fome modern writers is indvii 
ftrioufly avoided, becarife it is well known, froirt 
experience, that inftead'of furtherirlg, it greatly re^ 
tards the progrefs of Students ; arid for the fame 
reafon, Algebraic fymbols are avoided. . The Edi- 
tor is of the fame opinion with Dr Xeil, that ^ the 
Elements of all Sciences ought to be Handled in the 
moft funple manner, and not to be involved in Sym- 
bols, Notes, or obfcure Principles/' ' r 

But though words be not ufed fo fpariiigly here 
as by fome others, there kre very few that could 
be wafited, Without producing obfcurity : and as to 
tedioufriefs^ fo often .complained of,' it is rather inr 
appearance than reality ;. for the arrangement is fo 
happily contrived, as almoft always to admit the 
iimpleft conftrudtions and deiiionftrations that can 
be given : and in all the firft Six Books, there are not 
above half a dozen of Propofitions that could be 
omitted, without a lofs to Geometry, Nor. is the 
method of handling folids in the nth Book fo te- 
dious as is alledged : for if we omit the 2 2d, 23dy 
26th, and 27th, together with all thofe after the - 
34th, as is ufually done by the moderns, the reft 
are ftill accurately demonftrated without them ; and 
thus, the number of the Propofitions concerning fo-^ 
, lids is reduced to ten, with two Corollaries, a num- 
ber as fmall as has ever been ufed, or can reafonably 
be expeded in treating fuch a copious fubjed:. 

At the end, there is added a Treatife of Pradical 
Geometry, a fubjedt to which the attention of Stu^ 
dents is almoft always directed, im;m.ediately after 
they have read the Elements. 

By Practical Geometry is here meant, the method 
of expreffing the magnitude of lines, fuperficies, &c. 
by means of the raeafures in common life, fuch as 

inches^ 
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JLiw^hes, feeV &c. for which purpofe, it is affumcd, 
jttiat . the Da^mtudes concerned are all commen- 
furaUe, or rather, that they exceed commenfurable 
iijagnitudes, by differences too inconfiderable to be 
jt^eiv notice of ; fo that, when a meafure is applied, 
Ipi; example^ to. a line, that line is fuppofed to 
cqntaiif the . jneafufe, o:f fome part of it, a certain 
ro^n^er of timcSt without any remainder defer- 
Vmg notice. In .this.Ti;eaitife, the Demonftrations 
^e ,as accurate, as in the Elements, but they are 
pot quite fo fuU^ becaufe th^ Student is now bet- 
ter ^acquainted yrith the n^t^e of Demonftration^ 
and its peculiar mode of .(sxpreilion, than when he 
was reading the Elements. It is very fhort, being 
only an introdudlion to Menfuration, Surveying, 
puajging, &c. and is pot intended to fuperfede 
the perufal of more complete Treatifes on theft 
^«bje6ls, _ • 
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line 24. from the foot, omitted (margin) a 5, i, 
»— 2. from the top, Jor AC is read AG is 
-r- 12. from the foot, /or tiranglc read triangle 

— i|, from the foot, Jor ; read : 

— 13. from the foot,/arHBC. Andr#flJHBC,and 
r— 31. from the top2y^rpropofitions,i-/ii^:^propoiition^ 
-— 14. from the foot, /or fides read fide 
— r. 2. from the top, /or anj angle read^n angle 

— 27. from thp top, /or DGE read DGJ 

— 25. from the foot, ybr of P. 4. r^fl'rf by P. 4. 
22. from the foot, j<br a circle r^a^i the circle 
12. from the top, /or ET. (margin) readT^T. 
1 1 . from the top, /or AE read AF 
16.SL43. from the top, ybr Pro6lus read Vrodus 
17. from the top,ybr altogether, r^a^all together. 

4. from the foot, ybr 32d read 2. Cor. 15. 

Befides thefe, in the 4th line of the Note to PROS. IX. ia 
p. 32b. there is ADE, inftead of ADB, and PL I. Fig. i6. is 
omitted in the margin oppofite to PROB. X. ; and in p. 325. in 
the firft line of the lail column of the Table, there is 13, inftead 
pf 18. 
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BOOK I. 



DEFINITIONS. 

r. 



, PaatT has fituation, but not saagaitttde. SeeNoteli 

II. 

A line is length without breadth. 

III. 
The extremities of a line are poifits. 

IV. 
A ftraight line is that which lies evenlj^ between It* extreme 
points. 

V. 
A fuperficies is that which hath onlv length and breadth. 

VI. 
The extremities of a fuperficies are lines. 

VII. 
A plane fuperficies is that in which anj two points bein^ taken, 
the ftraight line between them lies wholly in that fupei fides. 
VIII. Omitted. 
IX. . 

A plane redilineal angle is the inclination of two ftraight lines 
to one another, which meet together, but are not in the fame 
ftraight line. 

B N.B. 
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THE ELEMENTS 



Book T, 




* N. S. When feveral angles are at one point B, any one 

* of them is expreffed by three letters, of which the letter that 

* is at the vertex of the angle, that is, at the point in which 
^ the ftraight lines that contain the angle meet one another, is 

* put between the other two letters, and one of thefe two is 

* fomewhere upon one of thofc ftraight lines, and the other 

* upon the other line : Thus, the angle which is contained by 

* the ftraight lines AB, CB is named the angle ABC, or CBA ; 

* that which is contained by AB, DB is named the angle ABD, 

* or DBA ; and that which is contained by DB, CB is called 

* the angle DBC, or CBD ; but, if there be only one angle at 
' a point, it may be exprefl^ by a letter placed at that point ; 

* as the angle at E.' 

X. 
When a ftraight line ftanding on ano- 
ther ftraight line makes the adjacent 
angles equal to one another, each of 
the angles is called a right angle ; 
and the ftraight line which ftands 

on the other is called a perpendicular 

to it. 

^ xr. 

An obtufe angle is that which is greater than a right angle. 




XIL 

An acute angle is that which is lefs than a right angle. 

XIII. Omitted. 

XIV. 
A figure is that which is inclofed by one or more boimdaries. 



XV. 
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XV. 

A circle is a plane figure contained by 
one line, which is called the cir- 
cumference, and is fuch that all 
ftraight lines drawn from a certain 
point within the figure to the cir- 
cumference, are equal to one ano^ 
ther: 




Book. I. 



And this point is called the centre of the circle* 

Definition A. 
Any ftraight line drawn from the center to the circumference of 
a circle, is called a Radius. 

XVII. 
A diameter of a circle is a ftraight line drawn through the centre, 
and terminated both ways bj the circumference. 
XVIII. 
A femicircle is the figure contained by a diameter and the part 
of the circumference cut ofi" by the diameter. 
XIX. Omitted. 
XX. 
ReSilineal figures are thofe which are contained by ftraight 
lines. 

XXI. 
Trilateral figures, or triangles, by three ftraight lines. 

XXII. 
Quadrilateral, by four ftraight lines^ 

XXIII. 
Multilateral figures, or polygons, by more than four ftraight 
lines. 

XXIV, 
Of three-fided figures, an equilateral triangle is that which has 
three equal fides. 

XXV. 
An Ifofceles triangle, is that which has only two fides equal. 





XXVI. 

A fcalene triangle, is that which has three unequal fides. 

Ba XXVIL 
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,V-^V>y A right angled triangle, is that which has a right angle. 

XXVIII. 
An obtofe angled triangle^ is that which has an obtufe angle. 




^ XXIX. 
An acute angled triangle, is that which has three acute angles. 

XXX. 
Qf four-fided figures, a fquare is that which has all its fides 
e^ual, and all its angles right angles* 



XXXI. 

An oblong, is that which has all its angles right angles, but has 

not all its fides equal. 

XXXII. 
A rhombus, is that which has all its fides equal, bi^t its angles 

arc not right angles. 




XXXIII. 
A rhomboid, is that which has its oppofite fides equal to one 
another, but all its fides are not equal, nor its angles right 
angles. 

XXXIV. 
All other four-fided figures, befides thefe, are called Trapeziums. 

XXXV. 
Parallel ftraight lines, are fuch as are in . 

the fame plane, and which, being pro- 

duced ever fo far both ways, do not ' 

mee(« 

PO- 
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POSTULATES. x^ry^ 

I. 

LET It be granted that a ftraight line may be drawn from 
any one point to any other point. 
II. 
That a terminated flraight line may be produced to any length 
in a ftraieht line. 

^ III. 

And that a circle may be defcribed from any centre, at any 
diftance from that centre. ' 

AXIOMS. 

I. 

THINGS which are equal to the fame, are equal to one an- 
other. 

11. 
If equals be added to equals, the wholes are equal. 

III. 
If equals be taken from equal s, the remainders are equal, 

IV. 
If equals be added to unequals, the wholes are unequal. 

V • 
If equals be taken from unequals, the remainders are unequal. 

VI. 
Things which are double of the fame, are equal to one another. 

Vil. 
Things which are halves of the fame, are equal to one another* 

VIII. 
Magnitudes which coincide with one another, that is, which 
exa£bly fill the fame fpace, are equal to one another. 

IX. 
The whole is greater than its part. 

■X. 
Straight lines which do not coincidcj cannot meet one another in See N. 
more than one point. 

XI. 
All, right angles are equal to one another. 

XII. . 
^* If a flraight line meets two flraight lines, fo as to make the 
^^ two interior angles on the fame fide of it taken together, 
** lefs than two right angles, thefe flraight lines, being con- 
•* tinually produced, fliall at length meet upon that fide on 
•' which are the angles which are lefs than two right angles. 
** See the notes on Prop, ap, of Book 1." 

PROPO. 
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PROPOSITION I. PROBLEM. 



aj.Poftu 
late. 




TO defcribe an equilateral triangle upon a given 
finite ftraight line. 

Let AB be the given ftraight line 5 it is required to defcribe 
an equilateral triangle upon it. 

From the centre A, at the di- 
flanee AB, defcribe a the circle 
BCD J and from the centre B, at 
the diftance BA, defcribe the 
circle ACE ; and from the point 
C, in which the circles cut one 
bi. Poft. another, draw the ftraight lines ^ 
CA, CB to the points A, B ; ABC 
fiiall be an equilateral triangle. 

Becaufe the point A is the centre of the circle BCD, AC is 
equal c to AB ; and becaufe the point B is the centre of the 
circle ACE, BC is equal to BA : But it has been proved, that 
CA is equal to AB ; therefore CA, CB are each of them equal 
to AB ; but things which are equal to the fame, are equal to one 
another ^ ; therefore CA is equal to CB ; wherefore CA, AB, 
BC, are equal to one another ; and the triangle ABC is there- 
fore equilateral, and it is defcribed upon the given ftraight line 
AB. Which was required to be done. 

PROP. II. PROB. 

'ROM a given point to draw a ftraight line equal to 

a given ftraight line. 
Let A be the given point, and BC the given ftraight line ; it is 
required to draw from the point A a ftraight line equal to BC. 

From the point A to B draw * 
the ftraight line AB ; and upon it 
defcribe ^ the equilateral triangle 
ex. Poft. DAB, and produce c the ftraight 
lines DA, DB, to E and F ; from 
the centre B, at the diftance BC, 
d 3. Poft. defcribe d the circle CGH; and 
from the centre D, at the diftance 
DG, defcribe the circle GKL. AL 
ftmll be equal to BC. 



cisthDe 
finitibn. 



d fft Axi 
om. 
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Becaufe the point B is the centre of the circle CGH, BC is Book I. 
equal e to BG ; and becaufe D is the centre of the circle GKL, V*>V^ 
DLis eq6al to DG, and DA, DB, parts of them, are equal ;C 15. DeU 
therefore the remainder AL is equal to the remainder ^ BG : f 3. Ax 
But it has been Ihewn, that BC is e^ual to BG ; wherefore AL 
and BG are each of them equal to BG ; and things that are 
equal to the fame, are equal to one another; therefore the 
flraight line AL is equal to BC. Wherefore from the given 
point A a ftraight line AL has been drawn equal to the givea 
flraight line BC. Which was to be done. 

PROP. IIL PROB. 

FROM the greater of two given ftraight liiies to 
cut off a part equal to the lei§. 

Let AB and C be the two given 
ftraight lines, whereof A B is the greater: 
It is required to cut off from AB, the 
greater, a part equal to C, the lefs. 

From the point A draw » the ftraight 
line AD equal to C ; and from the 
centre A, at the diftance AD, defcribe ^ "*^»^^.,.,i.*-^-Or y, ^. p^^^ 

the circle DEF : And becaufe A is the centre of the circle DEF, 
AE is equal to AD ; but the ftraight line C is lilcewife equal 
to AD ; whence AE and C are each of them equal to AD ; 
^vherefore the ftraight line AE is equal to c C, and from AB, c i. Ax. 
the greater of two ftraight lines, a part AE has been cut off 
equal to C the lefs. Which was to be done. 

PROP. IV. THEOREM. 

IF two triangles have two lides of the one equal 
to two fides of the other, each to each ; and 
have likewife the angles contained by thofe fides 
equal to one another ; they fhall likewife have their 
bafes, or third fides, equal ; and the tv/o triangles 
fliall be equal ; and their other angles fhail be equal, 
each to each, viz. thofe to which the equal fides are 
oppofite. 

Let ABC, DEF be two triangles, which have the two fides 
AB, AC equal to tb« twt> fides DE, DF, each to each, viz. 

AB 




a a. u 
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Book I. AB to DE, and AC to 
K^yy^ DF ; and the angle BAG 
equal to the angle EDF ; 
the bafe BC Ihail be equal 
to the bafe EF ; and the 
triangle ABC to the tri- 
angle DEF ; and the other 
angles, to which the equal 
fides are oppofite, fhall be 
equal each to each, viz. 
the angle ABC to the angle 
DEF, and the angle ACB 
to DFE. 

For, if the triangle ABC be applied to DEF, fo that the 
point A maj be on D, and the ftraight line AB upon DE, the 
point B fliall coincide with the point E, becaufe AB is equal to 
DE ; and AB coinciding with DE, AC (hall coincide with DF^ 
becaufe the angle BAC is equal to the angle EDF ; wherefore 
alfo the point C fhall coincide with the point F, becaufe the 
ftraight line AC is equal to DF: But the point B coincides with 
the point E. Therefore the bafe BC fliall coincide with the 

t lo. Ax. bafe EF a, and be equal to it b. Wherefore the whole triangle 
ABC fliall coincide with the whole triangle DEF, and be equal 

'b 8. Ax. to it b ; and the other angles of the one fliall coincide with the 
remaining angles of the other, and be equal to theni, viz. the 
angle ABC to the angle DEF, and the angle ACB to DFE* 
Therefore, if two triangles have two fides of the one equal to 
two fides of the other, each to each, and have likewife the angles 
contained by thofe fides equal to one another, their bafes fliall 
likewife be equal, and the triangles be equal, and their other 
angles to which the equal fides are oppofite, fliall be equal, each 
to each. Which was to be demonftrated. 



r 



PROP. V. THEOR. 

^HE angles at the bafe of an Ifofceles triangle are 
equal to one another ; and, if the equal fides be 
produced, the angles upon the other fide of the bafe 
fliall be equal. 

Let ABC be an Ifofceles triangle, of which the fide AB is 
equal to AC, and let the ftraight lines AB, AC be produced to 
D and E, the angle ABC fliall be equal to the angle ACB, and 
the angle CBD to the angle BCE. 

In BD, take any point F, and from AE, the greater, cut off 
a 3. X. AG equal a to AF, the lefe, and join FC, GB. 

Becaufe 
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Becaufe AF is equal to AG, and AB to AC, the two fidcsi Book I. 
FA, AG are equal to the two GA, AB, each to each j aud V^VV^ 
they contain the angle FAG common to 
the two triangles AFC, AGB ; therefore 

the bafe FC is equal ^ to the bafe GB, and / \ b 4. i. 

the triangle AFC to the triangle AGB ; ^ ^ 

and the remaining angles of the one are 
equal b to the remaining angles of the 
other, each to each, to which the equal 
fides are oppofite, viz. the angle ACF to 
the angle ABG, and the angle AFC to the 
angle AGB : And becaufe the whole AF is 
equal to the whole AG, of which the parts 

AB, AC are equal ; the remainder BF fliall be equal * to the ^ ^^ j^^^ 
remainder CG ; and FC was proved to be equal to GB ; there- 
fore the two fides BF, FC are equal to the two CG, GB, each 

to each ; and the angle BFC is equal to the angle CGB, and the 
bafe BC is common to the two triangles BFC, CGB ; where* 
fore the triangles are equal \ and their remaining angles, each 
to each, to which the equal fides are oppofite ; therefore the 
angle FBC is equal to the angle GCB, and the angle BCF to the 
angle CBG : And fince it has been demonftrated, that the 
whole angle ABG is equal to the whole ACF, the parts of 
which, the angles CBG, BCF are alfo equal; the remaining 
angle ABC is therefore equal to the remaining angle ACB, 
which are the angles at the bafe of the triangle ABC : And it 
has alfo been proved, that the angle FBC is equal to the angle 
GCB, which are the angles upon the other fide of the bafe. 
Therefore the angles at the bafe, &c. Q. E. D. 

Corollary. Hence every equilateral triangle is alfo equi« 
angular. 

PROP. VI. THEOR. 

IF two angles of a triangle be equal to one another, 
the fides alfo which fubtend, or are oppofite to^ the 
equal angles, fliall be equal to one another. 

Let ABC be a triangle having the angle ABC equal to tho 
angle ACB ; the fide AB is equal to the fide AC. 

For if AB be not equal to AC, one of them 
is greater than the other: Let AB be the 
greater, and from it cut * off DB equal to - a % 

AC, the lefs, and join DC ; therefore, becaufe /\ \ » 3« *• 
in the triangles DBC, ACB, DB is equal to 
AC, and BC common to both, the two fides 
DB, BC are equal to the two AC, CB, each 
to each ; and the angle DBC is equal to the 
angle ACB ; therefore the bafe DC is equal 
to the bafe AB, and the triangle DBC is equal 

C to 
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Book I. to the triangle ^ ACB, the lefs to the greater ; which is ahfurd, 
^^^^v'^ Therefore AB is not unequal to AC, that is, it is equal to it. 
b. 4. u Wherefore, if two angles, &c. Q^E. D. 

Cor. Hence everj equiangular triangle is alfo equilateral. 

PROP. VII. THEOR. 

Sec N. TTf there be two triangles upon the fame bafe, and 
i on the fame fide of it, that have their fides, 
which are terminated in one extremity of the bafe 
equal to one another, they fhall not have their fides 
equal, which are terminated in the other extremity. 

Let there be two triangles ACB, ADB, upon the fame bafe 
AB, and upon the fame fide of it, which have their fides CA, 

DA, terminated in the extremity A of the bafe, equal to one 
another ; their fides CB, DB, that are terminated in B, fhall not 
be equal. 

Join CD ; then in the cafe in which 
the vertex of each of the triangles is 
without the other triangle, becaufe AC 
is equal to AD, the angle A CD is 
I equal » to the angle ADC : But the 

angle ACD is greater than the angle 
BCD ; therefore the angle ADC is 
greater alfo than BCD ; much more 
then is the angle BDC greater than the 
angle BCD. But if CB were equal to 

DB, the angle BDC, would be equal a 
to the angle BCD ; and it has been demonft rated to be greater 
than it ; which is impoffible ; therefore CB cannot be equal 
to DB. ^ 

But, if one of the vertices, as D, be within the other tri-i 
angle ACB ; produce AC, AD 
to E, F ; therefore, becaufe 
AC is equal to AD, in the 
triangle ACD, the angles ECD, 
FDC upon the other fide o£ 
the bafe CD, are equal a to 
one another ; but the angle 
ECD is greater than the angle 
BCD ; wherefore the angle 
FDC is likewife greater than BCD ; much more then Is the 
angle BPC grAter than the angle BCD. But if CB were 
equal to DB, the angle BDC would be equal a to the angle 
BCD J and BDC has been proved to be greater than the fame 

BCD; 
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BCD ; which is impoffible. Therefore CB cannot be equal to Book I. 
DB. The cafe in which the vertex of one triangle is upon a VgXVw 
fide of the other, needs no demonftration. Wherefore, if there 
be two triangles, &c. Q^ £. D* 

PROP. VIIL THEOR. 

F two triangles have two fides of the one equal 
^ to two fides of the other, each to each, and have 
like wife their bafes equal ; the angle which is con- 
tained by the two fides of th6 one, fhall be equal 
to the angle contained by the two fides equal to them 
of the other. 

Let ABC, DEF be two triangles, having the two fides AB, 
AC equal to the two fides D£, DF, each to each, viz. AB to 
DE, and AC to DF; and alfo 
the bafe BC equal to the bafe EF. 
The angle BAC is equal to the 
angle EDF. 

For, if the triangle ABC be 
applied to DEF, fo that the point 
B be on E, and the (Iraight line 
BC upon EF ; the point C ihall 
alfo coincide with the point F, 
becaufe BC is equal to EF ; 

therefore BC coinciding with JEF, BA, and AC fliall coincide 
with ED and DF j for, if the bafe BC coincides with the bafe 
EF, but the fides BA, CA do not coincide with the fides ED, 
FD, but have a different fituation, as EG, FG; then, upon 
the fame bafe EF, and upon the fame fide of it, there can be 
two triangles that have their fides, which are terminated in one 
extremity of the bafe, equal to one another, and likewife their 
fides terminated in the other extremity; but this is impoffible*: a 7* *• 
Therefore, if the bafe BC coincides with the bafe EF, the 
fides BA, AC cannot but coincide with the fides ED, DF ; 
wherefore, likewife the angle BAC coincides with the angle 
EDF, and is equal ^ to it. Therefore, if two triangles, &c. b 8. Ax; 
<^E. D. 

PROP. IX. PROB, 

TO bife6l a given redilineal angle, that is, to divide 
it into two equal angles. 

Let BAC be the given re^ilineal angle, it is required to bi- 
fed it. 

C a Take 
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Book I. Take any point D in AB, and from AC 
V^i^'^^eqna] to AD; join DE, and upon it de- 



AE 



a 3- 
b I. I. 



c 8. z» 



e I. X. 
b p. I. 



c 4. I. 



a 3' '• 
b ;. I, 




9 8. I, 



fcrihe b an equilateral triangle DEF ^ then join 
AF; the ftraight line AE bifefts the angle 
BAG. 

Becaufe AD is equal to AE, and AF is com- ^ 
mon to the two triangles DAF, EAF ; the two 
fides DA, AF are equal to the two fides EA, 
AF, each to each ; and the bafe ^F is alfo B j^ C 
equal to the bafe EF ; therefore the angle DAF is equal ^ to 
the angle EAF ; wherefore the given redilineal angle BAG 13 
bifefted by the ftraight line AF* Which was to be done, ^ 

I 
PROP. X. PROB. ^ 

TO bifeft a given finite ftraight line, that is, to di- 
vide it into two equal parts. 

Let AB be the given ftraight line j it is required to divide it 
into two equal parts, 

Defcribe a upon it an equilateral triangle ABG, and bifefl 
b the angle AGB by the ftraight line GD. AB is cut into two 
equal p?rts in the point D. 

Becaufe AG is equal to GB, anc^ GD 
common to the tv.-o triangles AGD, BCD ; 
the two fides AG, GD are equal to BG, 
CD, each to each j and the angle AGD is 
slfo equal to the angle BGD ; therefore 
the bafe AD is equal to the bafe c DB, 
and the ftraight line AB is divided into 
two equal parts in the point D. Which 
vas to be done, 

PROP. XI. PROB. 

TO draw a ftraight line at right angles, to a given 
ftraight line, from a given point in the fame. 

Let AB be a given ftraight line, and C a point given in it ; 
it is required to draw a ftraight line from the point G, at right 
angles to AB. 

Take any point D in AC, and » make GE equal to GD, and 
upon DE dcfci ibe ^ the equilateral triangle DFE, and join FG ; 
the ftraight line FG drawn ffom the given pojnt G, is at right 
^n pries to the given ftraight line AB. 

Becaufe DC is equal to CE, and FG common to the two tri- 
angles DGF, ECF ; the two fides DC, GF are equal to the 
two EC, GF, each to each ; and the bafe DF is alfo equal to 
the bafe EF 5 thercfgre the angle DCF 13 equal c tg the angle 

ECFi 
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ECF ; and they^r^ adjacent angles. But, 

vihtn the adjacent angles which one 

ftraight line makes with another ftraight 

line, are equal to one another, each of 

them is called a right d angle ; therefore 

each of the angles DCF, ECF is a right 

angle. Wherefore, from the given point ^^ 

C, in the given, ftraight line AB, FC has been drawn at right 

angles to AB. Which was to be done. 

PROP. XII. PROB. 

TO draw a ftraight line perpendicular to a given 
ftraight line of an unlimited length, from a given 
point v^^ithout it. 

Let AB be the given ftraight line, which may be produced to 
any length both ways, and let C be a point without it. It 
is required to draw a ftraight line 
perpendicular to AB from the point C. 

Take any point D upon the other 
fide of AB, and from the centre C, 
at the diftance CD, defcribe ^ the 
circle EGF meeting AB in F, G; 
and bifea ^ FG in H, and join CF, 
CH, CG ; the ftraight line CH, 
drawn from the given point C, is perpendicular to the given 
ftraight line AB. 

Becaufe FH is equal to HG, and HC common to the two tri- 
angles FHC, GHC, the two fides FH, HC are equal to the 
two GH, HC, each to each ; and the bafe CF is alfo equal *^ to c 15. DcL 
the bafe CG ; therefore the angle CHF is equal d to the angle , g 
CHG ; and they are adjacent angles ; but when a ftraight line 
ftanding on a ftraight line makes the adjacent angles equal to 
one another, each of them is a right angle, and the ftraight 
line which ftands upon the other, is called a perpendicular to 
it; therefore from the given point C, a perpendicular CH 
has been drawn to the given ftraight line AB* Which was 
to be done. 

PROP. XIII. THEOR. 

THE angles which one ftraight line makes with 
another upon the one fide of it, are either 
two right angles, or are together equal to two right 
angles. 

Let the ftraight line AB make with CD, upon one' fide of it, 

the 
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Book I. the angles CBA, ABD ; thefe are either two right angles, or 
v^W/ are together equal to two right angles. 

For, if the angle CBA be equal to ABD, each of them is a 



A 



D 




CI> 



B 



C 2. Ax. 



d I. Ax. 



a Dcf. 10. right a angle ; but, if not, froni the point B* draw BE at right 
b II. 1. ^"S^^s b to CD ; therefore the angles CBE, EBD are two right 
angles * ; and becaufe CBE is equal to the two angles CBA, ABE 
together, add the angle EBD to each of thefe equals j therefore 
the angles CBE, EBD are equal c to the three angles CBA, 
ABE, EBD. Again, becaufe the angle DBA, is equal to the 
two angles DBE, EBA, add to thefe equals the angle ABC ; 
therefore the angles DBA, ABC are equal to the three angles 
DBE, EBA, ABC ; but the angles CBE, EBD have been de- 
monftrated to be equal to the fame three angles ; and things 
that are equal to the fame, are equal d to one another ; therefore 
the angles CBE, EBD are equal to the angles DBA, ABC : but 
CBE, EBD are two right angles; therefore, DBA, ABC are 
together equal to two right angles. Wherefore, when a ftraight 
liile, &c. Q^E. D. 

PROP. XIV. THEOR. 

IF, at a point in a ftraight line, two other ftraight 
lines, upon the oppolite fides of it, make the ad- 
jacent angles together equal to two right angles, thefe 
two ftraight lines fhall be in one and the fame ftraight 
line. 

At the point B in the ftraight line 
AB, let the two ftraight lines BC, BD, 
upon the oppofite fides of AB, make 
the adjacent angles ABC, ABD equal 
together to two right angles. BD is 
in the fame ftraight line with CB. 

For, if BD be not in the fame 
ftraight line with CB, let BE be in 

the fame ftraight line with it; therefore, becaufe the ftraight 
line AB makes angles with the ftraight line CBE, upon one 
fide of it, the angles ABC, ABE are together equal a to two 
right angles j but the angles ABC, ABD are likewife together 

equal 
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equal to two right angles ; therefore the angles CB A, ABE are Book. I. 
equal to the angle* CBA, ABD : Take away the common ^-orv^ 
angle ABC, and the remaining angle ABE is equal ^ to the b 3- Ax. 
remaining angle ABD, the lefs to the greater, which Is im- 
poflible ; therefore BE is not in the fame ftraight line with BC« 
And, in like manner, it may be demonftrated, that no other 
can be in the fame flraight line with it but BD, which there, 
fore is in the fame ftraight line with CB, Wherefore, if at a 
point, &c. Q^E. D. 

PROP. XV. THEOR. 

IF two ftraight lines cut one another, the vertical, or 
oppojite^ angles (hall be equal. 

Let the two ftraight lines AB, CD cut one another in the 
point E ; the angle AEC fliall be equal to the angle DEB, and 
CEB to AED. 

Becaufe the ftraight line AE makes 
with CD the angles CEA, AED, 

thefe angles are together equal * to two "S^ a 13. t< 

right angles. Again, becaufe the ftraight 
line DE makes with AB the angles 
AED, DEB, thefe alfo are together 
equal a to two right angles ; and CEA, f) 

AED have been demonftrated to be equal to two right angles ; 
wherefore the angles CEA, AED are equal to the angles AED, 
DEB. Take away the common angle AED, and the remaining 
angle CEA is equal ^ to the remaining angle DEB. In tlve b3.Ax, 
fame manner, it can be demonftrated, that the angles CEB, 
AED are equal. Therefore, if two ftraight lines, Sec, 

Cor. I. From this it is manifeft, that, if two* ftraight lines 
cut one another, the angles they make at the point where they 
cut, are together equal to four right angles. 

Cor. 2. And confequently, that all the angles made by any 
number of lines meeting in one point, are together equal to four 
right angle?. 

Cur. 3. Likewife, if two ftraight lines CE, ED, on oppo- 
fite fides of a ftraight line AB, meet at a point E in it, and 
make the vertical angles AEC, BED equal to one another, 
they are in the fame ftraight line. For the angles DEB, BEG 
are equal ^ to AEC, CEB, that is, to two right angles dj 
therefore CE is in the fame ftraight line « wiih ED* 
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\^.^Y^ PROP. XVI. THEOR. 

IF one fide of a triangle be produced, the exterior 
angle is greater than either of the interior oppofite 
angles. 

Let ABC be a triangle, and let its fide BC be produced to D, 
the exterior anjjle ACD is greater than either of the interior 
oppofite angles CBA, BAG. 
a 10. 1. Bifeft * AC in E, join BE, and 
produce it to F, and make EF equal 
to BE ; join alfo FC, and produce 
AC to G. 

Becaufe AE is equal to EC, and 
BE to EF; AE, EB are equal to 
CE, EF, each to each ; and the 
angle AEB is alfo equal ^ to the 
angle CEF, becaufe they are vertical 
angles ; therefore the Dafe AB . is ^ 
equal to the bafe CF, and the triangle 
AEB to the triangle CEF, and the 

remaining angles to the remaining angles, each to each, to which 
the equal fides are oppofite ; wherefore the angle BAE is equal 
to the angle ECF ; but the angle ECD is greater than the angle 
ECF ; therefore the angle ACD is greater than BAE : In the 
fame manner, if the fide BC be bifefted, it may be demonftrated, 
i 15. X. that the angle BCG, that is d, the angle ACD, h greater than 
the angle ABC. Therefore, if one fide, &c. Q^E. D. 



b 15. 1. 
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PROP. XVIL THEOR. 

NY two angles of a triangle are together lefs 
than two right angles. 

Let ABC be any triangle ; any two 
of its angles together are lefs than two 
right angles. 

Produce BC to D } and becaufe 
ACD is the exterior angle of the 
triangle ABC, ACD is greater » than 
the interior and oppofite angle ABC ; 
to each of thefe, add the angle ACB ; ^ C I> 

therefore the angles ACD, ACB are greater than the angles 
ABC, ACB ; but ACD, ACB arc together equal b to two 
iright angles ^ therefore the angles ABC, BCA are lefs than two 
X}gh% anglQ$. In like manner, it may be demonftrated, that 

BAC^ 
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BAG, ACB, as alfo CAB, ABC are lefs thaa two right angles. Book I 
Therefore any two angles, &c. Q. E. D. ^<^V>J 

PROP. XVIII. THEOR. 

THE greater fide of every triangle is oppofitc to 
the greater angle. 

Let ABC he a triangle, of whicTi 
the fide AC is greater than the fide " 
AB ; the angle ABC is alfo greater 
than the angle BCA. 

Becaufe AC is greater than AB, 
make * AD equal to AB, and join ,^^^ 
BD ; and becaufe ADB is the exte- ^T^^ ■ ■ ^; ^' 

rior angle of tlie triangle BDC, it is ^ 

greater b than the interior and oppofite angle DCB ; but- ADB b i5.*i. 
is equal c to ABD, becaufe the fide AB is equal to the fide AD ; c f. i. 
therefore the angle ABD is likewife greater than the angle 
ACB ; wherefore much more is the angle ABC greater than 
ACB. Therefore the greater fide, &c. Q^ E. D. 

PROP. XIX. THEOR. 

THE greater angle of every triangle is fubtended 
by the greater fide, ox has the grcata fide oj^po- 
pte to it. 

Let ABC be a triangle, of which the angle ABC is greater 
than the angle BCA j the fide AC is likewife greater tiian the 
fideAB. 

For, if it be not greater, AC muft 
either be equal to AB. or lefs than it ; 
it is not equal, becaufe then the angle 
ABC would be equal a to the angle 
ACB ; but it is not ; therefore AG is 
not equal to AB : neither is it lefs; 

becaufe then the angle ABC would be n ^ 

lefs b than the angle ACB ; but it is not ; therefore the fide AC h i8 
IS not lefs than AB : and it has been Ihewn, that it is not equal 
to ABj therefore AC is greater than AB. Wherefore the 
greater angle, &c. Q^ E. D. 




a 5. X. 



PROP. XX. THEOR. 

triangle are 1 

D Xet 



ANY two fides of a triangle are together greater 
than the third fide. 
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Book I. Let ABC be a triangle ; any two fides of it together arc 
V-/V^ greater than the third fide, viz. the fides BA, AC greater than 
the fide BC ; and AB, BC greater than AG 5 and BC, C A 
greater than AB. 

a 3. !• Produce BA to D, and make » AD 
equal to AC; and jo;n DC. 

Becaufe DA is equal to AC, the 

b St I. angle ADC is likewife equal *> to ACD ; 
but the angle BCD is greater than ACD; 
therefore BCD is alfo greater than ADC ; 
and becaufe the angle BCD of the tri- 
angle DCB is greater than its angle B C 

c i9» !• BDC, and that the greater c fide is oppofite to the greater 
jingle ; therefore the fide DB is greater than the fide BC ; but 
DB is equal to BA and AC ; therefore the fides BA, AC are 
greater than BC. In the fame manner, it may be demonftrated^ 
that the fides AB,JBC are greater than CA,and BC, CA greater 
than AB. Therefore any two fjdes, $tc. Q^ E. D. 

PROP, XXL THEOR, 

IF, from the ends of the fide of a triangle, there 
be drawn two ftraight lines to a point within 
the triangle, thefe fhall be lefs than the other two 
fides of the triangle, but fhall contain a greater angle. 

Let the two ftraight lines BD, CD be drawn from B, C, 
the ends of the fide BC of the triangle ABC, to the point D 
within it; BD and DC are lefs than the other two fides BA^ 
AC of the triangle, but contain an angle BDC greater than the 
angle BAC. 

Produce BD to E ; and becaufe two fides of a triangle are 
a 40. I. greater than the third fide % the two fides BA, AE of the tri- 
angle ABE a|-e greater than BE : To each of thefe, add EC j 
therefore the fides BA, AC are 
greater than BE, EC *>. Again, 
b «. Ax. becaufe the two fides CE, ED of 
the triangle CED are greater than 
CD, add DB to each of thefe; 
therefore the fides CE, EB arc 
greater than CD, DB ; but it has 
been Ihewn, that BA, AC are great- 
er than BE, E.C ; much more then 
are BA, AC greater than BD, DC. 

Again, becaufe the exterior angle of a triangle is greater than 

C 16, I. the interior and oppofite angle ^, the exterior angle BDC of the 

triangle CDE is greater than CED ; for the fame reafon, the 

exterior 
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exterior angle CEB of the triangle ABE is greater than BAG ; Book. I. 
and it has been demonftrated, that the angle BDC is greater ^^^^^>rsJ 
than the angle CEB ; much more then is the angle BDC greater 
than the angle BAG. Therefore, if from the ends of, &c. 
Q. E. D. 

PROP. XXII. PROB. 

TO make a triangle of which the fides fhall be See N. 
equal to three given ftraight lines, but any two 
whatever of thefe mull be greater than the third ». 

Let A, B, C be the three given ftraight lines, of which any 
two whatever are greater than the third, viz. A and B greater 
than G ; A and G greater than B ; and B and G than A : It is 
required to make a triangle of which the fides (hall be equal to 
A, fl, C, each to each. 

Take a ftraight line DE terminated at the point D, but un- 
limited towards E, and 

make » DF equal to A, y/^ ^NJ^^x— ^»s. * ^' *• 

FG to B, and GH equal 

to C ; therefore any 

two of the ftraight lines 

DF,FG,GH are great- 

er than the third : from 

the centre F, at the di- 

ftance FD, defcribe b C — — ^ ^^^^ 

the circle DKL; it fliall cut FH, for FD is lefs than FH : alfo 

from the centre G, at the diftance GH, defcribe another circle 

HKL ; and it fhall cut GD, for GH is lefs than GD : and the 

two circles cut one another, becaufe DF, GH are together 

greater than FG ; let them cut one another in K, and join KF, 

KG ; the triangle KFG has its fides equal to the three ftraight 

lines A, B, G. 

Becaufe the point F is the centre of the circle DKL, FD is 
equal c to FK ; but FD is equal to the ftraight line A; there- c 15. Def. 
fore FK is equal to A : Again, becaufe G is the centre of the 
circle J-KH, GH is equal c to GK ; but QH is equal to G ; 
therefore alfo GK is equal to G ; and FG is equal to B ; there- 
fore the three ftraight lines KF, FG, GK are equal to the three 
A, B, C : And therefore the triangle KFG has its three fides 
KF, FG, GK, equal to th« three given ftraight lines A, B, G. 
Which was to be done. 

PROP. XXni. PROB. 

AT a given point in a given ftraight line, to make a 
redilineal angle equal to a given redilineal 
angle. 

Da Let 





2» THE ELEMENTS 

Book I. Let AB be the given ftraight line, and A the given point in it, 
^•i*^^'^^^ and DCE the given redilineal angle ; it is required to make an 

angle at the given point A, in the given ftraight line AB, that 

fhall be equal to the given redlili- 

neal angle DCE. 

Take in CD, CE, any points 
a la. I. D. E, and join DE ; and make a 

the triangle AFG, the fides of 

Vs^hich (hall be equ-il to the three 

ftraight lines CD, DE, CE, fo 

that CD be equal to AF, CE to 

AG, and DE to FG ; and becaufe 

DC, CE are equal to FA, AG, „, 

each to each, and the bafe DE to the bafc FG ; the angje DCE 
b 8. !• is equal b to the angle FAG: Therefore, at the given point A^ 

in th<.* ^iven ftraight line AB, the angle FAG is made equal t« 

the given reftilineal angle DCE. Which was to be done. 

PROP. XXIV. THEOR. 

IF two triangles have two fides of the one equal to 
two fides of the other, each to leach, but the 
angle contained by the two fides of one of them, 
greater than the angle contained by the two fides 
equal to them, of the other ; the bafe of that which 
has the greater angle, Ihall be greater than the bafe 
of the other. 

Let ABC, DEF be two triangles which have the two fi^des 
AB, AC equal to the two DE, DF, each to each, viz. AB 
equal to DE, and AC to DF ; but the angle BAC greater 
than the angle EDF ; the bafe BC is alfo greater than the 
bafe EF. 

Of the two fides DE, DF, let DE be the fide which is not 
greater than the other, and at the point D, in the ftraight line 
a «j. I. DE, make ^ the angle EDG equal to the angle BAC ; and 
b 3. I. make DG equal b to AC or DF, and join EG, GF. 

Becaufe AB is equal 10 DE, and AC to DG, the two fides 
BA, AC are equal to the two ED, DG, each to each, and the 
anemic BAC is alfo equal to the angle EDG 5 therefore the bafe 
c 4. I. BC is equal c to the bafe EG ; and becaufe DG is equal to DF, 
a 5. I. the angle DFG is equal d to the angle DGT"; but the angle 
DGF is greater than the angle EGF ; therefore the angle 
DFG is greater than EGF ; and much more is the angle 
EFG greater than EGF ; and becaufe the an^lc EFG of 
th^ triangle EFG is greater than its angle EGF, and that 

the 
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the greater « fide is oppofite 
to the greater an^lc ; the 
fide -EG is therefore greater 
than the fide EF ; but EG 
is equal to BC ; nnd there- 
fore alfo BC is greater than 
EF. Therefore, if two tri- 
angles, &.C. Q^ E. D. 




Book. I. 
e 19. I. 



PROP. XXV. THEOR. 

IF two triangles have two fides of the one equal to 
two fides of the other, each to each, but the bale 
of the one greater than the bafe of the other ; the 
angle alfo contained by the fides of that which has 
the greater bafe, fliall be greater than the angle con- 
tained by the fides equal to them, of the other. 

Let ABC, DEF be two triangles which have the two fides 
AB, AC equal up the two fides DE, DF, each to each, viz, 
AB equal to DE, and AC to DF ; but the bafe CB is greater 
than the bafe EF ; the angle BAC is like wife greater than the 
angle EDF, 

For, if it be not greater, it muft either be equal to it, or 
lefs ; bat the angle BAC is not equal tQ the angle EDF, bc- 
caufe then the bafe BC 
would be equal a to EF ; 
but it is not ; therefore 
the angle BAC is not equal 
to the angle DEF: nei- 
ther is it lefs ; becaufe 
then the bafe BC would 
be lefs b than the bafe EF ; 
but it is not ; therefore 
the angle BAC is not lefs 
than the angle EDF : and 
it was fliewn that it is not equal to it ; therefore the angle BAC 
is greater than the angle EDF. Wherefore, if two triangles, 
&c. Q^ E. D- 
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PROP. XXVI. THEOR. 

T F two triangles have two angles of the one equal to 
-*• two angles of the other, each to each ; and one 
fide -equal to one fide, viz. either the fides adjacent 
to the equal angles, or the fides oppofite to equal 
angles in each : then Ihall the other fides be equal, 
each to each ; and alfo the third angle of the one 
to the third angle of the other. 

Let ABC, DEF be two triangles which have the angles ABC, 
BCA equal to the angles DEF, EFD, viz. ABC to DEF, and 
BC A to EFD ; alfo one fide equal to one fide ; and firft let thofe 
fides be equal which are adjacent to the angles that are equal in 
the two triangles, viz. BC to 
EF ; the other fides fhall be 
equal, each to each, viz. AB 
to DE, and AC to DF ; and 
thet bird angle BAC to the 
third angle EDF. 

For, if AB be not equal to 
DE, one of them muft be the 
greater. Let AB be the greater *> n "u* 

of the two, and make BG ^ ^ ^ -P 

equal to DE, and join GC ; therefore, becaufe BG is equal to 

DE, and BC to EF, the two fides GB, BC are equal to the 
two DE, EF, each to each ; and the angle GBC is alfo equal to 
the angle DEF ; therefore the bafe GC is equal a to the bafe 

DF, and the triangle GBC to the triangle DEF, and the other 
angles to the other angles, each to each, to which the equal 
fides are oppofite; therefore the angle GCB is equal to the 
angle DFE ; but DFE is, by the hypothefis, equal to the angle 
BCA ; wherefore alfo the angle BCG is equal to the angle 
BCA, the lefs to the greater, which is impoflible ; therefore 
AB is not unequal to DE, that is, it is equal to it ; and BC is 
equal to EF ; therefore the two AB, BC are equal to the two 
DE, EF, each to each ; and the angle ABC is equal to the angle 
DEF ; the bafe therefore AC is equal a to the bafe DF, and the 
third angle BAC to the third angle EDF. , 

Next, let the fides which are oppofite to equal angles in each 
triangle be equal to one another, viz. AB to DE ; likewife ia 
this cafe, the other fides fliall be equal, AC to DF, and BC to 
EF ; and alfo the third angle BAC to the third EDF. 

For, if BC be not equal to EF, let BC be the greater of them, 
and make BH equal to EF, and join AH ; and becaufe BH is 

equal 
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equal to EF, and AB to DE ; . £> Book L 

the two AB, BH are equal to i^ f^ V^yXi/ 

the two DE, EF, each to 
each ; and thej contain equal 
angles j therefore the bafe AH 
is equal co the bafe DF, and 
the triangle ABH to the tri- 
angle DEF, and the other 
angles fliall be equal, each to 
each, to which the equal fides 

are oppofite ; therefore the angle BHA is equal to the angle 
EFD ; but EFD is equal to the angle BCA ; therefore alfo the 
angle BHA is equal to the angle BCA, that is, the exterior 
angle BHA of the triangle AHC is equal to its interior and 
oppofite angle BCA ; which is impofiible b ; wherefore BC is b i6. i. 
not unequal to EF, that is, it is equal to it ; and AB is equal 
to DE ; therefore the two AB, BC are equal to the two DE, 
EF, each to each ; and they contain equal angles ; wherefore 
the bafe AG is equal to the bafe DF, and the third angl6 BAG 
to the third angle EDF. Therefore, if two triangles, Sec. 
Q;, E- D. 

tROP. XXVII, THEOR. 

{F a ftraight line falling upon two other ftraight 
lines, makes the alternate angles equal to one ano- 
er, thefe two ftraight lines fhall be parallel. 

Let the ftraight line EF, which falls upon the two flraight 
lines AB, GD, make the alternate angles AEF, EFD equal to 
one another ; AB is parallel to GD. 

For, if it be not parallel, AB and GD being produced, fhall 
meet either towards B, D, or towards A, G ; let them be pro- 
duced and meet towards B, D in the point G ; therefore GEF 
is a triangle, and its exterior angle AEF is greater a than the a i6. u 
interior and oppofite angle 

EFG ; but it is alfo equal ^ J] / B 

to it, which is impoffible ; y 

therefore AB and GD be- / Z> & 

ing produced, do not meet 
towards B, D. In like 
manner, it may be demon- 
ftrated, that they do not meet towards A, G ; but thofe ftraight 
lines which meet neither way, though produced ever fo far, are 
parallel ^ to one another. AB therefore is parallel to GD. b 35. Dcf. 
Wherefore, if a ftraight line, gtc, Q^ E. D. 
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3, THE ELEMENTS 

Book I; 
K>^vs^ PROP. XXVIII. THEOR. 

F a llraight line falling upon two other ftraight lines 
makes the exterior angle equal to the interior and 
oppofite upon the fame fide of the line ; or makes the 
interior angles upon the fame fide together equal to 
two right angles ; the two ftraight lines Ihall be paral- 
lei to one another. 

Let the ftraigkt line EF, which 
falls upon the two ftraight lines 
AB, CD, make the exterior angle 
EGB equal to the interior and 
oppofite angle GHD upon the 
fame fide ; or make the interior 
angles on the fame fide BGH, 
GHD together equal to two right angles ; AB is parallel 
to CD. 

Jecaufe the angle EGB is equal tjo the angle GHD, and the 
a 15. 1, angle EGB equal a to the angle AGH, the angle AGH is equal 
b «7. t. to the angle GHD ; and tliey are the alternate angles ; therefore 
c By Hyp. AB is parallel b to CD. Again, becaufe the angles BGH, GHD 
arc equal c to two right angles, and that AGH, BGH are alfo 
d 13. I. equal d to two right angles ; the angles AGH, BGH are equal 
to the angles BGH, GHD : Take an^ay the common angle 
BGH ; therefore the remaining angle AGH is equal to the re- 
maining angle GHD ; and they are alternate angles ; there- 
fore AB is parallel to CD. Wherefore, if a ftraight line, gcc» 
Q, E. D. 

PROP. XXIX. THEOR. 

See the T F a ftraight line fall upon two parallel ftraight 
this^propo- lines, it makes the alternate angles equal to one 
fjtion. another ; and the exterior angle equal to the inte- 
rior and oppofite upon the fame lide ; and likewife 
the two interior angles upon the fame lide together 
equal to two right angles. 

Let the ftraight line EF fall upon the parallel ftraight lines 
AB, CD ; the alternate angles AGH, GHD are equal to one 
another ; and the exterior angle EGB is equal to the interior 
and oppofite, upon the fame fide, GHD ; and the two interior 
angles BGH, GHD, upon the fame fide, are together equal to 
two right angles. 

For, 
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For, if AGH be not equal to 
GHD, one of them mull be great- 
er than the other ; let AGH be 
the greater ; and becaufe the angle 
AGH is greater than the angle 
GHD, add to each of them the 
angle BGH ; therefore the angles 
AGH, BGH are greater than the angles BGH, GHD : but the 
angles AGH, BGH are equal » to two right angles 5 therefore * '^' ** 
the angles BGH, GHD are lefs than two right angles : but 
thofe Itraight lines which, with another ftraight line falling upon 
them, make the interior angles on the fame fide lefs than two 
right angles, do meet * toi^ether, if continually produced ; there- ♦ 11. Ax. 
fore the ftraight lines AB, CD, if produced far enough, fliallSce the 
meet : but they never meet, fiiue they are parallel by the hypo- "i?-*^^ ^^ 
thdis; (herefore the angle ACjH is not unequal to the angle portion. 
GHD, that is, it is equal to it ; but the angle AGH is equal h b 13. i. 
to the angle EGB ; therefore likewife EGB is equal to GHD i 
add to each of thele the angle BGH ; therefore the angles EGB» 
BGH are equal to the angles BGH, GHD : but EGB, BGH 
are equal ^ to two righr angles ; therefore alfo BGH, GHD are c 13. 4. 
equal to two right angles. Wherefore, if a ftraight line, &€• 
Q^E.D. 

PROP. XXX. THEOR. 

STRAIGHT lines which are parallel to the fame 
ftraight line are parallel to one another. 

Let AB, CD be each of them parallel to EF ; AB is alfo 
parallel to CD. 

Let the ftraight line GHK cut AB, EF, CD ; and becaufe 
GHK cuts the parallel ftraight lines AB, EF, the angle AGH 
is equal a to the angle GHF. Again, ^ 
becaufe the ftraight line GK cuts the 
parallel ftraight lines EF, CD, the 
angle GHF is equal a to the angle 
GKD : and it was ftiewn, that the 
angle AGK is equal to the angle 
GHF ; therefore alfo AGK is equal 
to GKD ; and they are alternate angles ; therefore AB is paral- 
lel b to CD. Wherefore, ftraight lines, &c. Q^K. D* b »;• 1. 

PROP. XXXL PROS. • 

^O draw a ftraight hne through a given point pa- 
rallel to a given ftraiG:ht line. 

E Let 
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34 THE ELEMENTS 

Book I. Let A be the given point, and BC the given flraighit line ; it 
Vii^Y"^ is required to draw a ftraight line 

through the point A, parallel to the ■^' A F 

ftraight line BC. 

In BC take any point D, and join 

AD ; and at the point A in the X . 

a 23. I. ftraight line AD make » the angle B 'D C 

DAE equal to the angle ADC ; and 
produce the ftraight line E A to F« 

Becaufe the ftraight line AD, which meets the two ftraight 

lines BC, EF, makes the alternate angles EAD, ADC equal to 

b 47. X. one another, EF is parallel *> to BC- Therefore the ftraight 

line EAF is drawn through the given point A parallel to the 

given ftraight line BC. Which was to be done. 

PROP* XXXIL THEOR. 

IF a fide of any triangle be produced, the exterior 
angle is equal to the two interior and oppofite 
angles ; and the three interior angles of every triangle 
are equal to two right angles. 

Let ABC be a triangle, and let one of its fides BC be pro- 
duced to D ; the exterior angle ACD is equal to the two inte- 
rior and oppofite angles CAB, ABC ; and the three interior 
angles of the triangle, viz. ABC, BCA, CAB are together 
equal to two right angles. 

Through the point C draw . 

* ^'* '• CE parallel » to the ftraight ^ 

line AB ; and becaufe AB • y^ \ /& 

is parallel to CE, and AC 
meets them, the alternate 
angles BAC, ACE are e- 

b a^. I. qual *>. Again, becaufe AB B C I> 

is parallel to CE, and BD falls upon them, the exterior angle 
ECD is equal to the interior and oppofite angle ABC ; but the 
angle ACE was fliown to be equal to the angle BAC ; therefore 
the whole exterior angle ACD is equal to the two interior and 
oppofite angles CAB, ABC ; to thefe equals add the angle ACB,. 
and the angles ACD, ACB are equal to the three angles CBA, 

c 13. 1. BAC, ACB ; but the angles ACD, ACB are equS c to two 
right angles ; therefore alfo the angles CBA, BAC, ACB are 
equal to two right, angles. Wherefore, if a fide of a triangle, 
&c. Q^E. D. 

CoR. X . All the interior angles of any reftilineal figure, to- 
gether with four right angles, are equal to twice as manj right 
anj^les as the figure has fides. 

For 
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For any reftilineal figure ABCDE d SJXIj 

can be divided into as many triangles ^^ ^i^Y^-^ 

as the figure has fides, by drawing 
ftraight lines from a point F within 
the figure to each of its angles. 
And, by the preceding propofition, 
all the angles of thefe triangles are 
equal to twice as many right angles 
as there are triangles, that is, as A B 

there are fides of the figure ; and the fame angles are equal to the 
angles of the figure, together with the angles at the point F, 
which is the common vertex of the triangles ; that is •, together a a. Cor. 
with four right angles. Therefore all the angles of the figure, 15. i. 
together with four right angles, are equal to twice as many right 
angles as the figure has fides. 

Cor. 2. All the exterior angles of any re&ilineal figure, are 
together equal to four right angles. 
Becaufe every interior angle 

ABC, with its adjacent exterior 

ABD, is equal ** to two right 
angles ; therefore all the interior, 
together with all the exterior angles 
of the figure, are equal to twice 
as many right angles as there are 
fides of the figure ; that is, by the 
foregoing corollary, thpy are equal 

to all the interior angles of the figure, together vrith four right 
angles ; therefore all the exterior angles are equal to four right 
angles* 

PROP. XXXIII. THEOR. 

THE ftraight lines which join the extremities of 
two equal and parallel ftraight lines, towards 
the fame parts, are alfo themlelves equal and parallel. 

Let AB, CD be equal and pa- ^ 
raUel ftraight lines, and joined to- 
wards the fame parts by the ftraight 
lines AC, BD ; AC, BD are alfo 
equal and parallel. 

Join BC ; and becaufe AB is pa- 
rallel to CD, and BC meets them, 

the alternate angles ABC, BCD are equal * : and becaufe AB 
is equal to CD, and BC common to the two triangles ABC, 
DCB, the two fides AB, BC are equal to the two DC, CB ; 
and the angle ABC is alfo equal to the angle BCD j therefore 

£z the 
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36 THE ELEMETNTS 

Book I. the bafe AC is equal ^ to the bafe BD, and the triangle ABC to 

Km^y^sJ the triangle BCD, and the other angles to the other angles ^, 

^ 4* !• each to each, to which the equal fides are oppofite ; therefore 

' the angle ACB is equal to the angle CRD ; and becaufe the 

ftraight line BC meets the two ftraight lines AC, BD, and makes 

the alternate angles ACB, CBD equal to one another, AC is pa- 

C »7. 1, rallel ^ to BD ; and it was fhown to be equal to it. Therefore 

ftraight lines, &c. Q^E D. 

PROP. XXXIV. THEOR. 

THE oppofite fides and angles of parallelograms are 
equal to one another, and the diameter bifeds 
them, that is, divides them in two equal parts. 

N. B. A parallelogram is a f our -Jided figure^ of which 
the oppojtte Jides are parallel; and the diameter is the 
Jlraight line joining two of its oppofite angles . 

4 

Let ACDB be a parallelogram, of which BC is a diameter ; 
the oppofite fides and anj^les of the figure are equal to one an* 
other \ and the diameter BC bifefls it. 

Becaufe AB is parallel to CD, A. B 

and BC meets them, the alternate 
* «p. I. angles ABC, BCD are equal * to 
one another ; and becaufe AC is 
parallel to BD, and BC meets them, 
the alternate angles ACB, CBD C jy 

are equal ^ to one another; wherefiire the two triangles ABC, 
CBD have two angles ABC, BCA in one, equal to two rnglcs 
BCD, CBD in the other, each to each, and one fide BC com- 
mon to the two triangles, which is adjacent toMieir equal angUs ; 
therefore their other fides fliall be equal, each to each, and the 
fe atf. I. third angle of the one to the third angle of the othei *». viz. 
the fide AB to the fide CD, and AC to BD, and the ar..^le 
BAG equal to the angle BDC : And becaufe the anje ABC 
is equal to the angle BCD, and th« angle CBD to the a^ ^le 
ACB, the whole angle ABD is equal to the whole angle ACD : 
And the angle BAC has been fliown to be equal to the angle 
BDC ; therefore the oppofite fides and angles of pnrallelograms 
are equal to one another j alfo, their diameter bifeds them ; for 
AB being equal to CD, and BC common, the two AB, BC are 
equal to the two DC, CB, each to each ; and the angle ABC is 
C4. I. equal to the angle BCD ; therefore the triangle ABC is equal ^ 
to the triangle BCJ), and the diameter BC divides the paralle- 
logram ACDB into two equal parts. O^E. D. 

PROP, 
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PROP. XXXV. THEOR. 

PAK.ALLELOGRAMS upon the fame bafe, and between SeeN. 
the fame parallels, are equal to one another. 

Let the parallelograms ABCD, EBCF, be upon the fame 
bafe BC, and between the fame parallels AF, BC ; the paralle- 
logram ABCD fliall be equal to the parallelogram EBCF. 

Becaufe ABCD is a parallelogram, AD is equal* to BC: ■ 34- «• 
For the fame reafon EF is equal to BC ; therefore AD is equal 
^ to EF : Take each of thefe equals from the whole AF ; and b i. Ax. 
the remainder DF is equal ^ to the remainder AE ^ DC alfo is c 3. Ax. 
equal * to AB ; therefore the two FD, DC are equal to the two 
EA, AB, each to each; and the ,. "^ 

exterior angle FDC is equal ^ to 
the interior EAB; therefore the 
bafe FG is equal ^ to the bafe EB, 
and the triangle FDC equal to the 
triangle EAB : Take each of thefe 
equal trianirles from the whole Y ' ' ' / C 

figure ABCF, and the remainders *-* ^ 

are equal ^ , that is, the parallelogram ABCD is equal to the 
parallelogram EBCF. Wherefore parallelograms, &c. (^E. D. 




P 



PROP. XXXVI. THEOR. 

Arallelogra.vs upon equal bafes, and between 
the fame parallels, are equal to one another. 




Let ABCD, EFGH be pa- 
rallelogj ams upon equal bafes 
BC, FG, and between the 
fame parallels AH, BG ; the 
parallelogram ABCD is equal 
to EFGH. 

Join BE, CH ; and becaufe 
BC is equal to FG, and FG 
to * EH, BC is equal to EH ; and they are parallels, and joined » 34- 1* 
towards the fame parts by the flraight lines BE, CH : But 
ilraight lines which join equal and parallel flraight lines to- 
wards the fame pirts»- are themfelves equal and parallel ^ ; there- ° ^^' '' 
fore EB, CH are both equal and parallel, and EBCH is a paral- 
lelogram ; and it is equal ^ to ABCD, becaufe it is upon the ^ 35- «• 
fame bafe BC, and between the fame parallels BC, AD : For 
the like reafon, the parallelogram EFGH is equal to the fame 
EBCH; therefore alfo the parallelogram ABCD is equal to 
JCFGH. Wherefore parallelograms, gtc. Q. E. D. 

PROP. 
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v-^v^ PROP. XXXVII. THEOR. 

Se« N. rriRiANGLES upon the fame bafe, and between the 
X fame parallels, are equal to one another. 

Let the triangles ABC, DBC be upon the fame bafe EC, and 

between the fame parallels ^^ ^ j^ 

AD, BC : The triangle ABC ^ 

is equal to the triangle DBC. 
Produce AD both ways to 

the points E, F, and make 

EA, DF each of them equal 

to BC, and join BE, CF ; 

and becaufe EA is equal and 

parallel to BC, the llraight lines BE, C A which join them are 
a33-i* equal and parallel*, and therefore EBCA is a parallelogram: 

For the fame reafon, DBCF is a parallelogram : and EBCA is 

h 35* !• equal ^ to DBCF, becaufe they are upon the fame bafeliC, and 

. between the fame parallels BC, EF; and the triangle ABC is 

the half of the parallelogram EBCA, becaufe the diameter AB 
c 34- «• bifeds ^ it ; and the triangle DBC is the half of the parallelo- 
gram DBCF, becaufe the diameter DC bifeds it : But the 
d 7' Ax. lialves of equal things are equal ^ ; therefore the triangle ABC 

is equal to the triangle DBC. Wherefore triangles, &c. 

Q^ E. D. 

PROP. XXXVIII. THEOR. 

'Riangi.es upon equal bafes, and between the fame 
parallels, are equal to one another. 

Let the triangles ABC, DEF be upon equal bafes BC, EF, 
and between the fame parallels BF, AD : The triangle ABC is 
equal to the triangle DEF. ^ 

Produce AD both ways to the points G, H, and make AG 
equal to BC, and DH to EF, and join BG, FH ; and it may be 
dcmonft rated, as in the preceding, q AD H 

that each of the figures GBCA, 
DEFH is a parallelogram ; and 
tt 3^. I. they are equal * to one another, 
becaufe they are upon equal ba- 
fes BC, EF, and between the 
fame parallels BF, GH : and 
b 34. I. the triangle ABC is the half ^ B C E F 

of the parallelograni GBCA, becaufe the diameter AB bifefts 
it ; and the triangle DEF is the half ^ of the parallelogram 

DEFH, 
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DEFH, becaufe the diameter DF bifeds it : Bat the halves Book L 
of equal things are equal ^ ; therefore the triangle ABC is equal Vi^VXii' 
to the triangle DEF. Wherefore triangles, &c. Q^E. D. ^ 1* ^^ 

PROP. XXXIX. THEOR. 

EQUAL triangles upon the fame bafe, and upon See n. 
the fame fide of it, are between the fame 
parallels. 

Let the equal triangles ABC, DBC be upon the fame bafe 
BC, and upon the fame fide of it ; they are between the fanae 
parallels. » 

Join AD ; AD is parallel to BC ; for, if it is not, through 
the point A draw * AE parallel to BC, and becaufe AB meets a 31. i. 
the parallels BC, AE, the interior angles CBA, BAE are equal ** . 
to two right angles ; therefore the angles DBA, BAE are lefs 
than two right angles ; and becaufe AB meets BD, AE, and 
makes the interior angles DBA, BAE together lefs than two 
right angles, BD, AE fliall meet one another ^ ; let them meet c*it. Ar. 
in E, and join EC : The triangle ABC is equal* to the triangle 
EBC, becaufe it is upon the fame bafe BC, and between the ^^* *" 
fame parallels BC, AE : But the triangle 
ABC is equal to the triangle BDC ; 
therefore alfo the triangle BDC is equal 
to the triangle EBC, the greater to the 
lefs, which is impoflible : Therefore AE 
is not parallel to BC. In the fame man- 
ner, it can be demonftrated, that no other 
Ime but AD is parallel to BC ; AD is B C 

therefore parallel to it. Wherefore equal triangles upon, &c. 
Q^ E. D. 

CoR. Hence it is manifefl, that the ftraight line, which meets 
another ftraight line, fliall alfo, if produced, meet any ftraight 
line parallel to that other. 

PROP. XL. THEOR. 

EQUAL triangles upon equal bafes, in the fame See n. 
llraight line, and towards the fame parts, are 
between the fame parallels. 

Let the equal triangles ABC, DEF be upon equal bafes BC, 
EF, in the fame ftraight line BF, and towards the fame parts ; 
they are between the fame parallels. 

Join AD ; AD is parallel to BC : For, if it is not, through 
A draw • AG parallel to BF; and becaufe ED meets BF, it a 3^* '• 

fliall 
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Book T. (haH rslfo meet ^ AG, which is 

V-^'vv^' parallel to BF ; kt it meet it 

bCor.39.i.in G, and join OF; The tri- 
angle ABC is equal ^ to the tri- 
angle GEF, becaufe they are 
c 38' !• upon equal bafes BC, EF, and 
between the fame parallels BF, 
AG : But the triangle ABC is 
equal to the triangle DEF ; 
therefore alfo the triangle DEF is equal to the triangle GEF, 
the greater to the lefs, which is irapoiEble : Therefore AG is 
not parallel to BF : And in the fame manner, it can be demon- 
ftrated, that there is no other parallel to^it but AD ; AD is 
therefore parallel to BE. Wherefore equal triangles, &c. 
Q^ E. D, 

PROP. XLL THEOR. 

IF a parallelogram and a triangle be upon the fame 
bafe, and between the fame parallels ; the paral- 
lelogram fliall be double of the triangle. 

Let the parallelogram ABCD and the triangle EBC be upon 
the fame bafe BC, and between the fame parallels BC, AE ; 
the parallelogram ABCD is double of the triangle EBC. 

Join AC ; then the triangle ABC- A i> E 

a ^7, u is equal * to the triangle EBC, be- 
caufe they are upon the fame bafe 
BC, and between the fame parallels 
BC, AE. But the parallelogram 
b 34. 1, ABCD is double ^ of the triangle 
ABC, becaufe the diameter AC di- 
vides it into two equal parts ; where- 
fore ABCD is alfo double of the triangle EBC. 
parallelogram, &c. Q^E. D. 

PROP. XLII, PROB. 

TO defcribe a parallelogram that fhall be equal to 
a given triangle, and have one of its angles 
equal to a given reftilineal angle. 

Let ABC be th6 given triangle, and D the given redilineal 

angle : It is required to delcribe a parallelogram that Ihall bet 

equal to the given triangle ABC, and have one of its angles 

equal to D. ^ 

a 10. T. Bifedl * BC in E, join AE, and at thq point E in the ftraight 

liuQ 
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line EC make ^ the angle CEF equal to D, and through C draw B 
CG parallel to EF, and through A 
draw AG ^ parallel to BC, meeting ^ 
EF, CG in F, G : Therefore FECG 
is a parallelogram : And becaufe BE is 
equal to EC, the triangle ABE is like- 
wife equal * to the triangle AEC, fince 
they are upon equal bafes BE, EC, and 
between the fame parallels BC, AG ; 
therefore the triangle ABC is double of 

the triangle AEC : And the parallelogram FECO is like wife 
double ^ of the triangle AEC, becaufe it is upon the fame bafe, f 41. i« 
and between the fame parallels ; therefore the parallelogram 
FECG is equal to the triangle ABC : and it has one of its angles 
CEF equal to the given angle D : Wherefore there has been de- 
fcribed a parallelogram FECG equal to a given triangle ABC, 
having one of its angles CEF equal to the given angle D. Which 
was to be done. 

PROP. XLIir. THEOR. 

THE complements of the parallelograms wHich are 
about the diameter of any parallelogram, are 
equal to one another. 

Let ABCD be a parallelogram, of which the diameter is 
AC, and EH, FG the parallelograms 
about AC, tbat is^ through which 
AC pafes, and BK, KD the other 
parallelograms which make up the 
whole figure ABCD, which are there- 
fore called the Complements : The 
complement BK is equal to the com- 
plement KD. 

Becaufe ABCD is a parallelogram, 
and AC its diameter, the triangle ABC is equal * to the triangle a 34. i. 
ADC ; And, becaufe EKHA is a parallelogram, the diameter 
of which is AK, the triangle AEK is equal to the triangle 
AHK : For the fame reafon, the triangle KGG is equal to the 
triangle KFC : Then, becaufe the triangle AEK is equal to the 
triangle AHK, and thte triangle KGC to KFC ; the triangle 
AEK, together with the triangle KGC, is equal to thei:riangle 
AHK together with the triangle KFC : But the whole triangle 
ABC is equal to the whole ADC y therefore the remaining 
complement BK is equal to the remaining complement KD. 
Whereforo the complenQents, &c. Q^ E. D. 
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Book I. 

^•vnj prop. XLIV. PROB- 

TO a given ftraight line to apply a parallelogram, 
which Ihall be equal to a given triangle, and 
have one of its angles equal to a given redilineal 

angle. 

Let AB be the given ftraight line, and C the given triangle, 
and D the given reftilineal angle. It is required to apply to 
the ftraight line AB a parallelogram equal to the triangle C^ and 
having an angle equal to D. 

a 42. I. Make * the paral- 
lelogram BEFG equal 
to the triangle C, and 
having the angle EBG 
equal to the angle D, 
fo that BE be in the 
fame ftraight line with 
^ AB, and produce FE, 
FG to K, H; and 

b 3^« I- through A draw *» AH parallel to BG or EF, meeting « FH in 
cCor.jp.i.H; and join HB ; it fliall, if produced, meet ^ FK, which is 
parallel to GB ; let them meet in K, and through K draw KL 
parallel to EA or FH, and produce HA, GB to the points L, 
M : Then HLKF is a parallelogram, of which the diameter is 
HK, and AG, ME are the par^elograms about HK ; and LB, 

c 43. 1. BF are the complements ; therefore LB is equal * to BF : But 
BF is equal to the triangle G ; wherefore LB is equal to the 

f 15. 1, triangle C : And becaufe the angle GBE is equal ^ to the angle 
ABM, and like wife to the angle D ; the angle ABM is equal 
to the angle D : Therefore the parallelogram LB is applied to 
the ftraight line AB, is equal to the triangle C, and has the angle 
ABM equal to the angle D. Which was to be done. 

PROP. XLV. PROB. 

See N. np'O defcribe a parallelogram equal to a given redli- 
X lineal figure, and having an angle equal to a 
given rectilineal angle. 

*!• LetABCD be the given reftilineal figure, and E the given 

redtilineal angle : It is required to defcribe a parallelogram equal 

to ABCD, and having an angle equal to E. 

^4%Jk, Join DB, and defcribe * the parallelogram FH equal to the 

triangle ADB, and having the angle HKF equal to the angle 

b 44» !• E ; and produce KH to M j and to the ftraight line GH applj ^ 

the 
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the parallelogram GM equal to the triangle DBC, having GHM Book I 
for one of its angles : and becaufe the ftraight line GH meets Vi^^V^J 
the parallels KM, FG, the alternate angles MHG, HGF arc 
equal ^ : add to each of thefe the angle HGL ; therefore the c 29. i. 
angles MHG, HGL are equal to the angles HGF, HGL : But 
MHG, HGL are equal ^ to two right angles ; therefore alfo 
HGP» HGL are equal to two right angles ; and becaufe the two 
ftraight lines FG, GL, on oppofite fides of GH, make the ad- 
jacent angles HGF, HGL equal to two right angles, FG is in 
tlie fame ftraight line ^ q y C I* ^ '4« i- 

with GL : And becaufe 
KF is parallel to HG, 
and HG to ML; KF 

is parallel ^ to ML : j \ \/b_/ / / ^ ^''' '" 

And KM, FL are paral- 
lels; wherefore KLFLM 
is a parallelogram ; and 
becaufe the triangle 
ABD is equal to the parallelogram HF, and the triangle DBC 
to the parallelogram GM ; the whole reftilineal figure ABCD is 
equal to the whole parallelogram'KFLM ; therefore the paralle- 
logram KFLM has been defcribed equal to the given reftilineal 
figure ABCD, having the angle FKM equal to the given angle 
E. Which was to be done. 

Cor. From this it is manifeft, how to a given ftraight line to 
apply a parallelogram, which iliali have an angle equal to a given 
re&ilineal angle, and fliall be equal to a given reftilineal ^giire, 
viz. by applying ** to the given ftraight line, a parallelogram b 44. i. 
equal to the firft triangle ABD, and having an angle equal to 
the given angle. 
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PROP. XLVI. PROB. 



O defcribe a fquare upon a given ftraight line. 

Let AB be the given ftraight line ; it is required to defcribe 
a fquare upon AB. 

From the point A draw * AC at right angles to AB ; and a 11. i. 
make ^ AD equal to AB, and through the point D draw DE b 3. i. 
parallel * to AB, and through B draw BE parallel to AD ; there- c 31. 1. 
fore ADEB is a parallelogram ; whence AB is equal ^ to DE, d 34. 1. 
^d AD to BE : But B A is equal to AD ; therefore the four 
ftraight lines BA, AD, DE, EB are equal to one another, and 
the parallelogram ADEB is equilateral : likewife all its angles 
are right angles ; becaufe the ftraight line AD meeting the pa- 
yalldis AB, DE, the angles BAD, ADE are equal « to two ^ *^* '* 

F 2 right 
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a 45. r. 

b 31. I. 

c 30. Def. 



d 14. I. 
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e 2. Ax. 
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right angles ; but BAD is a right angle ; therefore alfo ADE is 
a right angle ; but the oppofite angles of C 
parallelograms are equal ^ ; therefore each -q 
of the oppofite angles ABE, BED is a right 
angle ; wherefore the figure ADEB is rec- 
tangular ; and it has been demonftrated, that 
it is equilateral ; it is therefore a fquare, 
and it is defcribcd upon the given ftraight 
line AB. Which was to be done. 

Cor. Hence every parallelogram that ^ 
has one fight angle, has all its angles right angles. 

PROP. XLVII. THEOR. 

IN any right angled triangle, the fquare which is dtr 
fcribed upon the fide fubtending the right angle, is 
equal to the fquares defcribed upon the fides which con- 
tain the right angle. 

Let ABC be a right angled triangle having the right angle 
BAC ; the fquare defcribed upon the fide BC is equal to the 
fquares defcribed upon BA, AC 

On BC defcrrbc ? the fquare BDEC, and on BA, AC the 
fquares GB, HC ; and through A draw ^ AL parallel to BD or 
CE, and join AD, FC : then, becaufe each pf the angles BAC, 
BAG is a right angle *^, 
the two ftraight lines AC, 
AG upon the oppqfite fides 
of AB, make with it aj 
the point A the adjacent 
angles equal to two right 
angles ; therefore CA is in 
the fame ft raight line ^ with 
AG ; for the fame reafon, 
AB and AH are in the fame 
ftraight line: and becaufe 
the angle DBC is equal to 
the angle FBA, each of 
them being a right angle, 
add to each the angle ABC, 

and the whole angle DBA is equal « to the whole FBC ; and 
becaufe the two fides AB, BD are equal to the two FB, BC, 
each to each, and the angle DBA equal to the angle FBC ; 
therefore the bafe AD is equal ^ to the bafe FC, and the triangle 
ABD to the triangle FBC : Now the parallelogram BL is double 
g of the triangle ABD, becaufe they are upon the fame bafe 
BD, and between the fame parallels, BD, AL j and the fquare 

GB 
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GB IS double of the triangle FBC, becaufe thefe alfo are upon Book I. 
the fame bafe FB, and between the fame parallels FB, GC : But ^•V^^ 
the doubles of equals arc equal h to one another ; therefore the h tf/Ax« 
parallelogram BL is equal to the fquare GB : And in the fame 
manner, bj joining AE, BK, it majbe deroonftratcd, that the 
parallelogram CL is equal to the fquare HC ; therefore the 
whole fquare BDEC is equal to the two fquares GB, HG : and 
the fquare BDEC is defcribed upon the flraight line BC, and 
the fquares GB, HC upon BA, AC : Wherefore the fquare upon 
the fide BC is equal to the fquares upon the fides BA, AC. 
Therefore, in any right angled triangle, &c. Q^ E. D. 

PROP, XLVIII. THEOR, 

IF the fquare defcribed upon one of the fides of a tri- 
angle, be equal to the fquares defcribed upon the 
other two fides of it ; the angle contained by thefe two 
fides is a right angle. 

If the fquare defcribed upon BC, one of the fides of the tri- 
angle ABC, be equal to the fquares upon the other fides BA, 
AC ; the angle BAC is a right angle. 

From the point A draw * AD at right angles to AC, and a ii. i, 
make AD equal to BA, and join DC : Tlien, becaufe DA is 
equal to AB, the fquare of DA is equal to 
the fquare of AB ; To each of thefe add the 
fquare of AC ; therefore the fquares of DA, 
AC are equal to the fquares of BA, AC : 
But the fquare of DC is equal ^ to the fquares 
©f DA, AC, becaufe DAC is a right angle ; 
and the fquare of BC, by hypothefis, is equal 
to the fquares of BA, AC; therefore the ^ t 

fquare of DC is equal to the fquare of BC ; and therefore alfo 
the fide DC is equal to the fide BC. And becaufe the fide DA 
is equal to AB, and AC common to the two triangles DAC, 
BAC, the two DA, AC are equal to the two BA', AC ; and the 
bafe DC is alfo equal to the bafe BC ; therefore the angle DAC 
is equal ^ to the angle BAC : But DAC is a right angle ; there- c 8. i. 
fore alfo BAC is a right angle. Therefore, if the fquare, &c. 
Q::E. D. 
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PEFINITIONS. 
L 
Book II. TTp VERY right angled parallelogram is called a reftangle, 
\-/Vx-/ r^ and it is faid to be contained by any two of the ftraight 
lines which contain one of the right angles. 

11. 
In every parallelogram, any of the parallelograms about a dia- 
meter, together with the two com- A 11 7^ 
plements, is called a Gnomon. 
^ Thus the parallelogram HG, to- 

* gether with the complements AF, E' 

* FC, is the gnomon, which is 

* more briefly expreffed by the let- 
^ ters AGK, or EHC, which are 
' at the oppofite angles of the pa- 

* rallelograms which make the 

* gnomon.' 

PROP. I. THEOR. 

IF there be two ftraight lines, one of which is divided 
into any number of parts ; the rectangle contained 
by the two ftraight lines, is equal to the redangles 
contained by the undivided line, and the feveral parts 
of the divided line. 

Let 
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a IX. I* 

bj. x« 

c 31. i« 



Let A and BC be two ftraight lines ; and let BC be divided Book. II. 
into any parts in the points D, E ; the reflangle contained by V^VN^ 
the ftraight lines A^ BC is equal to ' "^ r,- /* 

the reftangle contained by A, BD, 
together with that contained by A, 
D£, and that contained by A, EC. 

From the point B draw * BF at 
right angles to BC, and make BG 
equal ** to A ; and through G draw 
« GH parallel to BC ; and through 
D, E, C draw ^ DK, EL, CH pa- 
rallel to BG ; then the reftangle BH is equal to the reftangles 
BK, DL, EH ; and BH is contained by A, BC, for it is con- 
tained by GB, BC, and GB is equal to A ; and BK is contained 
by A, BD, for it is contained by GB, BD, of which GB is 
equal to A ; and DL is contained by A, DE, becaufe DK, that 
is, ^ BG, is equal to A ; and in like manner, the refiangle EH d 3^. ,. 
is contained by A, EC : Therefore the reftangle contained by A, 
BC is equal ^to the feveral rcftangles contained by A, BD, and 
by A, DE; and alfobyA, EC. Wherefore, if there be two 
ftraight lines, &c. Q^ E- D. 

PROP. II. THEOR. 

IF a ftraight line be divided into any two parts, the 
redlangles contained by the whole, and each of the 
parts, are together equal to the fquare of the whole 
line. 

Let the ftraight line AB be divided into A. 
any two parts in the point C ; the reft- "^ 
angle contained by AB, BC, together with 
the reftangle * AB, AC, (hall be equal to 
the iquare of AB. 

Upon AB defcribe » the fquare ADEB, 
and through C draw ^ CF, parallel to AD 
or BE ; then AE is equal to the reftangles 
AF, CE ; and AE is the fquare of AB ; 
and AF is the reftangle contained by BA, 
AC, for it is contained by DA, AC, of which AD is equal to 
AB ; and CE is contained by AB, BC, for BE is equal to AB ; 
therefore the reftangle contained by AB, AC, together with the 

reftangle 

* N. B, To aroid repeating the word cofitained too frequently, the reft- 
angle contained by two ftraight lines AB, AC is fomctitncs (imply called 
the reftangle AB, AC. 
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Book II. reftangle AB, BC, is equal to the fquare of AB. If therefore 
V-Or^^ a ftraight line, &c. Q^E. D. 
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PROP. IIL THEOR. 

|"F a ftraight line be divided into any two parts, 

the reftangle contained by the whole, and one 

of the parts, is equal to the rectangle contained by 
the two parts, together with the fquare of the fore- 
faid part. 

Let the ftraight line AB be divided into any two parts in the 
point C; the reftangle AB, AC is equal to the reftangle AC, 
CB, together with the fquare of Cx\. 

a 4^. I. Upon AC defcribe * the fquare B ^ . _,A 
CDEA, and produce ED to F, and 

b3i. I. through B draw ^ BF parallel to CD 
or AE ; then the redtangle BE is equal 
to the redangles BD, CE ; and BE 
is the reftangle contained by AB, AC, 

for it is contained by AB, AE, of 

which AE is equal to AG ; and BD V O -^ 

is contained by AC, CB, for CD is equal to CA ; and DA is 
the fquare of AC ; therefore the reftangle AB, AC is equal to 
the reftangle AC, CB, together with the fquare of AC. If, 
therefore, a ftraight line, &c. Q^ E. D. 

PROP. IV, THEOR. 

IF a ftraight line be divided into any two parts, 
the fquare of the whole line is equal to the 
fquares of the "two parts, together with twice the 
rectangle contained by the parts. 

Let the ftraight line AB be divided into any two parts in C ; 

the fquare of AB is equal to the fquares of AC, CB, and to 

twice the redangle contained by AC, CB. 

a 4(J. I. Upon AB defcribe * the fquare ADEB, and join BD, and 

b 31- I- through C draw ^ CGF parallel to AD or BE, and through G 

draw HK ^parallel to AB or DE : And becaufe CF is parallel to 

c ap. I. AD, and BD falls upon them, the exterior angle BGC is equal* 

d $• »• to the interior and oppofite angle ADB ; but ADB is equal ** to 

the angle ABD, becaufe BA is equal to AD, being fides of a 

fquare ;' wherefore the angle CGB is equal to the angle GBC ; 

« ^' ^- and therefore the fide'BC is equal « to the fide CG : But CB is 

^34- I- equal ^ alfo to GK, and CG to BK ; wherefore the figure 

'CGKB is equilateral : It is like wife reftangular j for CG is pa- 

• * rallel 
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rallel t6 BK, afvi CB meets them ; the angles KBC^ GGB are Book. \\. • 
therefore equal to two right angles ^ ; and KBC is a right angle ; ^*^Y*V^ 
wherefore GCB is a right angle; and A C B 

therefore alfo the angles ^ CGK, GKB 
oppofite to thefe are right angles, and 
CGKB is re£tangQlar: But it is alfo j[ 
equilateral, as was demonfl rated ; where- 
fore it is a fquare, and it is upon the 
fide CB : For the fame reafon, HF alfo is 
a fquare, and it is upon the fide HG, 
which is equal to AC : Therefore HF, 1J F B 

CK are the fquares of AC, CB ; and bccaufe the complement 
AG is equal * to the complement GE, and that AG is the reft- 
angle contained by AC, CB, for GC is equal to CB ; therefore 
GE is alfo equal to the reftangle AC, CB ; wherefore AG, GE 
are equal to twice the redangle AC, CB : And HF, CK are the 
fquares of AC, CB ; wherefore the four figures HF, CK, AG^ 
GE are equal to the fquares of AC, CB, and to twice the redi- 
angle AC, CB : But HF, CK, AG, GE make up the whole 
figure ADEB, which is the fquare of AB : Therefore the fquare 
of AB is equal to the fquares of AC, CB and twice the reftanglc 
AC, CB. Wherefore, if a ftraight line, &c. Q. E. D. 

CoR. I. From the demonfl ration, it is manifed, that the paraU 
lelograms about the diameter of a fquare, are likewife fquares* . 

CoR. 2. Hence it is manifeft, that the fquares of two liiies 
AC, CB, and twice the redlangle contained by them, are toge- 
ther equal to the fquare of their fum AB. 

Cor. 3. And if AG be equal to CB or CG, the four figures 
AG, GE, HF, CK are fquares, and are equal to one another \ 
therefore AE is quadruple of CK. Confequently the fquaid 
of a line is four times the fquare of the half of that line* 

PROP. Vl THEOR* 

IF a ftraight line be divided into two equal parts^ 
and alfo into two unequal parts; the redangla 
contained by the unequal parts, together with the 
fquare of the line between the points of fedion, is 
equal to the fquare of half the line. 

Let the ftraight line AB be divided into two ^qual parts in the 
point C, and into two unequal parts at the point D j the re6t* 
angle AD, DB, together with the fquare of GD^ is equal to the 
fquare of CB. 

• Upon CB defcribe * the fquare CEFB, join BE, and through ^ 
D draw ^ DHG parallel to CE or BE ; and through H draw *> 

G KLM 



Afi. J* 
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Book II. KLM parallel to CB or EF ; and alfo through A draw AK pa- 

V-^'V'v^ rallel to CL or BM : And becaufe the complement CH is equal 

C43' I- ^ to the complement HF, to each of thefe add DM; therefore 

the whole CM is equal to the ^ C I> B 

d 3^. I. whole DF ; but CM is equal ^ ~^ 

to AL, becaufe AC is equal to , , ^^ 

CB ; therefore alfo AL is e- g^ 1. ^ "/[ ^ 

qual to DF : To each of thefe 
add CH, and the whole AH 
is equal to DF and CH : But 
AH is the reftangle contained 
cCor.4.1. by AD, DB, for DH is equal « to DB ; and DF, together with 
CH, is the gnomon CMG j therefore the gnomon CMG is equal 
to the redlangle AD, DB : To each of thefe add LG, which is 
equal * to the fquare of CD ; therefore the gnomon CMG, 
together with LG, is equal to the reftangle AD, DB, together 
with the fquare of CD : But the gnomon CMG and LG make 
up the whole figure CEFB, which is the fquare of CB : There- 
fore the reftangle AD, DB, together with the fquare of CD, 
is equal to the fquare of CB. Wherefore, if a ftraight line, &c. 
Q^E. D. 

CoR. From this propofition it is manifeft, that the difference of 
the fquares of two unequal lines AC, CD is equal to the reft- 
angle contained bj their f urn AD and difference DB. 

PROP. VL THEOR. 

IF a ftraight line be bifeded, and produced to any 
point ; the reftangle contained by the whole line 
thus produced, and the part of it produced, toge- 
ther with the fquare of half of the line bifeded, is 
equal to the fquare of the ftraight line which is made 
up of the half and the part produced. 

Let the ftraight line AB be bifedted in C, and produced to the 

point D ; the redangle AD, DB, together with the fquare of 

CB, is equal to the fquare of CD. 

a 45, u Upon CD defcribe * the fquare CEFD, join DE, and through 

b 31- I. B draw ^ BHG parallel to CE or DF, and through H draw KLM 

parallel to AD or EF, and alfo through A draw AK parallel to 

CL or DM : And becaufe AC is equal to CB, the rectangle 

^ 5^- '• AL is equal « to CH ; but CH is equal <* to HF ; therefore alfo 

d 43* I- AL is equal to HF : To each of thefe add CM ; therefore the 

whole AM Is equal to the gnomon CMG : And AM is the 

eCon4,a.reaangle contained by AD, DB, for DM is equal * to DB : 

Therefore the gnomon CMG b equal to the redangle AD, 

DB: 
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DB : Add to each of thefe LG, which is equal to the fquarc of Boot II. 
CB; therefore the^reaangk AD, A_ C B D V>*V^^ 

DB, together with the fquare of 



CB, is equal to the gnomon 
CMG and the figure LG : But the 
gnomon C MG and LG make up the 
whole figure CEFD, which is the 
fquare of CD ; therefore the reft- 
angle AD, DB, together with the 
fquare of CB, is equal to the 
fquare of CD. 
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Wherefore, if a ftraight line, Slc. Q^ E. D. 



PROP. VIL THEOR. 

IF a ftraight line be divided into any two parts, 
the fquares of the whole line, and of one of the 
parts, are equal to twice the rectangle contained by 
the whole and that part, together with the fquarc 
of the other part. 

Let the ftraight line AB be divided into any two parts in the 
point C ; the fquares of AB, BC are equal to twice the rcftangle 
AB, BC, together with the fquare of AC. 

Upon AB defcribe • the fquare ADEB, and conftruft the a 46. r. 
figure as in the preceding propofitions : And becaufe AG is 
equal ^ to GE, add to each of them CK ; the whole AK is b43.x« 
therefore equal to the whole CE ; there- A. C 1^ 

fore AK, CE are double of AK : But 
AK, CE are the gnomon AKF together 

with the fquare CK; therefore the gno- h|-. ■ ^? ^ K 

moB AKF, together with the fquare CK, 

is double of AK : But twice the redangle 

AB, BC is double of AK, for BK is 

equal * to BC: Therefore the gnomon y^ c Cor. 4.1, 

AKF, together with the fquare CK, is 

equal to twice the reftangie AB, BC : 

To each of thefe equals add HF, which is equal to the fquare of 

AC; therefore the gnomon AKF, together with the fquares 

CK, HF, is equal to twice the reftangle AB, BC and the fquare 

of AC : But the gnomon AKF, together with the fquares CK, 

HF, make up the whole figures ADEB and CK, which are the 

fquares of AB and BC : Therefore the fquares of AB and BC 

are equal to twice the reftangle AB, BC, . together with the 

fquare of AC. ^ Wherefore, if a ftraight line, &c. Q^ E. D. 

CoR. Hence it is manifeft, that the fquares of two lines AB, 
BC are equal to twice the reSangle AB, BC contained by thefe 
hnes, together with the fquarc of their difference ACt 
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PROP. VIII. THEOR. 

F a ftraight line be divided into any two parts, four 

times the redlangle contained by the whole line, 

and one of the parts, together with the fquare of the 

other part, is equal to the fquare of the ftraight line 

which is made up of the whole arid that part, 

Let the ftraight line AB be divided into any two parts in the 
point C ; four tiroes the re^angle AB, BC, together with the 
fquare of AC, is equal to the fquare of the ftraight line made up 
of AB and BG together. 

Produce AB to D, fo that BD be equal to CB, and upon AD 
defcribe the fquare AEFD ; and conftiu6l two figures fuch as in 
the preceding. Becaufe GK is equal * to CB, and CB to BD j 
GK is equal to BD : and GR, BN are fquares ^ defcribed upoa 
them ; therefore GR is equal to BN, and the fide KR to the 
fide BK : and becaufe BK is equal to KR, the redtangle AK is 
equals to MR: but AK is equal ^ to KFj therefore MH is 
equal to KF : A^d becaufe RIP is equal 
^ to PL, for thej are the complements 
of the parallelogram MI^ ; and GR is 
equal to BN, the whole MR is equal 
. to PL, BN together ; s^nd AIv, KF are 
each of them equal to MR ; therefore 
PL, BN together, and the three AK, 
KF, MR, are all equal, and fo are qua- 
druple of one of them AK : but PL, 
BN, together with AK, KF, MR, make 
up the gnonion AQH ; therefore the 
gnomon AOH is quadruple of AK : and becaufe AK is the reft, 
angle contained hy AB, BC, for BK is equaj to BC, four times 
the reftangle AB, ^C is quadruple of AK : But the gnomoq 
AOH was dcmonft rated to be qnadruple of AK ; therefore four 
times the teftangle AB, BC is equal to the gnomon AOH. 
a or.4.2. rj^Q ^^^j^ q£- ^j^^£^ ^^^ 2CH, which is equal ^ to the fquare of 
AC : Therefore four times the reftangle AB, BC, together 
with the fquare of AC, is equal to the gnomon AOH and the 
fquare XH ; But the gnomon AOH and XH make up the 
figure AEFD, which is the fquare of AD: Therefore four times 
the reftangle AB, BC, together with the fquare of AC, is 
equal to the fquare of AD, that is, of AB and BC added to^ 
gcther in one ftraight line. Wherefore, if a ftraight line, &c. 
Q^ E. P, 

Cor, 
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Cor. Hence, four times the reft angle contained by two lines Bo o^ IF. 
AB, BC, together with the fquare of their difference AC , iV^v>^ 
equal to the fquare of their fum AD. 

PROP. IX. THEOR. 

IF a flraight line be divided into two equal, and alio 
into two unequal parts ; the fquares of the two un- 
equal parts are together double of the fquare of half 
the line, and of the fquare of the line between the 
points of fe(3:ion. 

Let the ftraight *line AB be divided at the point C into two 
equal, and at D into two unequal parts : The fquares of AD, 
DB are together double of the fquares of AC, CD. 

From the point C draw * CE at right angles to AB, and a ii. i. 
make it equal to AC or CB, and join E A, EB ; through D draw 
^ DF parallel to CE, and through F draw FG parallel to AB ; b 31. i. 
and join AF : Then, becaufe AC is equal to CE, the angle 
EAC is equal ^ to the angle AEC ; and becaufe the angle ACE ^ 5. x. 
is a right angle, the two others AEC, EAC together make one 
right angle ^ ; and they arc equal to one another ; each of them ^ - ^^ j^ 
therefore is half of a right angle. For the fame reafon each of 
the angles CEB, EBC is half a right :b 

angle ; and ~ therefore the whole 
AEB is a right angle : And becaufe 
the angle GEF is half a right angle, 
and EGF a right angle, for it is 

equal ^ to the oppofite angle ECB, ^^^^ t - I X ^ 29. 

the reniaining angle EFG is half a -A. C7 13 ]3 

right angle ; therefore the angle GEF is equal to the angle 
EFG, and the fide EG equal ^ to the fide GF : Again, becaufe f 6- i. 
the angle at B is half a right angle, and FDB a right angle, for 
it is equal ^ to the angle ECB, the remaining angle BFD is half 
a right angle; therefore the angle at B is equal to the angle 
BFD, and the fide DF to ^ the fide DB. And becaufe AC is 
equal to CE, the fquare of AC is equal to the fquare of CE ; 
therefore the fquares of AC, CE are double of the fquare oiP 
AC : But the fquare of EA is equal ^ to the fquares of AC, g 47. if 
CE, becaufe ACE is a right angle ; therefore the fquare of E A 
is double of the fquare of AC : Again, becaufe EG is equal to 
GF, the fquare of EG is equal to the fquare of GF ; therefore 
the fquares of EG, GF are double of the fquare of GF : but 
the fquare of EF is equal * to the fquares of EG, GF ; therefore i 47. i. 
the fquare of EF is double of the fquare GF : And GF is equal 
* to CD ; therefore the fquare of EF is double of the fquare of h 34. !• • 

CD; 
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Book T. CD : But the fquare of AE is likewife double of the fquare of 
y^yy^-J AG ; therefore the fquares of AE, EF arc double of the fquares 
i ^^^ ^^ of AC, CD : And the fquare of AF is equal * to the fquares of 
AE, EF, becaufe AEF is a right angle; therefore the fquare of 
AF is double of the fquares of AC, CD ; But the fquares of 
AD, DF are equal to the fquare of AF, becaufe the angle ADF 
is a right angle ; therefore the fquares of AD, DF are double of 
the fquares of AC, CD : And DF is equal to DB ; therefore the 
fquares of AD, DB are double of the fquares of AC, CD. If 
therefore a ftraight line, &c. Q^ E. D. 

PROP. X. THEOR. 

SccN. TF a ftraight line be bifeded, and produced to any 
X point, the fquare of the whole line thus produced, 
and the fquare of the part of it produced, are toge- 
ther double of the fquare of half the line bifefted, 
and of the fquare of the line made up of the half 
and the part produced. 

Let the ftraight line AB be bifeSed in C, and produced to the 

point D ; the fquares of AD, DB are double of the fquares of 

AC, CD. 

a IT. T. From the point C draw * CE at right angles to AB: And 

make it equal to AC or CB, and join AE, EB j through D draw 

^^'•'- DF parallel to CE meeting <^ EB ja 

cCor.59.1. produced in F, and through F 

draw FG parallel to AB meeting 

* EC produced in Gj and join 

AF. 

The demonftration is the fame 
with that of the preceding pro- 
pofition* 

CoR. Hence, becaufe CD is half the fam of AD, DB, for it 
is equal to AC, DB together, and AC is half their difference 
AB ; it is manifeft that the fquares of two lines AD, DB are 
together double of the fquares of CD half their fum, and AC 
half (heir difierente* 

PROP. XI. PROS. 

TO divide a given ftraight line into two parts, fo 
that the redangle contained by the whole, and 
one of the parts, Ihall be equal to the fquare of the 
pther part. 

Let 
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Let AB be the given ftraight line ; it is required to divide Book IL 
it into two partSy fo that the rcftangle contained by the whole, K^ysJ 
and one of the parts, ihall be equal to the fquare of the other 
part. 

Upon AB defcribe • the fquare ABDC ; bifeft * AG in E, a 4^?. r* 
and join BE ; produce CA to F, and make « EF equal to EB ; ^ »o. u 
and upon AF defcribe * the fquare FGHA ; AB is divided in 
H, fo that the reftangle AB, BH is equal to the fquare of AH. 

Produce GH to K ; Becaufe the ftraight line AC is bifefted in 
E, and produced to the point F, the reftangle CF, FA, toge- 
ther with the fquare of AE, is equal ^ to the fquare of EF : 
But EF is equal to EB ; therefore the reftangle. CF, FA, toge- 
ther with the fquare of AE, is equal to the fquare of EB : And 
the fquares of BA, AE are equal • to the g^^ q t 47. i, 

fquare of EB, becaufe the angle EAB is a 
right angle ; therefore the reftangle CF, 
FA, together with the fquare of AE, is 
equal to the fquares of BA, AE : Take 
away the fquare of AE, which is common 
to both, therefore the remaining reftangle 
CF, FA is equal to the fquare of AB : 
And the figure FK is the reftangle con- 
tained by CF, FA, for AF is equal to 
FG ; and AD is the fquare of AB ; there- 
fore FK is equal to AD : Take away the 
common part AK, and the remainder FH C »C D 

is equal to the remainder HD : And HD is the reftangle con-» 
tained by AB, BH, for AB is equal to BD j and FH is the 
fquare of AH : Therefore the reftangle AB, BH is equal to the 
fquare of AH : Wherefore the ftraight line AB is divided in H, 
fo that the reftangle AB, BH is equal to the fquare of AH. 
Which was to be done« 
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PROP. XII. THEOR. 

IN obtufe angled triangles, if a perpendicular bo 
drawn from any of the acute angles to the oppo- 
fite fide produced, the fquare of the fide fubtending 
the obtufe angle, is greater than the fquares of the 
fides containing the obtufe angle, by twice the rect- 
angle contained by the fide upon which; when pro- 
duced, the perpendicular falls, and the ftraight line 
intercepted, without the triangle, between the per- 
pendicular and the obtufe angle. 

Let 
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Book II. Let ABC be an obtufe angled triangle, having the bbtufe angle 
V-OT^ ACB, and from the point A let AD be drawn * perpendicular to 
BC produced : The fquare of AB is greater than the fquares of 
AC, CB, by twice the reaangle BC, CD. 

Becaufe the ftraight line BD is divided into two parts in the 
point C, the fquare of BD is equal ^ a 

to the fquares of BC, CD and twice " ' 

the reaangle BC, CD : To each of 
thefe equals add the fquare of DA ; 
and the fquares of BD, DA are equal 
to the fquares of BC, CD, DA, and 
twice the redangle BC, CD: But 

C47''' the fquare of BA is equal ^ to the ^ 

fquares of BD^ DA, becaufe the angle 3 ^' ^ ^ 

at D is a right angle j and the fquare of CA is equal ^ to the 
fquares of CD, DA ; Therefore the fquare of BA is equal to 
the fquares of BC, CA, and twice the redangle BC, CD ; that 
is, the fquare of BA is greater than the fquares of BC, C A, by 
twice the reftangle BC, CD. Therefore, in obtufe angled tri- 
angles, &c, Q^ E. D, 




PROP. XIII. THEOR. 

SccN. TN every triangle, the fquare of the fide fubtend- 
J- ing any of the acute angles, is lefs than the 
fquares of the fides containing that angle, by twice 
the redlangle contained by either of thefe fides, and 
^he ftraight line intercepted between the perpendi- 
cular, let fall upon it from the oppofite angle, and 
the acute angle. 

Let ABC be any triangle, and the angle at B one of its acute 
angles, and upon BC, one of the fides containing it, let fall the 
a I a. I. perpendicular * AD from the oppofite angle : The fquare of AC, 
Oppofite to 
the angle B, 
is lefs than 
the fquares 
of CB, BA 
by twice the 
rcftangle 
CB, BD. ___. 

B T> ^ B G 1> 

Becaufe the ftraight line CB is divided into two parts in the 

» 7- a. point D, or BD in C, the fquares of CB, BD are equal ^ to 

twice 
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twice the reftahgle contained- by CB, BD, and the fquare of Book II- 

DC : To each of thefe equals add the fquare of AD ; therefore Vi^VNi^ 

t\\e fquares of CB, BD, DA are equal to twice the redangle 

CB, BD and the fquares of AD, DC : But the fquare of 

AB is equal ^ to the fquares of BD, DA, becaufe the angle c 47. 1. 

BDA is a right angle ; and the fquare of AC is equal to the 

fquares of AD, DC : Therefore the fquares of ^ CB, BA are 

equal to the fquare of AC and twice the redlangle CB, BD ; 

that is, the fquare of AC alone is lefs than the fquares of CB, 

BAbj twice the reftangle CB, BD. Wherefore, &c. Q^E. D. 

PROP. XIV. PROB. 

TO defcribe a fquare that fhall be equal to a given 
reftilineal figure. 

Let A be the given reftilineal figure ; it is required to defcribe 
a fquare that (hall be equal to A. 

Defcribe * the rcftangular parallelogram BCDE equal to the a 4$* i. 
redilineal figure A. If then the fides of it BE, ED are equal 
to one another, it is a 
fquare, and what was re- 
quired is now done : But 
if thej are not equal, 
produce one of them BE 
to F, and make EF equal 
to ED, and bifeft BF in 
tx; and from the centre 
G, at the diftance GB or 

GF, defcribe the femicircle BHF, and produce DE to H, and 
join GH :^ Therefore, becaufe the (Iraight line BF is divided into 
two equal parts in the point G, and into two unequal at E, the 
reaangie BE, EF, together with the fquare of EG, is equal ^ b s* «. 
to the fquare of GF : . But GF is equal to GH ; therefore the 
reflangle BE, EF, together with the fquare of EG, is equal to 
the fquare of GH : But the fquares of HE, EG are equal '^ to c 47. u 
the fquare of GH ; therefore the rcdangle BE, EF, together 
with the fquare of EG, is equal to the fquares of HE, EG : 
Take away the fquare of EG, which is common to both ; and 
the remaining reSangle BE, EF is equal to the fquare of EH: 
But the red:angle contained by BE, EF is the parallelogram 
BD, becaufe EF is equal to ED ; therefore BD is equal to the 
fquare of EH ; but BD is equal to the reftilineal figure A ; 
therefore the reftilineal figure A is equal to the fquare of Eft : 
Wherefore a fquare has been made equal to the given re£iilineal 
figure A, viz. the fquare defcribed upon EH. Which ^as to 
be done. 

H PROP. 
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Book H. 
^<^rr<J PROP. A. THEOR. 

Sec N, TN any friangle, the difference between the fquare^ 
X of two of the fides is equal to twice the reft- 
angle contained by the bafe, and the fegment of it 
intercepted between the perpendicular drawn to it 
from the oppofite angle, and the j)oint in which it 
is bifecled. 

Let AfiC be a triangle, of which the fide AB is greater than 
a !•. t. AC ; and bifcft * the bafe. BC in D, and draw ^ AE perpendi- 
b 12. I. cular to BC ; the fqaare of AB is greater than the fquare of AC, 

by twice the reftangle BC. DE. 
c 3. I- Produce BC to F, and make « EF equal to EB : and bccaufe 
BF b double of BE, and BC double of BD ; the remainder CF 
is double of the remainder DE : And 
becaufc BF Is divided into tjvo equal 
parts m the point E, and into two 
unequal parts in the ^point C ; the 
reftangle BC. CF^ together with the 
d,5- «• fquare of CE, is equal ^ to the fquare 
of BE : add to thefe equals the 
fquare of EA ; .and the reftangle BC, CF, together with the 
Jtquares of CE, EA, is equal to the fquares of BE, t A : But 
c I. z. the reftangle BC, CF is double « of the reftangle BC, DE, be- 
f 47. I. caufe CF is double of DE ; and the fquare of AC is equal ^ to 
the fquares of CE, EA, becaufe CEA is a right angle-; and 
the fquare of AB is equal to the fquares of BE, EA ; there- 
fore twice the reftangle BC, DE together with the fquare of 
AC, is equal to the fquare of AB ; that is, twice the redlangle 
BC, DE is equal to the excefs of the fquare of AB above the 
fquare ot AC. Wherefore, &c. Q^E. D. 
g 4. I. Cor. And if AF be joined, the triangle ABF is ifofceles ^ j 
"^^^ hence it is manifeft, that if any ftraight line AC be drawa ' 
'\^ ^ '' from the vertex to the bafe^of an ifofccle^ triangle ABF ; the 
. . fquare of the fide AB is equal to the fquare of the line AC, 
v. , together with the reSangle BC, CF of the fcgments of the 

bafe. 

PROP. B. THEOR. 

THE fquares of two fides of a triangle are toge- I 
ther double of the fcjuare of half the bafe, and 
of the fquare of the ftraight line drawn from the 
vertex to bifedl the bafe. 

Let 
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Let ABC be a triangle; and let the bafe BC be bifcacd * in Book IF. 
P, and join AD : the fqunres of BA, AC together are double V-^Vw 
of the fquares of BD,. D.\. a lo. i. 

If the angles at D be right angles, the fqu?we of B A is equal 
^ to the fquares of BD, DA, and the fquare of AC to the fquares b 47. i. 
of CD, DA, or of BD, DA ; therefore the fquares of BA, AC ^ 
arc double of the fquares of BD, DA. 

But, if the angles at D be not right angles, from A draw <= c 1%. i. 
AE perpendicular ta BC : and becaufe BC is bifcaed in D, the 
fquares of BE, EC arc double ^ of 
the fquares of BD, DE : add to thefe 
equals twice the fquare of EA ; ajid 
the fquares of BE, EC, together with 
twice the fquare of EA, are double of 
the fquares of BD, DE, EA : And 
the fquare of DA is equal ^ to the 

fquares of DE, E A, becaufe DEA 15 a right angle ; therefore 
the fquares of BE, EC,- together with twice the fquare of EA, 
are double of the fquares of BD, DA : but the fquare of B A is 
equal ^ to the fquares of BE, E A, and the fquare of AC to th» 
fquares of CE, EA; therefore the fquares of BA, AC are 
tqual to the fquares of BE, EC, together with twice the fquare 
of EA ; and it has been demonftrated, that the fquares of BE, * 
EC, together with twice the fquare of EA, are double of the 
fquares of BD, DA; therefore the fquares of BA, AC are 
double of the fquares of BD, DA. Wherefore, &c. Q^E. D. 

PROP- C. THEOR. 

THE fquares of the two diamefers of a paral- 
lelogram are together eqbal to the fquares of 
its four fides. 

LetABCD be a parallelogram, of which the diameters arc 
AC, BD ; the fquares of AC, BD together are equal to the 
fquares of the four fides AB, BC, CD, DA. 

Let AG, BD cut one another in E : and becaufe AC meets the 
parallels AD, BC, the alternate angles DAE, BCE are equal " ; a 29* 
and the angle AED is equal ** to its vertical angle BEC ; there- b 15. 
fore two angled of tJie triangle AED are equal to two of the 
triangle BEG ; and the fides AD, BC, oppolite to equal angles, 
are alfo equal ; therefore their other fides are equal *^, each to c 16. 
each, viz. AE to EC, and BE to ED : and becaufe AE is 
drawn from the vertex A of the triangle BAD, to bifeft the 
' H2 , bafe 
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Book II. bafe, BD ; the fquares of BA, AD' are double ** of the fquarcs 

^^^V^^ of. BE, EA. For the fame reafon, the fquares of BC, CD 

d B- *. are double ^ of the fquares of BE, EC, or of BE, EA, be^ 

caufe EC is equal to EA : therefore the fquares of B A, AJ), 

BC, CD are quadruple of the fquares of BE, EA : ^ut the 
e3Cor.4.2.fq^gi.e Qf BJ) Jg quadruple *^ of 

the fquare of BE, becaufe BD is 
double of B£ ; and the fqiiare 
A^ is quadruple ^ of the fquare 
of AE ; therefore the fquares of 

BD, AC are quadruple of the 
fquares of BE, EA : and it has 
been proved, that the fquares of 

the four fides are quadruple of BE, EA ; therefore the fquares 
of BD, AC are equal to thfr fquares of the four fides AB, BC, 
CD, DA. Wherefore, &c. Q^E.D. 

CoR. Hence it is manifeftj that the diameters of a parallelo* 
gram bife^ one another. 
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An 



DEFINITIONS. 
A. 



arch of a circle is anj part of the circumference. 
B. 

A chord is any ftraight line in a circle, terminated both ways by 
the circumference. 

I. Omitted. 
II. 
A ftraight line is faid fo touch 
a circle, when it meets the 
circle, and being produced, 
does not cut it. 
III. 
C^irdes are faid to touch one 
another, which meet, but do 
not cut one another. 
IV. 
Straight lines are faid to be equally du 
ftant from the centre of a circle, 
when the perpendiculars drawn to 
them from the centre are equal. 
V. 
And the ftraight line on which the 
greater perpendicular falls, is faid to 
be farther from the centre. 

VL 
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BookIIT. VI. 

^'^^VN^ A fegment of a circle is the figure con- 
' tained by a ftraight line, and the part 
of the circumference it cuts off. 
VIL Qmitted. 
VIII. 
An angle^ in a fegment is the angle con- 
tained bj two ftraight lines drawn 
from any point in the arch of the 
fegment, to the extremities of the 
ftraight line whigh is the bafe of th^ 
fesfment. 

IX. 
And an angle is faid to^fland upon the 
arch intercepted between the ftraight 
lines that contain the angle. 
X. 
The feftor of a circle is the, figure con- 
tained by two ftraight lines drawn from 
the centre, and the arch between them. 



XI. 
Similar fegments of a circle, are 
thofe in' which the angles are 
equal, or which contain equal 
angles. 







PR0P. I. PROB. 



« 10. 



O find the ceritre of a given circle. " 

Let ABC be the given circle ; it is required to find its 
centre. 

Draw within it any ftraight line AB, and bifeft • it in D ; 
from the point D draw ^ DC at right angles to AB, and pro- 
duce it to E, and bifeft CE in F ; The pomt F is the centre of 
the circle ABC. 

For, if it be not, let, if poflible, G be the centre, and join 
GA, GD, GB: Then, becaufe DA is equal to DB, and DG 
common to the two triangles ADG, BDG, the two fides AD^ 
DG are equal to the two BD, DG, each to each ; and the bafe 
GA is equal to the bafe GB, becaufe they are drawn from the 

centre 



OF EUCLID. 



^3 




dio.def.i. 



centre G * : Therefore the angle ADG is equal « to the angle ^^^ m* 

GDB : But when a ftraight line Handing upon another ftrai^ht ^-^Wi^ 

line makes the adjacent angles equal to one ^ c 8. i. 

another, each of the angles is a right 

angle ** : Therefore the angle GDB is a 

right angle : But FDB is Hkewife a right 

angle ; wherefore the angle FDB is equal 

to the angle GDB, the greater to the 

lefs, which is impoffible : Therefore G 

is nt)t the centre of the circle ABC : 

In the fame manner it can be fhewn, tKat 

no other point but F is the centre ; that 

is, F is the centre of the circle ABC : Which was to be found. 

CoR. From this it is imanifeR, that if in a circle a ftraight 
line bifed another at right angles, the centre of the circle is in 
the line which bifeds the other. 

PROP. II. THEOR. 

IF any two points be taken in the circumference of See N. 
a circle, the ftraighc line which joins them fliall 
fall within the circle. 

Let ABC be a circle, and A, B any two 
cumference ; the ftraighc line drawn 
from A to B ihall fall within the circle. 

Take any point E in AB ; and find * 
D the centre of the circle, and join 

AD, DB. DE, and let DE meet the 
circumference iu F: Then, becaufe DA 
is equal to DB, the angle DAB is 
equaP to the angle DBA ; and becaufe 

AE, a fide of the triangle DAE, is 

produced to B, the angle DEB is greater ^ than the angle DAE i 
but DAE is equal to the angle d5e 5 therefore the angle DEB 
is greater than the angle DBE : But to the greater angle the 
greater fide is oppofite ^ ; DB is therefore greater than DE : 
But DB is equal to DF ; wherefore DF is greater than DE ; 
the point E is therefore within the circle : and E is any point in 
the ftraight line AB; therefore AB falls within the circle ABC. 
Wherefore, if any two points, &c. Q^E. D; 




a I. 3. 



bs. 



c 16. X. 



d 19. X. 



PROP. 



* N, B. Whenever the cxprelTion " ftraight lines frortl the centre," or 
** drawn from the centre," occurs, it is to be underltood, that they ire 
drawn to the circumference. 
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^'^^'>rsJ , PROP. HI. THEOR. 

IF a (Iraight line drawn through the centre of a 
circle bifed: a ftraight line in it which does not 
pafs through the centre, it fhall cut it at right 
angles ; and, if it cuts it at right angles, it Ihall 
bifed it. 

Let ABC be a circle; and let CD, a ftraight line drawa. 
through the centre, bifed any ftraight line AB, which does not 
pafs through the ceritre, in the point F : It cuts it alfo at right 




a I. 3. Take * E the centre of the circle, and join EA, EB ; Then, 

becaufe AF is equal to . FB, and FE common to the two tri* 

angles AFE, BFE, there are two fides in the one equal to two 

fides in the other, and the bafe EA is equal 
\y 8, ,^ to EB ; therefore the angle AFE is equal ** 

to BFE : But when a ftraight line ftanding 

upon another makes the adjacent angles 
c lo.def.i. equal, each of them is a right ^ angle: There- 

fore each of the angles AFE, BFE is a right 

angle ; wherefore the ftraight line CDj 

drawn .through the centre bifefting another 

AB that does not pafs through the centre, 

cuts the fatne at right angles. 
* But let CD cut AB at right angles ; CD alfo bifefts It, that 

is, AF is equal to FB. 

The fame conftruftion being made, becaufe EA, EB from 
d 5« >• the centre are equal to one another, the angle EAF is equal ' 

to the angle EBF ; and the right angle AFE is equal to the 

right angle BFE : Therefore, in the two triangles EAF, EBF, 

there are two angles in one equal to two angles in the other, 

and the fide EF, which is oppofite to one of the equal angles 
C 26. I. in each, is common to both ; therefore the other fides are equal * ; 

•AF therefore is equal to FB. Wherefore, if a ftraight line, 

&c. Q^E. D. 

PROP. IV. THEOR. 

IF in a circle two ftraight lines cut one another 
which do not both pafs through the centre, they 
do not bifeft each the other. i 

Let ABCD be a circle, and AG, BD two ftraight lines in it 
which cut one another in the point E, and do not both pafs 
through the centre : AC, BD do not bifeft one another. 
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If one of the lines pafs through the centre, it is plain that it Book III. 
tannot be bifeded bj the other which does not pafs through the ^s^V^^ 
centre : But, if neither of them pafs 
through the centre, let, if poffible, AE 
be equal to EC, and BE to ED, and 
take • F the centre of the circle, and 
join EF: And becaufe FE, a ftraight 
line through the centre, bife&s another 
AG which does not pafs through the 
centre, it flball cut it at right ^ angles ; 
wherefore FEA is a right angle : A- 

gain, becaufe the ftraight line FE bifeds the ftraight line BD 
which does not pafs through the centre, it (hall cut it at right * 
angles ; wherefore FEB is a right angle : And FEA was fliewn 
to be a right angle ; therefore FEA is equal to the angle FEB, 
the lefs to the greater ; which is impoffible : Therefore AC, 
BD do not bifed one another. Wherefore, if in a circle, &c« 
<^E. D. 




a I.3. 



^3-3* 



PROP. V. & Vr. THEOR. 

l{ TF two circles meet one another, they fhall not have scc N. 
1: ■*• the fame centre. 

Let the circumferences of the two circles ABC, CDG meet 
§ne another in the point C ^ the circles have not the fame 
centre. 

For, if it be poffible, let E be their centre : Join EC, and 
draw any ftraight 
line EFG meet- 
ing them in F 
and G : And be- 
caufe E is the 
centre of the cir- 
cle ABC, CEis 
equal to EF : A- 
gain, becaufe E 
is the centre of 
the circle CDG, 

CEis equal to EG: ButCE was fliewn to be equal to EF; therefore 
EF is equal to EG, the lefs to the greater ; which is impofSble : 
Therefore E is not the centre of the circles ABC, CDG. 
Wherefore, if two circles, &c. Q^;^ E. D. 




PROP. 
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V^v-^ PROP. VII. THEOR. 

'F any point be tak§n in the diameter of a circle, 
which is not the. centie, of all the ftraight lines 
which can be drawn from it to the circumference, the 
greateft is that in which the centre is, and the other 
part of that diameter is the leaft ; and, of any others, 
that which is nearer to the line which pafles through 
the centre is always greater than one more remote : 
And from the fame point there can be drawn only 
two ftraight lines that are equal to one another, one 
upon each lidc of the fhorteft line. 

Let ABCD be a circle, and AD its diameter, in which let 
any point F be taken which is not the centre : Lee the centre be 
E; of all the ftraight lines FB, FC, FG, &c. that can be 
drawn from F to the circumference, FA is the greaieft, and FD, 
the other part of the diameter AD, is the leaft ; and of the 
others, FB is greater than FG, and FC than FG. 

Join BE, CE, GE ; and becaufc two fides of a triangle are 

a »o. I. greater * than the third, BE, EF are greater than BF ; but AE 
is equal to EB ; therefore AE, EF, 
that is AF, is greater than BF : A- 
gain, becaufc BE is equal to CE, and 
FE common to the triangles BEF, 
CEF, the two fides BE, EF are equal 
to the two CE, EF;* but the angle 
BEF is greater than the angle CEF ; 

b a4. I. therefore the bafe BF is greater ** 
than the bafe FC : For the fame 
reafon, CF is greater than GF: A- 
gain, becaufe GF, FE are greater * 
than EG, and EG is equal to ED; 

GF, FE are greater than ED : Take away the common part 
FE, and the remainder GF is greater than the remainder FD : 
Therefore FA is the greateft, and FD the leaft of all the ftraight 
lines from F to the circumference ; and BF is greater than CF, 
and CF than GF. 

Alfo there can be drawn only two equal ftraight lines from 
the point F to the circumference, one upon each fide of the 

c IS. I. fliorteft line FD : At E in EF, make « the angle FEH equal to 
GEF, and join FH: Then becaufe GE is equal to EH, and EF 
common to the two triangles GEF, HEF ; the two fides GE, 
PF arc equal to the two HE, EF ; and the angle GEF is equal 

to 
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to HEF ; therefore the bafc FG is equal <> to FH : But, bcfides Book III. 
FH, no other ilraight line can be drawn from F to the circumfe* Vi^VK^ 
rcnce equal to FG : For, if thcre^can, let it be FK ; and be- d 4* 1. 
caufe FK is equal to FG, and FG to FH, FK is equal to FH ; 
that is, a line nearer to that which pafles through the centre, ia 
equal to one more remote ; which is impoffible. Therefore, if 
anj point be taken, &c. Q^ £. D. 

PROP. Vin. THEOR. 

IF any point be taken without a circle, and ftraight 
lines be drawn from it to the circumference, 
whereof one paffes through the centre ; of thofe 
which fall upon the concave circumference, the 
greateft is that which paffes through the centre ; 
and of the reft, that which is nearer to that through 
the centre, is always greater than the more remote : 
Bat of thofe which fall upon the convex circumfe-^ 
rence, the leaft is that between the point without 
the circle, and the diameter ; and of the reft, that 
which is nearer to the leaft is always lefs than the 
more remote : And only two equal ftraight lines can 
be drawn from the point unto the circumference, one 
upon each fide of the leaft* 

Let ABC be a circle, and D any point without it, from which 
let the ftraight lines DA, DE, DF, DC be drawn to the cir- 
cumference, whereof DA pafies through the centre. Of thofe 
which fall upon the concave part of the circumference AEFC, 
the greateft is AD which paffes through the centre ; and the 
nearer to it is always greater than the more remote, viz. DE 
than DF, and DF than DC : But of thofe which fall upon the 
convex circumference HLKG, the lead is DG between the 
point D and the diameter AG ; and the nearer to it is always 
lefs than the more remote, viz. DK than DL, and DL than 
DH. 

Take * M the centre of the circle ABC, and join ME, MF, ^ , 
MC, MK, ML, MH: And becaufe AM is equal 10 ME, add ' ^' 
MD to each, therefore AD is eqlial to EM, MD j but EM^ 
MD are greater ^ than ED j therefore alfo AD is greater than ^ ao. i. 
ED: Again, becaufe ME is equal to MF, and MD common to 
the triangles EMD, FMD ; EM, MD are equal to FM, MD.; 
but the angle EMD is greater than FMD j therefore the bafe 
ED is greater c than FD : In like manner, it may be ihewn, c 44. 1. 
that FD is greater than CD : Therefore DA is the greateft ; 

I % and 
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Book III. and DE greater than DF, and DF than DC : And becaufe MK, 
greater *> than MD, and MK is equal to MG, the te- 



V.^>rw;KD are 
bao. I. mainder 
d 4. Ax. 



e 21. 1. 



£4.1. 



KD is greater ^ than the 
remainder GD, that is, GD is lefs 
than KD : And becaufe MK, DK 
are drawn to the point K within the 
triangle MLD from M, D, the ex- 
tremities of its fide MD ; MK, KD 
are lefs * than ML^ LD, whereof 
MK is equal to ML ; therefore the 
remainder DK is lefs than the rie- 
mainder DL : In like manner it may 
be fliewn, that DL is lefs than DH : 
Therefore DG is the leaft, and DK 
lefs than DL, and DL than DH : 
Alfo there can be drawn only two 
equal ftraight lines from the point 
D to the circumference, one upon 
each fide of the leaft: At M, in ^ 

MD, make the angle DMB equal to DMK, and join DB : 
And becaufe MK is equal to MB, and MD common to the tri- 
angles KMD, BMD, the two fides KM, MD are equal to the 
two BM, MD ; and the angle KMD is equal to BMD ; there- 
fore the bafe DK is equal ^ to DB : But, befides DB, there 
can be no ftraight line drawn from D to the circumference equal 
to DK : For, if there can, let it be DN ; and becaufe DK is 
equal to DN, and ^fo to DB ; therefore DB is equal to DN, 
that is, the nearer to the leaft equal to the more remote ; whick 
is impoifible. If, therefore, any point, &c. Q^E. D. 
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PROP. IX. THEOR. 

IF a point be taken within a circle, from which there 
fall more than two equal ftraight lines to the cir- 
cumference, that point is the centre of the circle. 

Let the point D be taken within the circle ABC, from 
which to the circumference there faU more than two equal 
ftraight lines, viz. DA, DB, DC, the point D is the centre of 
the circle. 

For, if not, let E be the centre, join DE, and produce it to 
the circumference in F, G ; then FG is a diameter of the circle 
ABC : And becaufe in FG, the diameter of the circle ABC, 
. there is taken the point D which is not the centre, there can be 
drawn only two equal ftraight lines from D to the circumfe- 
rence.; 
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ifcncc • : but DA, DB, DC arc all equal ; which is impoffiblc ; BookIIL 



therefore E u not the centre of the 
circle ABC : In like manner, it may 
be demonftratcd, that no other point 
but D is the centre ; D therefore is 
the centre. Wherefore, if a point be 
taken, &c. Q. E. D. 
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PROP. X. THEOR. 

NE circumference of a circle cannot cqt another 
in more than two points. 



If it be poffiUe, let the circumference ABC cut the circumfe- 
rence DEF in more than two points, viz. in B, G, F; take 
the centre K of the circle ABC, and 
join KB, KG, KF: And bccaufe 
within the circle DEF there is taken 
the point K, from which to the cir- 
cumference DEF fall more than two 
equal ftraight lines KB, KG, KF, 
the point K is * the centre of the 
circle DEF : But K is alfo the centre 
of the circle ABC ; therefore the fame* 
point is the centre of two circles 
that cut one another ; which is impoffible ^. Therefore one cir- 
cumference of a circle cannot cut another in more than two 
points. (^ E. D. 
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PROP. XL THEOR. 

IF two circles touch each other internally, the ftraight 
line which joins their centres, being produced, 
Ihall pafs through the point of contact:. 

Let the two circles ABC, AJDE, of which ABC is the great- 
er, touch each other internally in the point A, and let F be the 
centre of the circle ABC, and G the centre of the circle ADE : 
The ftraight line which joins the centres F, G, being produced 
beyond G, pafles through the point A. 

For, if not, let it fall otherwife, if poffible, as FGDH, and 
join AG : and becaufe in CH, the diameter of the circle ABC, 

there 
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Book III. there is taken the point G which is not the centre, GH is the 
leaft line from it to the circumference * ; therefore AG is greater 
than GH : But AG is equal to GD ; 
therefore GD is greater than GH, the 
lefs than the greater ; which is im- 
poiEble. Therefore the ftraight line 
which joins the points F, G cannot 
fall otherwife than upon the point 
A, that isy it mud pafs through 
it. Therefore, if two circles, &c. 
Q^E.D. 



SceN, 
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PROP. Xn. THEOR. 

¥ two circles touch each other externally, the 
ftraight line which joins their centres, fhall pafs 
through the point of contadt. 

Let the two circles ABC, ADE touch each other externally 
in the point A ; and let F be the centre of the circle ABC, and 
G the centre of ADE : The ftraight line which joins the points 
F, G fliall pafs through the point of contact A, 

For, if not, let it pafs otherwife, if poffibk, as FCDG, and 
join AG : and becaufe G is a point without the circle ABC, GO, 
which lies between it and 
the diameter, is the lead line 
from G to the circumfe- 
rence * ; therefore GA is 
greater than GC : but GA 
is equal to GD ; therefore 
DG is greater than GC, 
the lefs than the greater ; 
which is impoflible : Therefore the ftraight line which joins the 
points F, G fliall not pafs otherwife than through the point of 
contad A, that is, it muft pafs through it. Therefore, if two 
circles, &c. Q^ E. D. 
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NE circle 
than 



PROP. XIIL THEOR. 
cannot touch another in more points 



one. 



For, if It be poffible, let the circle EBF touch the circle 
ABC in more points than one, in the points B, D ; join BD, 
and draw * GH bife6ling BD at right angles : Therefore, be- 
caufe the poiiits B, D are in the circunjference of each of the 

circles. 
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circles, the ftraight line BD fells within ^ each of them: And Book* IIL 

their centres are « in the ftraight line GH which bifefb BD at Vi^VW 

b 2. 3. 
c Cor. 1.3. 
jc ^ 




right angles ; therefore GH paffes through the point of contaft * ; d 11. 3. 
but it does not pafs through it, becaufe 'the points B, Dare or la, 3. 
without the ftraight line GH ; which is abfurd : Therefore one 
circle cannot touch another in more points than one. 



PROP- XIV, THEOR, 

EQUAL ftraight lines in a circle are equally di- 
llant from the centre ; and thofe which are 
equally diftant from the centre, are equal to one 
another. 

Let the ftraight lines AB, CD, in the circle ABDC, be equal 
to one another ; they are equally diflant from the centre. 

Take * E the centre of the circle ABDC, and from it draw •» 
EF, EG perpendiculars to AB, CD : Then, becaufe the ftraight 
line EP, paffing through the centre, cuts AB^ which does not 
pafs through the centre, at right angles, 
it alfo bifeas ^ it : Wherefore AF is 
equal to FB, and AB double of AF, 
For the fame reafon, CD is double of 
CG : And AB is equal to CD ; there- 
fore AF is equal to CG : And becaufe 
AE is equal to EC, the fquare of AE 
is equal to the fquare of EC : But the 
fquares of AF, FE are equal ^ to the 
fquare of AE, becaufe AFE is a right angle ; and, for the like 
reafon, the fquares of EG, GC are equal to the fquare of EC : 
Therefore the fquares of AF, FE are equal to the fquares of 
CG, GE, of which the fquare of AF is equal to the fquare of 
CG, becaufe AF is equal to CG; therefore the remaining 
fquare of FE is equal to the remaining fquare of EG, and the 
ilraight line FE is therefore equal to EG : But ftraight lines in 
a circle are faid to be equally diftant from the centre, when the 

perpendiculars 
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Book III. perpendiculars drawn to them from the centre are equal ^ ; 

V-/*Y^^ Therefore AB, CD are equally diftant from the centre. 

e4.Def.3. Next, if the ftraight lines A B, CD be equally diftant from 
the centre, that is, if FE be equal to EG ; AB is equal to CD ; 
For, the fame conftrudlion being made, it may, as before, be 
demonftrated, that AB is double of AF, and CD double of CG, 
and that the fquares of EF, FA are equal to the fquares of EG, 
GC ; of which the fquare of FE is equal to the fquare of EG, 
becaufe FE is equal to EG; therefore the remaining fquare 'of 
AF is equal to the remaining fquare of CG ; and the ftraight 
line AF is therefore equal to CG : And AB is double of AF, 
and CD double of CG ; wherefore AB is equal to CD. There- 
fore equal ftraight lines, &c. Q^E. D. 



PROP. XV. THEOR. 

THE diameter is the greateft ftraight line in a 
circle ; and, of all others, that which is nearer 
to the centre is always greater than one more re- 
mote ; and the greater is nearer to the centre than 
the lefs. 

Let ABCD be a circle, of which the diameter is AD, and 
centre E ; and let BC be nearer to the 
centre than FG ; AD is greater than 
any ftraight line BC which is not a 
diameter, and BC greater than FG. 
a 12. I. From the centre draw * EH, EK per- 
pendiculars to BC, FG, and join EB, 
EC, EF ; and becaufe AE is equal to 
EB, and ED to EC, AD is equal to 
b 20. 1. LB, EC : But EB, EC are greater *> 
than BC ; wherefore, alfo, AD is greater 
than BC. 

And, becaufe BC is nearer to the centre than FG, EH 13 
c5.Dcf.3. lefs ^ than EK : But, as was demonftrated in the preceding, 
BC is double of BH, and FG double of FK, and the fquares 
d 47. I. of EH, HB are equal ^ to the fquares of EK, KF, of which 
the fquare of EH is lefs than the fquare of EK, becaufe EH is 
lefs than EK ; therefore the fquare of BH is' greater than the 
fquare of FK, and the ftraight line BH greater than FK ; and 
therefore BC is greater than FG. 

Next, let BC be greater than FG ; BC is nearer to the 
centre than FG, that is, the fame conftruftion being made, EH 
i3 lefs than EK : Becaufe BC is greater than FG, BH likewife 

is 
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is greater than FK : And the fquares of BH, HE are equal ^ to Book III. 
the fquares of FK, KE, of which the fquare of BH is greater Vi^VN^ 
than the fquare of FK, becaufe BH is greater than FK ; there-^S-Dcf.j. 
fore the fquare of EH is lefs than the fquare of EK, and the 
ilraight line EH lefs than EK. Wherefore the diameter, &c. 
Q. E. D. 

PROP. XVI. THEOR. 

THE ftraight line drawn at right angles to the See N. 
diameter of a circle, from the extremity of it, 
falls without the circle ; and no ftraight line can be 
drawn between that ftraight line and the circumfe- 
rence from the extremity, fo as not to cut the circle. 

Let ABC be a circle, the centre of which is D, and the dia- 
meter AB ; the ftraight line drawn at right angles to AB from 
its extremity A, Ihall fall without the circle. 

Take any point E in AE, and join DE, and let it meet the 
circumference in C : and becaufe the two angles DAE, AED of 
the triangle ADE are together lefs than 
two right angles *, and that DAE is a 
right angle, AED muft be lefs than 
a right angle : and to the greater angle 
the greater fide is oppofite ^ ; there- 
fore the fide DE is greater than DA ; 
but DC is equal to DA ; therefore 
DE is greater than DC, and the p';int 
E is therefore without the circle : but 
Eis any point whatever in AE ; there- 
fore AE falls without the circle. 

And every other ftraight line drawn through the point A cuts 
the circle ; for, let AF be any ftraight line, making the angle 
DAF lefs than the right angle DAE : and from the point D 
draw ^ DG perpendicular to AF, meeting the circumference in 
H: and becaufe DGA is a right angle, and DAG lefs than a 
right angle, DA is greater ** than 
DO : . but DH is equal to DA ; there- 
fore DH is greater than DG ; there- 
fore AF fails within.the circle. Where- 
fore, &c. Q^E. p. 

Cor. From this it is manifeft, that 
the ftraight line which is drawn at 
right angles to the diameter of a circle 
from the extremity of it, touches the 
rircle 5 and that it touches only in one 
K point, 
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Book HI. point, be«aufe, if it did meet the cirde in two, it would fall 
V^vx*^ within \t *. Alfo it is evident, that there can be but pue ftraight 
d 2. 3. line whkb touches the circle in the fame point. 

PROP. XVII. PROB. 

TO draw a ftraight line from a given point, either 
without or in the circumference, which fhall 
touch a given circle. 

Firft, let A be a given point without the given circle BCD ; 
it is required to draw a ftraight line from A which (hall touch 
the circle, 
a I- 3 Find * the centre E of the circle, and join AE ; and from the 
centre E, at the diftance EA, defcribe the circle AFG ; from 
b ". X. the point D draw ^ DF at right angles toEA, and join EBF, 
AB ; AB touches the circle BCD. 

Becaufe E is the centre of the 
circles BCD, AFG, EA is equal to 
EF, md ED to EB; therefore 
the two fides AE, EB are equal to 
the two FE', ED, and thej contain 
the angle at E common to the two 
triangles AEB, FED ; therefore the 
bafe DF is equal to the bafe AB, 
and the triangle FED to the triangle 
AEB, and the other angles to the 
c 4. I. other angles ^ : TTierefore the angle EBA is equal to the angle 
EDF : But EDF is a right angle, wherefore EBA is a right 
angle : And EB is drawn from the centre ; but a ftraight Uno 
drawn from the extremity of a diameter, at right angles to it^ 
clCor.id.3. touches the circle ^ : Therefore AB touches the circle ; and it 
is drawn from the given point A* Which was to be done. 

But, if the given point be in the circumference of the cirde, 
as the point D, draw DE to the centre E» and DF at right 
angles to D£ > DF touches the circle ^. 

PROP. XVIII. THEOR. 

IF a ftraight line touches a circle, the ftraight line 
drawn from the centre to the point of contadl, 
fhall be perpendicular to the line touching the 
circle. 

Let the ftraight line DE touch the circle ABC in the point 
C, take the centre F, and draw the ftraight line FC ; FC is per* 
pendicular to DE. 

For, 
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For, if it be not, from the point F draw • FBG petpftftdicul&r BooK.ni. 
to DE ; and becaufe FGC is a right angle, GCF is ** an acute W^VX^ 
angle ; and to the greater angle the greater * fide is oppofite : ^ 12. i. 
Therefore FC is greater than FG : but A ^ '7- '• 

FC is equal to FB ; therefore FB is 
gteater than FG, the lefs than the great- 
er; which is impoffible : Wherefore FG 
is not perpendicular to D£. In the 
fame manner, it may be fliewn, that no 
other is perpendicular to it befides FC, 
that is, FC is perpendicular to D£« 
Therrfore, if a ftraight line, &€• 
Qi E. D. 

PROP. XIX. ITEEOR. 

IF a ftraight line touches a circle, and from the 
point of contad, a ftfaight line be drawn at right 
angles to the touching line, the centre of the circk 
fhall be in that line. 

Let the ftraight line DE touch the circle ABC in C, and from 
C let CA be drawn at right angles to D£ ; the centre of the 
circle is in CA. 

For, if not, let F be the centre, if poffible, and join CF : 
Becaufe. DE touches the circle ABC, 
and FC is drawn from the centre to the 
point of conta£l, FQ is perpendicular * 
to DE ; therefore FCE is a right angle : 
But ACE is alfo a right angle; there- 
fore the angle FCE is equal to the angle 
ACE, the lefs to the greater ; which is 
impoffible : Wherefore F is not the centre 
of the circle ABC. In the lame ndanner, 
it may be fhewn, that no other point 

which is not in CA, is the centre ; that is, the centre is in CA. 
Therefore, if a ftraight line, &c. (^ E. t). 

PROP. XX. THEOR. 

THE angle at the centre of a circle is double 
of the angle at the circumference, upon the 
fame b^fe, that is, upon the fame part of- the cir- 
cumference. 

Let Al^C be a citcle, and BDC an angle at the centre, and 
BAG ftn togle at the circumference, ivhieh hart the {ts»c cir- 




a 18. 3« 



?« 



THE ELEMENTS 



v^^v^^w/ 



as. I. 



b 32. I. 





Book III. cutnfercnce BC for their bafe ; the angle BDC is doubfe of the 
' ^' "angle BAG. 

Firft^ let D the centre of the circle be 

within the angle BAG, and join AD, and 

produce it to E ; Becaufe DA is equal 

to DB, the angle DAB is equal * to the 

anj^le DBA ; therefore the angles DAB, 

DBA are double of !the an^le DAB ; 

but the angle BDE is equal ^ to the angles 

DAB, DBA; therefore alfo the angle 

BDE is double of the angle DAB : For 

the fame reafon, the angle EDG is double of tbe angle DAC : 

Therefore the whole angle BDC is double of the whole angle 

BAG. 

Again, let D the Centre 6f the circle be 

without the angle BAG, and join AD, 

and, produce it to E. It may be demon- 

ftrated, as in the firft cafe, that the angle 

EDG is double of the angle EAG, and 

that EDB, a part of the firft, is double of 

EAB, a part of the other ; therefore thegN 

remaining angle BDG is double of the 

remaining angle BAG. Therefore the 

angle at the centre, &c, Q^ E. D. 

PROP. XXII, THEOR. 

Sec N. npiHE angles in the fame fegment of a circle are 
1 equal to one another. 

Let ABGD be a circle, and BAED a fegment of it ; the 
angles in the fegment BAED are equal to one another. 

Take F the centre of the circle, and 
through it draw any ftraight line AG 
cutting BD, and join BA, AD; and 
let BED be any other angle in the feg- 
ment BAED : the angle BAD is equal 
to the angle BED. 

Join BF, GE : and becaufe the angle 
BFG is at the centre, and the angle 
BAG at the circumference, and that 
they have the fame part of the circumference, viz. BC, for 
a 20. 3, their bafe; therefore the angle BFG is double * of the angle 
BAG : For the fame reafon, the angle BFG is double of the angle 
BEG : therefore the angle BAG is equal to the angle BEC. 
tn like manner^ il may be demonftrated, that the angle GAD is 
equal to the angle CED ; therefore the whole angle BAD is 
equal to the whole BED. Wherefore, the angles, &c. Q^E. D. 

JROP. 
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PROP. XXII. THEOR. Book: IIL 

THE oppofite angles of any quadrilateral figure 
defcribed in a circle, are together equal to two 
right angles. 

Let ABCD be a quadrilateral figure in the circle ABCD ; 
any two of its oppofite angles are together equal to two right 
angles. 

Join AC, BD ; and becaufe the three angles of everj tri- 
angle are equal * to two right angles, the three angles g£ the a 3». i, 
triangle CAB, viz. the angles CAB, ABC, BC A are equal to 
two right angles : But the angle CAB 

is equal * to the angle CDB, becaufe /^^\[ /V\ b ai. 3. 

they are in the fame fegment BADC ; 
and the angle ACB is equal to the 
angle ADB, becaufe they are in the 
fame fegment ADCB : Therefore the 
whole angle ADC is equal to the 
angles CAB, ACB : To each of thefe 
equals add the angle ABC ; therefore 

the angles ABC, CAB, BCA are equal to ^he angles ABC, 
ADC : But ABC, CAB, BCA are equal to two right angles ; 
therefore alfo the angles ABC, ADC are equal to two right 
angles : In the fame manner, the angles BAD, DCB may be 
feewn to be equal to two right angles. Therefore, the oppofite 
angles, &c. Qi E. D. 

Cor. If one of the fides DA be produced to E, the exterior 
angle EAB is equal to the interior oppofite angle BCD. For 
EAB, BAD are equal ^ to two right angles ; that is, to the c 13. 1. 
two angles BCD, BAD ; therefore the angle EAB is equal 
to BCD. 

PROP. XXIII. THEOR. 

UPON the fame ftraight line, and upon the fame 
fide of it, there cannot be two fimilar fegments 
of circles, not coinciding with one another. 

If it be poffible, let the two fimilar fegments of circles, viz. 
ACB, ADB, be upon the fame fide of the fame ftraight line 
AB, not coinciding with one another : Then, becaufe the circle 
ACB cuts the circle ADB in the two points A, B, thej cannot 
cut one another in anj other point * : One of the fegments muft a 10. 3, 
therefore fall within the other; let ACB fall within ADB, and 

draw 
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Book III. draw the ftraight line BCD, and join CA, DA: And becaufe 
K,^y^\J the fegment ACB is fimilar to the fegment ADB, and that fimi- 
bii.def.j.igi. fegments of circles contain ^ 
equal angles ; the angle ACB is 
equal to the angle ADB, the exte- 
rior to the interior, which is im- 
G i6» I, poffible ^. Therefore, there cannot 
be two fimilar fegments of a circle 
Upon the fame fide of the fame line, 
which do not coincide. Q^ £. D* 

PROP. XXIV. THEOR. 

SIMILAR fegments of circles upon equal ftraight 
lines, are equal to one another. 

Let AEB, CFD be fimilar fegments af circles upon the equal 
ftraight lines AB, CD \ the fegment AEB is equal to the feg- 
ment CFD. 

For, if the fegment ^B^ F 

AEB be applied to the 
fegment CFD, fo as the 

point A be on C, and L.^ — ■■>^ I , 

the ftraight line AB A IB^ t, 3) 

upon CD, the point B fliall coincide with the point D, becaufe 
AB is equal to CD : Therefore the ftraight line AB coinciding 
* *3« 3» with CD, the fegment AEB muft • coincide with the fegment 
CFD, and therefore is equal to it. Wherefore fimilar fegments^ 
gcc. Q. E. D. 



a lo. 1. 
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PROP. XXV. PROB. 

Segment of a circle being given, to defcribe 
the circle of which it is the legment. 

Let ABC be the given fegment of a circle ; it is required to 
defcribe the circle of which it is the fegment. 

Bifeft » AC in D, and from the point D draw ^ DB at right 

lb *iT. V. angles to AC, and join AB. Firft, let the angles ABD, BAD, 

. g be equal ; then BD is equal ^ to DA, and therefore to DC ; 

and becaufe DA, DB, DC are all equal, D is the centre of the 

^^' 3» circle ^ : From the centre D, at the diftance of any of the three 

DA, DB, DC, defcribe a circle ; this fliall pafs through the 

other points, and fliall be the circle of which ABC is a fegment : 

And becaufe the centre D is in AC, the fegment ABC is si 

femicircle. But if the angles ABD, BAD are not equal, at A^ 

ia 
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m AB make ^ tlie angle B AE eqnal to ABD, and produce BD, Book m. 
if neccffary, to E, and join EC : And bccaufe the angle ABE is V^Y^^ 
equal to BAE, BE is equal ^ to EA : And becaufe AD is equal c 23. 
to DC^ and D£ common to the triangles ADE, CDE, the two 



c 6, 




fides AD, DE are equal to the two CD, DE, each to each ; 
and the angle ADE is equal to CDE, for each of them is a right 
angle ; therefore the bafe AE is equal ' to EC : But AE was 
flicwn to be equal to EB ; wherefore alfo BE is equal to EC : 
And the three AE, EB, EC are therefore equal ; wherefore ^ 
£ is the centre of the circle. From the centre E, at the diftance 
of any of the thrqe AE, EB, EC, defcribe a circle, this fhall 
pafs through the other points, and be the circle of which ABC 
is a fegment : And it is evident, that if the angle ABD be 
greater than BAD, the centre E falls without the fegment 
ABC, which therefore is lefs than a femicircle : But if the 
angle ABD be lefs than BAD, the centre E falls within the feg- 
ment ABC, which is therefore greater than a femicircle: 
Wherefore a fegment of a circle being given, the circle is de« 
fcribed of which it is a fegment. Which was to be done. 
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PROP. XXVI, THEOR, 

IN equal circles, equal angles ftand upon equal 
arches, whether they be at the centres or cir- 
cumferences. 

Let ABC, DEF be equal circles, and BGC, EHF equal 
angles at their centres, and BAC, EDF at their circumferences: 
The arch BKC is equal to the arch ELF. 




/ 
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Hook IIL Join BC, EF ; and becanfc the circles ABC, DEF are equal, 

^^-^"V^^ the ftraight lines drai^m from their centres are equal : There* 

fore the two fides BG, GC are equal to the two EH, HF ; 

and the angle at G is equal to the angle at H ; therefore the 

a 4. I. bafe BC is equal * to the bafe EF : And becaufe the angle at A 

l?ii.def.3. is equal to the angle at D, the fegment BAC is fimilar^ to the 

fegment EDF 5 and thej are upon equal ftraight lines BC, EF j 

but fimilar fegments of circles upon equal ftraight lines are 

c a4. 3. equal * to one another; therefore the fegment BAC is- equal 

to the fegment EDF : But the whok circle ABC is equal to 

the whole DEF ; therefore the remaining fegment BKC is equal 

to the remaining fegment ELF, and the arch BKC to the arcl^ 

ELF. Wherefore, in equal circles, &c. Q^E. D. 

PROP. XXVIL THEOR. 

IN equal circles, the angles which Hand upon equal 
arches, are equal to one another, whether they 
be at the centres or circumferences. 

Let the angles BGC, EHF at the centres, and BAC, EDF 
at the circumferences of the equal circles ABC, DEF, ftand 
upon the equal arches BC, EF : The angle BGC is equal to 
the angle EHF, and the angle BAC to the angle EDF. For, if 
the angle BGC be not equal to the angle Elff, at the point G, 




a 13. 1, in the ftraight line 38G, make » the angle BGK equal to the 
b i6. 3. angle EHF ; but equal angles ftand upon equal arches ^, when 
they are at the centre ; therefore the arch BK is equal to EF : 
But EF is equal to BC j therefore alfo BK is equal to BC, the 
lefs to the greater ; which is impoflible : Therefore the angle 
BGC is not unequal t6 the angle EHF; that is, it is equal to it : 
c *o. 3' -^"^ ^he angle at A is half ^ of the angle BGC, and the angle 
at D half of the angle EHF : Therefore the angle at A is equal 
to the angle at D. Wherefore, in equal circles, &c. Q^E. D. 

PROP. 
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Book. IIL 
PROP. XXVIII. THEOR. Unr^ 

IN equal circles, equal ftraight lines cut off equal 
arches, the greater equal to the greater, and the 
lefs to the lefs. 

Let ABC, DEF be equal circles, and BC, EF equal ftraight 
lines in them, which cut off the two greater arches BAG, EDF, 
and the two lefs BGC, EHF : The greater BAG is equal to the 
greater EDF, and the lefs BGC to the lefs EHF. 

Take * K, L, the centres of the circles, and join BK, KG, a i- 3i 
£Ly LF : And becaufe the circles are equal, the ftraight lines 




from their centres are equal ; therefore BK, KG are equal to 
EL, LF ; and the bafe BG is equal to the bafc EF ; therefore 
the angle BKC is equal ^ to the angle ELF: But equal angles b 8. i. 
ftand upon equal ^ arches, when they arc at the centres ; there- c a6, 3. 
fore the arch BGC is equal to EHF. But the whole circle 
ABC is equal to the whole EDF ; the remaining part therefore 
of the circumference, viz. BAG, is equal to the remaining 
part EDF. Therefore, in equal circles, &c. (^ E. D. 



I 



PROP. XXIX. THEOR. 

N equal circles, equal arches are fubtended by 
equal ftraight lines. 



Let ABC, DEF be equal circles, and let the arches BGC, 
EHF alfo be equal ; and join BG, EF : The ftraight line BG is 
equal to the ftraight line EF. 

Take * K, L, the centres of the circles, and join BEL, KG,' a i. 3. 
EL, LF : And becaufe the arch BGC is equal to EHF, the 
angle BKG is equal *» to the angle ELF : And becaufe the b ay. 5. 
circles ABC, DEF are equal, the ftraight lines from their 
centres are equal : Therefore BK^ KG arc equal to EL, 

L LF, 
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Boo«: III. Up^ and they contain equal angles : Therefore the bafe BG 

A 




le » 



e A I ^^ equal ^ to the bofe EF# Therefore, in equal circles^ &c. 
^ ' Q^ E. D- 

PROP. XXX. PROB. 

TO bifeft a given arch, that is, to divide it into two 
equal parts. 

Let ADB be the given arch ; it is required to bifeS it. . 
a 10. !• J°^" '^^» ^"^ bifeft * it in C ; from the point C draw ^ CD 
b II. I. at right angles to AS, and join AD, DB : The arch ADB is 
bifeded in the point D. 

Becaufe AC is equal to CB, and CD common to the tri- 
angles ACD, BCD, the two fides AC, CD 
are equal to the two BC, CD ; and the B 

angle ACD is equal to the angle BCD, 
becaufe each of them is a right angle ; 
04. I. therefore the bafe AD is equal ^ to the 

bafe BD : But equal ftraight lines cut off A C T^ 

d a8. 3. equal ^ arches ; the greater equal to the greater, and the lefs to 
the lefs, and AD, DB are each of them lefs than a femicircle j 
dCor. 1.3. becaufe DC paffes through the centre * : Wherefore the arch 
AD is equal to DB : Therefore the given arch is bifeded in D. 
Which was to be done. 

Cor. Hence it is manifeil, that the ftraight line drawn 
from the centre to bifed a chord, bifefts alfo the arch cut 
off by it ; or if it bifeft the arch, it bifeds alfo the chord, 

PROP. XXXI. THEOR. 

IN a circle, the angle in a femicircle is a right 
angle ; but the angle in a fegment greater than 
a femicircle is lefs than a right angle ; and the angle 
in a fegment lefs than a femicircle, is greater than 
a right angle. 

Let 
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Let ABCD be a circle, of which the diameter is BC, and Bo<wt III. 
centre E ; and draw CA, dividing the circle into the fegments ^•Y^^ 
ABC, ADC, and joiti BA, AD, DC ; the angle in the femi- 
circle BAC is a right angle ; and the angle in the fegment ABC, 
which is greater than a femicircle, is lefs than a right angle ; 
and the angle in. the fegnaent ADC, which is lefs than a femi- 
circle, is greater than a right angle. 

Join AE, and produce BA to F; and becaufe BE is equal 
to EA, the angle EAB ^is equal ^ to EB A ; alfo, becaufe AE 
is equal to EC, the angle EAC is equal 
to EC A; wherefore the whole angle 
BAC is equal to the two angles ABC, 
ACB: But FAC, the exterior angle 
of the triangle ABC, is equal ^ to the 
two angles ABC, ACB ; therefore the o 
angle BAC is equal to the angle FAC, 
and each of them is therefore a right 
^ angle ; Wherefore the angle BAC in 
a femicircle is a right angle. 

And becaufe the two angles ABC, BAC of the triangle ABC 
are together lefs ^ than two right angles, and that BAC is a 
right angle, ABC muft be lefs than a right angle ; and therefore 
the angle in a fegment ABC, greater than a femicircle, is lefs 
than a right angle. 

And becaufe ABCD is a quadrilateral figure in a circle, any 
two of its oppofite angles are equal * to two right angles ; there- 
fore the angles ABC, ADC are equal to two right angles ; and 
ABC is lefs than a right angle j wherefore the other ADC is 
greater than a right angle. 
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PROP. XXXII. THEOR. 

F a ftraight line touches a circle, and from the 
point of contact a ftraight line be drawn, cut- 
ting the circle^ tl^e angles made by this line, with 
the line touching the circle, fliali be equal to the 
angles which are in the alternate fegments of the 
circle. 

Let the ftraight line EF touch the circle ABCD in D, and 
from the point D, let the ftraight line BD be drawn cutting the 
circle ; The angles which BD makes with the touching line EF, 
fliall be equal to the angles in the alternate fegments of the 
circle ; that is, the angle FDB is equal to the angle which is in 
the fegment DAB, and the angle BD£ to the angle in the feg- 
ment BCD. 

L a Froai 



84 



THE ELEMENTS 



Book III. From the point D draw * DA at right angles to EF, and 
K^yy^KJ take any point C in the arch BD, and join AB, DC, CB ; and 



a II, I. 



b 19. 3. 
C3I-3- 



d 3a. 



e i«. 3. 
i 13. I. 



circle ABCD ift the 
A 




becaufe the ftraight line EF touches the 
point D, and DA is drawn at right 
angles to the touching line from the 
point of contaft D, the centre of the 
circle is ** in DA ; therefore the angle 
ABD in a femicircle is a right ^ angle, 
and confequently the other two angles 
BAD, ADB are equal <* to a right 
angle : But ADF is likewife a right 
angle ; therefore the angle ADF is 
equal to the angles BAD, ADB : Take E D F 

from thefe equals the common angle ADB ; therefore the re- 
maining angle BDF is equal to the angle BAD, which is in the 
alternate fegment of the circle 5 and becaufe ABCD is a quadri- 
lateral figure in a circle, the oppofite angles BAD, BCD are 
equal * to two right angles ; therefore the angles BDF, BDE^ 
being likewife equal ^ to two right angles, are equal to the 
angles BAD, BCD ; and BDF has been proved equal to BAD : 
Therefore the remaining angle BDE is equal to the angle BCD 
in the alternate fegment of the circle. Wherefore, if a ftraight 
line, &c. Q^E. D- 



b3i.3. 



c 23. 

d !!• 



PROP. XXXIII. PROB- 

UPON a given ftraight line, to defcribe a fegment 
of a circle, containing an angle equal to a given 
redilineal angle. 

Let AB be the given ftraight line, and the angle at C the 
given angle ; it is required to defcribe upon the given ftraight 
line AB, a fegment of a circle, containing an angle equal to the 
angle C. 

Firft, let the angle at C be a right 
angle, and bifeft * AB in F, and from 
the centre F, at the diftance FB, de- 
fcribe the femicircle AHB ; therefore 
the angle AHB in a femicircle is ^ equal 
to the right angle at C. 

But, if the angle C be not a right angle, at the point A, in 
the ftraight line AB, make ^ the angle BAD equal to the angle 
C, and from the point A, draw ^ AE at right angles to AD ; 
bifeft * AB in F, and from F draw ^ FG at right angles to AB, 
and join GB : And becaufe AF is equal to FB, and FG common 
to the triangles AFG, BFG, the two fides AF, FG are equal 

to 



F^ 



K 



B 



O F E U C L I D. «5 

to the two BF, FG ; and the angle AFG is equal to the angle Book III* 
BFG ; therefore the bafe AG is equal « to the bafe GB ; and ^--^v-v^ 
the circle defcribed from the centre G, at the diitance GA, fhall c 4- »• 
pafs through the point B ; let this be the circle AHB : And be« 




caufe from the point A, the extreniity of the diameter AE, AD 
is drawn at right angles to AE, therefore AD ' touches the f Cor. 1^.3, 
circle ; and becaufe AB drawn from the point of contaft A cuts 
the circle, the angle DAB is equal to the angle in the alternate 
fegment AHB ^ : But the angle DAB is equal to the angle C, g 3*' 3- 
therefore alfo the angle C is equal to the angle in the fegment 
AHB : Wherefore, upon the given ftraight line AB the feg- 
ment AHB of a circle is defcribed, which contains an angle equal 
to the given angle at C. Which was to be done. 



PROP. XXXIV. PROB. 

TO cut off a fegment from a given circle which 
(hall contain an angle equal to a given rectili- 
neal angle. 

Let ABC be the given circle, and D the given angle ; it is re- 
quired to cut off a fegment from the circle ABC that (hall con- 
tain an angle equal to the angle D. 

Draw * the ftraight line EF, 
touching the circle ABC in the 
point B, and at the point B, in 
the ftraight line BF, make ^ the 
angle FBC equal to the angle D : 
Therefore, becaufe the ftraight 
line EF touches the circle ABC, 
and BC is drawn from the point 
of contaft B, the angle FBC is 
equal * to the angle in the alter- 
nate fegment BAG of the circle : 

But 




a 17* 3- 



b 23. x« 



c 3»- ^- 
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Book III. But the angle FBC is equal to the angle D ; therefore the angle 
^-^''^v^^ in the fegmenr BAG is equal to the angle D ; Wherefore the 
fegment BAG is cut off from the given circle ABG, containing 
an angle equal to the given angle D. Which was to be done. 

PROP. XXXV. THEOR. 

IF two ftraight lines within a circle cut one another, 
the redlangle contained by the fegments of one of 
. them, is equal to the redtangle contained by the feg- 
ments of the other. 

Let the two ftraight lines AC, BD, within the circle ABCD, 
cut one another in the point E ; the re6langle contained bj' AE, 
EG is equal to the reftangle contained by BE, 
ED. 

If AG, BD pafs each of them through 
the centre, fo that E is the centre ; it is evi 
dent, that AE, EC, BE, ED, being all 
equal, the rcdlangle AE, EG is like wife 
equal to the reftangle BE, ED. 

But let one of them BD pafs through the centre, and cut the 

other AC, which does not pafs through the centre, at right 

angles, in the point E : Then, if BD be bifedled in F, F is the 

centre, join AF : And becaufe BD, which pafles through thQ 

centre, cuts AC, which does not pafs 

through the centre, at right angles in E, 

' 3* 3* AE, EG are equal * to one another : And 

becaufe BD is cut into two equal parts in 

F, and into two unequal in E, the reft- 

angle BE, ED, together with the fquare 

^ 5. 2. of EF, is equal ^ to the fquare of FB ; 

that is, to the fquare of FA; but the 

c 47- !• fquares of AE, EF are equal ^ to the 

fquare of FA ; therefore the redangle BE, ED, together with 
the fquare of EF, is equal to the fquares of AE, EF : Take 
away the common fquare of EF, and the remaining reftangle 
BE, ED is equal to the remaining fquare of AE ; that is, to 
the reftangle AE, EG. 

Next, let BD, which paiSes through the centre, cut the other 

AG, w^hich does not pafs through the centre, in E, but not at 

right angles : Then, as before, if BD be bife6!ed in F, F is the 

^ '^- ^' centre Li Join AF, and from F draw ^ FG perpendicular to AG j 

a 3« 3- therefore AG is equal * to GG ; wherefore the reftangle AE, 

^ ?• *• EC^ together with the fquare of EG, is equal ^ to the fquare of 

AG: 
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c 47. I. 



b 5. 1. 



AG : To each of thefe equals add the fquare of GF ; therefore Book HL 

the reftangle A.E, EC, together with the fquares of EG, GF, ^>^V^ 

is equal to the fquares of AG, GF: 

But the fquares of EG, GF are equal ^ 

to the fquare of EF ; and the fquares of 

AG, GF are equal to the fquare of 

AF: Therefore the reftangle AE, 

EC, together with the fquare of EF, 
is equal to the fquare of AF ; that is, 
to the fquare of FB : But the fquare 
of FB is equal ^ to the reftangle BE, 

ED. together with the fquare of EF ; 

therefore the reftangle AE, EC, together with the fquare of 
EF, is equal to the re6tanglt BE, KD, together with the fquare 
of EF : Take away the common fquare of EF, and the remain- 
ing re6langle AE, EC is therefore equal to the remaining reft- 
angle BE, ED. 

Laftly, let neither of the ftraight lines AC, BD pafs through 
the centre : Take the centre F, and 
join FE, and produce it to the circum- 
ference in G, H : \nd becaufe the redl- 
angle AE, EC is equal, as has been 
fliown, to the redangle GE, EH ; and 
for the fame reafon, the redan gle BE, aV 
£D is equal to the fame reflangle GE, 
EH ; therefore the redangle AE, EC is 
equal to the redangle BE, ED. Where- 
fore, if two ftraight lines, &c. Q^ E. D. 




PROP. XXXVI. THEOR. 

IF from any point without a circle, two ftraight lines 
be drawn, one of which cuts the circle, and the 
other touches it ; the jedangle contained by the 
whole line which cuts the circle, and the part of it 
without the circle, fhall be equal to the fquare of the 
line which touches it. 

Let D be any point without the circk ABC, and DC A, DB 
two ftraight lines drawn from it, of which DCA cuts the circle, 
and DB touches the fame : The reftangle AD, DC is equal to 
the fquare of DB. 

Either DCA pafles through the centre, or it does not ; firft, 
let it pafs throui^h the centre E, and join EB ; therefore the 
angle EBD is a right * angle : And becaufe the ftraight line AC * ^••3* 

is 
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Book III. is bifefied in E, and produced to the point D, the reflangle AD, 
\i>yy^^ DC, together with the fquare of EC, is equal ^ to the fquare 
^^•^- of ED, and CE is equal to EB: There- 
fore th6 reftangle AD, DC, together 
with the fquare of EB, is equal to the 
fquare of ED : But the fquare of ED 
c 47. 1. is equal ^ to the fquares of EB, BD, be« 
caufe EBD is a right angle : Therefore 
the reftangle AD, DC, together with 
the fquare of EB, is equal to the fquares 
of EB, BD : Take away the common 
fquare of EB ; therefore the remaining 
refiangk AD, DC is equal to the fquare 
of DB/- 

But if DC A does not pafs through 
d 1. 3« the centre of the circle ABC, take ** the centre E, and draw EF 
e 12. 1. perpendicular * to AC, and join EB, EC, ED: And becaufe 
EF, which paffes through the centre, cuts AC, which does not 
pafs through the centre, at right angles, j> 

£ 2 it fhall bifed ^ it ; therefore AF is equal 
to FC : And becaufe AC is bifefted in F, 
and produced to D, the reftangle AD, 
DC, together with the fquare of FC, is 
equal ^ to the fquare of FD : To each of 
thefe equals add the fquare of FE ; there- 
fore the redangle AD, DC, together 
with the fquares of CF, FE, is equal to 
the fquares of DF, FE : But the fquare 
of ED is equal ^ to the fquares of DF, 
FE, becaufe EFD is a right angle ; and 
the fquare of EC is equal to the fquares 
of CF, FE ; therefore the rectangle AD, DC, together with 
the fquare of EC, is equal to the fquare of ED : And CE 
is equal to EB ; therefore the reftangle AD, DC, together 
with the fquare of EB, is equal to the fquare of ED : But 
c 47* !• the fquares of EB, BD are equal to the fquare « of ED, be- 
caufe EBD is a right angle ; therefore the redangle AD, DC, 
together with the fquare of EB, is equal to the fquares of EB, 
BD : Take away the common fquare of EB; therefore the re- 
maining redangle' u(V.D, DC is equal to the fquare of Dfi. 
Wherefore, if from any point, &c. Q^ E. D. 

/ ^'- . Cor. 
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Cor. If from aoy potat without a circk, 
two ilraight lines cutting it, as AB^ AC, 
the reftangles contained by the whole 
lines and die parts of them without the- 
circle, are equal to one another, viz. 
the reftangle BA, AF to the reftangle 
CA, A£ : For each of them is equal to 
the fquare of the ilraight line AP which 
teaches the circle. 



there be drawn Book III. 
A ^^--^V^ 




PROP. XXXVII. THEOR. 

TF from a point without a circle there be drawn 
■■- two ilraight lines, one of which cuts the circle, 
and the other meets it ; if the redangle contained 
by the whole line which cuts the circle, and the part 
of it without the circle be equal to the fquare of the 
line which meets it; the line which meets fliall touch 
the circle. 

Let any point D be taken without the circle ABC^ and from 
it let two ilraight lines DCA and DB be drawn, of which DCA 
cuts the circle, and DB meets it ; if the redangle AD, DC be 
equal to the fquare of DB ; DB touches the circle. 

Draw ^ the ilraight line D£ touching the circle ABC, find 
its centre F, and join FE, FB, FD ; then FED is a right * 
angle : And becaufe D£ touches the circle ABC, and DCA cuts 
it, the reftangle AD, DC is equal ^ to the fquare of DE : But 
the re£langle AD, DC is, by hypothecs, equal to the fquare 
of DB : Therefore the fquare of DE i> 

is equal to the fquare of DB ; and the 
ilraight line DE equal to the ilraight 
line DB : And FE is equal to FB, 
wherefore DE, EF are equal to DB, 
BF ; and the bafe FD is common to the 
two triangles DEF, DBF ; therefore 
the angle DEF is equal ** to the angle 
DBF ; but DEF is a right angle, there- 
fore alfo DBF is a right angle: And 
FB, if produced, is a diameter, and the 
ilraight line which is drawa at right 
M ttogln 




b 18. 3. 



c 36. 3* 



41.x. 
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BooKTTT..anp:lcs to a diameter, from the extremity of it, touches /^e 
y^yy^^ circle : Therefore J3B touches the circle ABC. Wherefore, iC 
c 16. 3. from a point, &c. Q^ E. D. 

CoR. Hence ftraight lines DB, DE, drawn, to touch a circfcr 
ABC from the fame point D without it^ are equal to one. 
anotfatr. 



a 21. 1. 




PROP. A. THEOR. 

IF the oppofite angles of a quadrilateral figure be 
together equal to two right angles, and the ciilr 
Ciimference of a circle pafs through three of tbeff 
angles, it fhall alio pafs through the fourth. 

Let ABCD be a quadrilateral figure, of which the oppofite 
angles are equal to two right angles ; and let the circumference" 
of a circle pafs through the three points A^ B, C ; it fhall al£» 
pafs through the point D. 

Join AC, BD : and if the circumfe- 
rence ABC do not pafs through ]>, let 
it, if poffible, meet BD in the point 
E ; and join AE, EC ; therefore the 
angle AEC is unequal * to the angle 
ADC: but becaufe ABCE is a quadri- 
lateral figure in a circle, the oppofite 

b a«* 3. angles ABC, AEC are equal ** to two 

ri^ht angles : and the two ABC, ADC v 

are alfo equal to two right angles ; therefore the angles ABCT^ 
AEC jjte equal to the angles ABC, ADC : take away the com- 
mon angle ABC, and the remaining angle AEC is equal to th« 
ren^aining angl'- ADC : and they are alfo unequal, which is im-i 
poffible : Therefore the circumference ABC cannot but pafs 
through D ; that is, it paflcs through it. Wherefore, &c^ 
Q^E.D. 

Cor. 1. And if two triangles ACD, ACE, on the fame bale 
AC, have their vertical angles at D, E equal to one another j 
the circuthference which paffes through 
the points A, C, D, ihall alfo pafs 
through E. 

In the circlimference take any point 
B oii the bther fide of AC, and join 
AB, BC ; therefore ABC, ADC are 

b 42. 3. equal ** to two right angles : but ADC 
is equal to AEC ; therefore ABC, 
AEC are equal to two right angles ; 
wherefore the circumference ABC 
pafles through the point £• . 

Cm. 
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Cor. %. If ADC be a right angle ; the circamference of the Book QI/ 
4i^cley of which AC ia the diameter^ (hall paf^ through the <^>rKJ 

Sint D. Take anj point B in the circumference on the other 
e of AC, and join AB, BC ; therefore the angle ABC in the 
femicircle is a right angle ^ ; and ABC, ADC are therefore equal c 31. 5. 
to two right angles. Wherefore the cirpunoference ABC paQes . 
through the point D. 

PROP. B. THEOR. 

IF two ftraight lines cut one another, and the red- 
angle contained by the fegments of one of them 
be equal to the redangle contained by the fegments 
of the other; the circumference which pafles through 
three of their jextremities^ fhall alfo pais through the 
feurtb. 

Let the two ftraight lines AB, CD cut one anodier in £ ; 
and let the redangle A£, £B be equal to the redahgle C£y 
ED/; aiCb let the circumference of a circle pafs through the 
tibree points A, C, B ; it ihall alfo pafs through the point D« 

if not, let it, if poffible, cut CD 
in fome other point F : and becaufe the 
ftraight lines AB, CF in the circle cut 
one another in £, the redangle A£, 
EB is equal * to the redangle C£, Q 
EF: but the redangle AE, EB is* 
equal to the redangle CE, ED ; there- 
fore the re&angle CE, EF is equal to 
the reaangle CE, ED; and EF is 
therefore equal to ED ; the lefs to the 
greater, whieh is impoffible. Therefore 
ACB muft pafs through the point J). 

q.E.D 




a3S-3' 



the circumference 
Wherefore, gcc». 



Cor. Likewife, if the ftraight line CD meet a circle- in C, 
and meet a ftraight line AB, which v 
cats the circle in the point £ with- 
out it ; and the re&angle CE, ED be 
eqiial to the refiangle AE, EB : it 
may be proved in the fame manner, 
that, the poii^t D is in the circumfe- 
rendp; bj ufidg the Cor. to the 36tb, 
i of the 35th. 
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PHOP. G. THEOR. 



b 2. Cor. 
A* 3* 



IF a ftraight line be drawn from the extremity of 
the diameter of a circle, and meet a perpendi- 
culat to that diameter; the reftangle contained by 
the fegment of it within the circle, and the feg- 
ment b6|ween the extremity of the diameter and 
i the perp^pdicular, is equal to the redangle con- 
\ taine^l by the diameter, and the fegment of it be- 
\weeir the fame extremity and the perpendicular. 
n - ' 

; Let ABC be a circle, of which AC is a diameter, an.d let D£ 
be perpendicular to AC, and from the extremity A, let AB be 
'drawn, meeting the circumference again in B, and the per- 
pendicular in £ ; the redangle BA, AE is equal to the rectangle 
CA, AD. 

Join BC, C£ ; and becaufe ABC is an angle in a femicird^ 
it is a right angle ^ ; therefore the circle of which C£ is a dia« 
meter, {hall pafs through B ^ : For the fame reafon, it ihall 
pafs through the point D : let this be the circle CB£D : and 




becaufe the ftraight lines B£, CD, either cut one another in the 
point A within the cirde, or are drawn from the point A with- 

c 35. 3, or out it ; the reflangle BA, A£ is equal ^ to the redangk CA, 

Coro^oAP. Wherefore, &c, Q^E. D. 



PROP. D. TH£OR. 

IF from two angles of a triangle, peroendiculars 
be drawn to the oppofite fldes, the ftraight line 
drawn from the third angle to the point where they 
meet, fhall be perpendicular to the third fide of 
the triangle. 

Let 



r OF B ty € L I:». 



W 



Let ABC be a triangle, and from the angles at B| C draw'BooK.IIL 
BD, CE perpendiculars to AC# AB, and let them meet in F, ^-^vx-/ 
and join AF meeting BC in G : AC is perpendicular to BC. 

Joiri D£ : and becatife ADF, A£F are right angles, the cir- 



the diameter, ihall 

A 



cumference of the circle, of which AF 
pafs through the points £, D * ; there** 
fore the angle D£F is equal ^ ^o the 
angle DAF, becaufe they are in the 
fame fegment DA£F« Again, becaufe 
BDC, B£C are right angles, the cir- 
cumference of whidi BC is the dia« 
meter, ihall pa& through D, £ * ; 
therefore the angle D£C is equal ^ to 
the angk DBC^ becaufe they are in 
the fame fegment D£BC : but it has ^. 
been proved, that the angle DEC is ^ | 
equal to the angle DAF; therefore 
the angle CBF is equal to DAF : and 
the angle BFG is equal c toDFA; 
therefore the remaining angle BGF is 
equal ^ to the remaining angle ADF ; that is, to a right angle ; d 3«. i. 
' and AFG *is therefore perpendicular to BC. Wherefore, 8tc, 
Q;, £. D* . . 
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DEFINITIONS. 
I. 

BooK^V. A Rectilineal figure is faid to be infcribcd in another 
^•V^-^ .XjL reftilineal figure, when all the angles of the infcribed 
figure arc upon the fides of the figure in which 
it is infcribed, each upon each. 
II. 
In like manner, a figure is faid to be defcribed 
about another figure, when all the fides of 
the circumfcribed figure pafs through the an- 
gular points of the figure about which it is defcribed^ eadi 
through each. 

III. 
A reftilineal figure is faid to be infcribed 
in a circle, when all the angles of the in- 
fcribed figure are upon the circumference 
of the circle. 

IV. 
A reftilineal figure is faid to be defcribed 
about a circle, when each fide of the cir- 
cumfcribed figure touches the circumfe- 
rence of the circle. 

V. 
In like manner, a circle is faid to be infcri- 
bed in a reAilineal figure, when the cir- 
cumference of the circle touches each fi^e 
of the figure. 

VI. 
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VI. Book IV. 

A circle is faid to be defcribcd about a reailineal figure, when V^YX^ 
the circunnference of the circle pafles through all the angular 
points of the figure about which it is defcribed. 

. ... VII. 

A ftraight line is faid to be placed in a circle, when the extre- 
mities of it are in the circumference of the circle. 



PROP. I. PROB. 

IN a given circle to place a ftraight line, equal to a 
given ftraight line, not greater than the diameter 
of the circle. 

Let ABC be the giTcn circle, and D the given ftraight line^ 
Hot greater than the diameter of the circle. 

Draw BC, the diameter of the circle ABC ; then, if BC is 
equal to D» the thing required is done ; for in the circle ABC a 
ftraight line BC is placed equal to 
D: But, if it is not, BC is 
greater than D ; make CE equal 
' to D, and from the centre C, / ^ \ j£ \ a 3. i. 




at the diftance C£, defer i be the 
circle AJEF, and join C A : There- 
fore, becaufe C is the centre of 
the circle AEF, CA is equal to 
C£ ; but D is equal to C£ ; 
th(jrefore D is equal to CA : Wherefore, in the circle ABC, a. 
ftraight line is placed equal to the given ftraight line D, which 
is not greater than the diameter of the circle. Which was to 
be done. 



I 



PROP. II. PROB. 

N a given circle, to infcribe a triangle equiangular 
to a given triangle. ' 



Let ABC be the given circle, and DEF the given triangle ; it 
is required to infcribe in the circle ABC a triangle equiangular 
to the triangle DEF. 

Draw * the ftraight line GAH touching the circle in the a 17. i. 
point A, and at the point A, in the ftraight line AH, make 
■ the angle HAC equal to the angle DEF ; and at the point A, b 23. i. 
in the ftraight line AG, make the angle GAB equal to the 
angle DFE, and join BC : Therefore, becaufe HAG touches 
the circle ABC^ and AC is drawn from the pomt of confab, 

the 
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Book IV. the angle HAC is equal <= to the angle ABC in the alternate feg- 

V^yx.; ment of the circle : But HAC i$ equal to the angle DEF 5 

<i3^'3' therefore alfo the angle ABC 

is e^ual to DEF : For the fame 

reafon, the angle ACB is equal 

to the angle DF£; therefore 

the remaining angle BAG is 
d 3a« I. equal ^ to the remaining angle 

EDF : Wherefore the triangle 

ABC is eouiangular to the tri- 
angle DEF, and it is infcribcd 

in the circle ABC. Which was to be done. 




PROP. m. PROB. 

Sec N. A BOUT a given circle, to defcribe a triangle equi- 
jfX angular to a given triangle. 

Let ABC be the given circle, and DEF the given triangle ; 
it is required to defcribe a triangle about the circle ABC equian- 
gular to the triangle DEF. 

Produce EF both ways to the points G, H, and find th^ 
centre K of the circle ABC, and from it draw anj (Iraight line 

* »3« !• KB ; at the point K, in the ftraight line KB, make * the angle , 
BKA equal to the angle DEG, and the angle BKC equal to the 
angle DFH ; and through the points A, B, C, draw the ftraight 

^^7-3. lines LAM, MBN, NCL, touching «• the circle ABC : There- 
fore, becaufe LM, MN, NL touch the circle ABC in the points 
A, B, C, to which from the centre are drawn KA, KB, KC» 

c 18. 3. the angles at the points A, B, C, are right ^ angles : And be- 
caufe the angles AKB, BKC are equal to DEG, DFH, they 
are greater ^ than DEG, DEF, that is, greater than two right 
angles ^ ; therefore, if AC be joined, it Ihall fall between K and 



d 16, 



c 13. 
f 2. Cor. 

IS- >• right angles; wherefore AL, CL fhall meet ^, if produced : For 
gi4.Ax.i. the fame r^afon, they (hall, each of them, meet MN: let them 



L ^ : and the angles ACL, CAL fhall therefore be lefs than two 



meet m the points L, 
M, N; And becaufe the 
four angles of the qua- 
drilateral figure AMBK 
are equal to four right 
angles, for it can be di- 
vided into two tri- 
angles ; and that two of 
them KAM, KBM are 
right angles, the other 
two 
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two AKB, AM B are equal to two right angles : But the angles Book. IV. 
DEG, DEF are likewife .equal * to two right angles ; therefore V^^Y^^ 
Che angles AKB, AMB are equal to the angles DEG, D£F, « *3- »• 
of which AKB is equal to DEG ; wherefore the remaining 
angle AMB is equal to the remaining angle DEF : In like man- 
ner, the angle LNM may be demonftrated to be equal to DFE ; 
and therefore the remaining angle MLN is equal ^ to the re- 
maining angle EDF : Wherefore the triangle LMN is equian- 
gular to the prianjrle DEF : And it is defcribed about the circle 
ABC. Which was to be done. 



hsz. 



To 



PROP. IV. PROB. 
infcribe a circle in a given triangle. 



Let the given triangle be ABC ; it is required to infcribe a 
circle in ABC. 

Bifeft * the angles ABC, BCA by the ftraight lines BD, CD a p. j. 
meeting one another in the point D, from w^hich draw ^ DE b n. i. 
DF, DG perpendiculars to AB, 

BC, C A : And becaufe the angle 
EBD is equal to the angle FBD, 
for the angle ABC is biftdled by 

BD, and that the right angle BED 
is equal to the right angle BFD, 
the two triangles EBD, FBD have 
two angles of the one equal to two 
angles of the other, and the fide 
BD, which is oppolite to one of the 

equal angles in each, is common to ^ ^ C 

both ; therefore their other fides (hall be equal ^ ; wherefore 
DE is equal to DF : For the fame reafon, DG is equal to DF ; 
therefore the three ftraight lines DE, DF, DG are equal to 
one another, and the circle defcribed from the centre D, at the 
diftance of any of them, fliall pafs through the extremities of 
the other two; and becaufe the angles at the points E, F, G, 
are right angles, and the ftraight line which is drawn from the 
extremity of a diameter at right angles to it, touches ^ the circle ; did. 
therefore the ftraight lines AB, BC, CA do each of them touch 
the circle, and the circle EFG isjnfcribed iu the triangle ABC. 
Which was to be done. 
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PROP. V. PROB. 



defcribe a circle about a given triangle. 



Let the given triangle be ABC ; it is required to defcribe a 
circle about ABC. 
a lo. I. Bife^ * AB, AC in the points D, E, and from thefe points 
]b XI. I. draw DF, EF at right angles *» to AB, AC j DF, EF produced 




p4a.Ax.i.nieet one another «: For, if DE be joined, the angles DEF, 
EDF are lefs than the two right angles ADF, AEF : Let them 
meet in F, and join FA ; alfo, if the point F be not in BC, 
join BF, CF : Then, becaufe AD is equal to DB, and DF 
d4' I* common, and at right angles to AB, the bafe AF is equal * to 
the bafe FB : In like manner, it ma^ be fliown, that CF is equal 
to FA ; and therefore BF is equal to FC ; and FA, FB, FC are 
equal to one another ; wherefore the circle defcribed from the 
centre F, at the diftance of one of them, fiiall pafs through the 
extremities of the other two; and be defcribed about the triangle 
ABC. W^hich was to be done. 

Cor. And it is manifcft, that, when the centre of the circle 
falls within the triangle, each of its angles is lefs than a right 
angle, each of them being in a fegment greater than a femi- 
circle ; but, when the centre is in one of the fides of the triangle, 
the angle oppofite to this fide, being in a femicircle, is a right 
angle; and, if the centre falls without the triangle, the angle 
oppofite to the fide beyond which it is, being in a fegment lefs 
than a femicircle, is greater than a right angle : Wherefore, if 
the given triangle be acute angled, the centre of the circle falls 
within it ; if it be a right angled triangle, the centre is in the 
fide oppofite to the right angle ; and, if it be an obtufe angled 
triangle, the centre falls without the triangle, beyond the fide 
oppofite to the obtufe angle. 
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To 



PROP. VI. PROS. 



infcribe a fquare in a given circle. 



Book IV. 



Let ABCD be the given circle ; it is required to infcribe a 
fquare in ABCD 

Draw the diameters AC, BD at right angles to one another • 
and join AB, BC, CD, DA j bccaufc BE is equal to ED, for 
E is the centre, and that EA is common, 
and at right angles to BD ; the bafe BA 
is equal * to the bafe AD ; and, for the 
fame reafon, BC, CD are each of them 
equal to BA or AD ; therefore the 
quadrilateral figure ABCD is equila- 
teral. It is alfo reftangular; for the 
ftraight line BD, being the diameter 
of the circle ABCD, BAD is a femi- 
circle ; wherefore the angle BAD is a right *» angle ; for the 
fame reafon, each of the angles ABC, BCD, CDA is a right 
angle ; therefore the quadrilateral figure ABCD is rectangular^ 
and it has been fliown to be equilateral ; therefore it is a fquare 5 
and it is infcribed in the circle ABCD. Which was to be done* 




a 4. X* 



bji.t. 



To 



PROP. VII. PROB. 
defcribe a fquare about a given circle. 



Let ABCD be the given circle ; it is required to defcribe a 
fquare about it. 

Draw two diameters AC, BD of the circle ABCD, at right 
angles to one another, and through the points A, B, C, D draw 
• FG, GH, HK, KF touching the circle : and becaufe FG 
touches the circle ABCD, and EA is G ^ F 

drawn from the centre £ to the point of 
conta^ A, the angles at A are right ^ 
angles ; for the fame reafon, the angles 
at the points B, C, D are right angles ; ^ 
and becaufe the angle AEB is a right 
angle, as like wife is EBG, GH is pa- 
rallel * to AC ; for the fame reafon, AC 
is parallel to FK; and in like manner, H. c Jl 

GF, HK may each of them be demonflrated to be parallel to 
BED ; therefore the figures GK, GC, AK, FB, BK are paral- 
lelograms 5 and GF i» therefore equal * to HK, and GH to FK; 

Na and 






.a 17- 3- 



b i8. 3* 



c at. I. 



d 34. 1. 



to6 THE ELEMENTS 

Boor TV and becaufc AC is equal to BD, and that AC is equal to each 
V-^nr^of the I wo GH, FK; and BD to each of the two GF, HK : 
GH FK are each of thera eqaaj to GF 6r HK ; therefore the 
quadrilateral figure FGHK is equilateral. It is alfo re£langular ; 
for GBEA being a parallelogram, and AEB a right angle, 
d 34, I. AGB •* is like wife a right angle : In the fame manner, it may 
be fhown, that the angles at H, K, F are right angles ; there- 
fore the quadrilateral figure FGHK is redangular, and it was 
demonft rated to be equilateral ; therefore it is a fquare ; and it 
is defcribed about the circle ABCD. Which was to be done* - 



To 



PROP. VIII. PROB. ' 
infcribe a circle in a given fquare. 



Lit ABCD be the given fquare j it is required to infcribe a 

circle in ABCD. 
a 10. I. Bifefl: * each of the fides AB^ AD, in the points F, E, and 
b 31. I. through E draw ^ EH parallel to AB or DC, and through F 

draw FK parallel to AD or BC ; therefore each of the figures 

AK, KB, AH, HD, AG, GC, BG, GD is a parallelogram, 
c 34, X. and their oppofite fides are equal ^ ; and becaufe AD is equal to . 

AB, and that AE is the half of *AD, and AF the half of AB, 

AE is equal to AF ; wherefore the fides A. -E I> 

oppofite to thefc are equal, viz. FG to 

GE. In the fame manner, it may be de- 

monft rated, that GH, GK are each of 

them equal to FG or GE ; therefore the jr 

four ftraight lines GE, GF, GH, GK, 

are equal to one another ; and the circle 

defcribed from the centre G, at the di- 

llance of one of them, (hall pafs through g ^*H^ 
^ . the extremities of the other three ; and 

*^* '' becaufe the angles at the points E, F, H, K are right ** angtes, 

and that the ftraight line which is drawn from the extremity 
e i<r. 3, of a diameter, at right angles to it, touches the circle * ; there- 
fore each of the ftraight lines AB, BC, CD, DA touches the 
• circle, which therefore is ii7fcribed in the fquare ABCD. Which 

was to be done. 

PROP- 
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PROP. IX. PROB. 

O defcribe a circle about a given fquare. 

Let ABCD be the given fquare ; it is required to defcribe a 
circle about it 

Join AC, BD cutting one another in £ ; and becaufe DA is 
equal to. AR and AC common to the triangles DAC, BAC, 
the two fides DA, AC are equal to the 
two BA, AC ; and the bafe DC is equal 
to the bafe BC ; wherefore the angle DAC 
is equal ^ to the angle BAC, and the 
angle DAB is bifedled by the ilraight 
line AC : In the fame manner, it may be 
demonftrated, that the angles ABC, BCD, 
CD A are fevcraUy bifeded by the Uraight 
lines BD, AC ; therefore, becaufe the 

angle DAB is equal to the angle ABC, and that the angle 
EAB is the half of DAB, and EBA the naif of ABC ; the 
angle EAB is equal to the angle EBA. ; wherefore the fide EA 
is equal ** to the fide EB : In the fame manner, it may be de- 
monflrated, that the ftraight lines EC, ED are each of them 
equal to EA or EB ; therefore the four ftraight lines EA, EB, 
EC, ED afe equal to one another ; and the circle delcribed from 
thle centre E, at the diftancc of one of them, lli ill pafs through 
the extremities of the other three, and bi djlcribcd about the 
i^uare ABGD. Which was to be done. 



Book IV. 




a 8. I. 



hC. I. 



, PROP. X. PROB. 

TO difcribe an ifofceles triangle, having each of 
the angles at the bafe double of the third 
angle. 



Take any ftraight line AB, and divide * it in the point C, fo 
that the redangle AB, BC be equal to the fquare of CA ; and 
from the centre A, at the diftance xAB, defcribe the circle BDE, 
in which place ^ the ftraight line BD equal to AC, which is not 
greater than the diameter of the circle BDE ; join DA, DC, 
and about the triangle ADC defcribe * the circle ACD ; the 
tricmgle ABD is fuch as is required ; that is, each of the angles 
ABD, ADB is double of the angle BAD. 

Becaufe the redlangle AB, BC is equal to the fquare of AC, 
and that AC is equal to BD, the reftangle AB, BC is equal to 

the 
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Book IV. the fquare of BD ; and bccaufe from the point B without the 
^^-^^V^^ circle ACD two ftraight lines BCA, BD are drawn to the cir- 
cumference,* one of which cuts, and the other meets the circle, 
and that the red^angle AB, BG contained by the whole of the 
cutting line, and the part of it without the circle is equal to 
d 37* 3« the fquare of BD which meets it ; the ftraight line BD touches ? 
the circle ACD ; and becaufe BD 
touches the circle, and DC is 
drawn from the point of contad 
« 3«' 3* D, the angle BDC is equal * to 
the angle DAC in the alternate 
fegment of the circle ; to each of 
thefe add the angle CDA ; there- 
fore the whole angle BD A is equal 
to the two angles CDA, DAC ; 
but the exterior angle BCD is 
f 32. I. equal ' to the anglts CDA, DAC ; 
therefore alfo BDA is equal to 
g S- I. BCD ; but BDA is equal e to the 

angle ABD, becaufe the fide AD is equal to the fide AB ; there- 
fore ABD, or DBC is equal to BCD ; and confequently the fide 
BD is equal ^ to DC ; but BD was made equal to CA ; there- 
fore alfo CA is equal to CD, and the angle CDA equal « to 
DAC; therefore the angles CDA, DAC together, are double 
of the angle DAC : But BCD is equal to the angles CDA, 
DAC ; therefore alfo BCD is double of DAC; and BCD is 
equal to each of the angles BDA, DBA; each therefore of 
the angles BDA, DBA is double of the angle DAB ; where- 
fore an ifofceles triangle ABD is defcribed, having each of 
the angles at the bafe double of the third angle. Which was 




h 6. 



to be done. 



PROP. XI. PROB. 



''O infcribe an equilateral and equiangular penta- 
gon in a given circle. 

Let ABCDE be the given circle ; it is required to infcribe an 
equilateral and equiangular pentagon in the circle ABCDE. 
a lo. 4. Defcribe * an ifofceles triangle FGH, having each of the 
angles at G, H, double of the angle at F ; and in the circle 
k a. 4* ABCDE infcribe ^ the triangle ACD equiangular to the tri- 
angle FGH, fo that the a.gle CAD be equal to the angle at F, 
and each of the angles ACD, CDA equal to the angle at G or 
H ; wherefore each of the angles ACD, CDA is double of the 
"" ^' '• angle CAD : BifeS ^ the angles ACD, CDA by the ftraight 

lines 
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IiBcs CE, DB ; and join AB, BC, DE, EA. ABCDE is the Book IV, 
pentagon required. ^i^Y^^ 

Becaufe each of the angles AC D, CD A is double of CAD, 
and thev are bifefted by the ftraight lines CE, DB, the five 
angles DAC, ACF, ECD, 

CDB, BDA are equal to one ^'''^•M:^ 

another : But equal angles 

ftand upon equal * arches ; ^x ir 

therefore the five arches AB, / \ ^y^ / \ ^ ^ '^' 3- 

BC, CD, DE, EA are equal 
to one another : And equal 
arches are fubtended by equal 
• ftraight lines ; therefore the q i* \ U/^ ^^"N^ e ao t 

five ftraight lines AB, BC, "" C^^ZZIZ^^ 

CD, DE, EA are equal to one another. Wherefore the pen- 
tagon ABCDE is equilateral. It is alfo equiangular ; becaufe 
the arch AB is equal to the arch DE ; If to each be added 
BCD, the whole ABCD is equal to the whole EDCB : And 
the angle AED ftands on the arch ABCD, and the angle B AE 
on the arch EPCB; therefore the angle BAE is equal ^ to the f 17. 3. 
angle AED : For the fame reafon, each of the angles ABC, 
BCD, CDE is equal to the angle BAE, or AED: Therefore 
the pentagon ABCDE is equiangular ; and it has been fliown, 
that it is equilateral. Wherefore, in the given circle, an equi- 
lateral and equiangular pentagon has been infcribed. Which 
was to be done. 

PROP. XII. PROB. 

^O defcribe an equilateral and equiangular penta- See N. 
gon about a given circle. 

Let ABCDE be the given circle ; it is required to defcribe 
an equilateral and equiangular pentagon about the circle 
ABCDE. 

Let the angles of a pentagon, infcribed in the circle by the 
laft propoGtion, be in the joints A, B, C, D, E, fo that the 
arches AB, BC, CD, DE, EA are equal » ; and through the a 11. 4, 
points A, B, C, D, E draw GH, HK, KL, LM, MG, touch- 
Mg «> the circle ; take the centre F, and join FB, FK, FC, FL b 17 3, 
a^Atx"^"*^. becaufe the ftraight line KL touches the circle 
ABCDE m the point C, to which FC is drawn from the 
centre F, tC is perpendicular <^ to KL ; therefore each of the c 18. 3, 
angles at C is a right angle : For the fame reafon, the angles 
at the points B, D are right angles: JoinBC; and becaufe 
the angles CBK, BCK are lefs than two right angles, CK, BK 

do 
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Book IV. do meet *, if produced : For the fame reafon, LM meets KL, 
v.-O^'^^ GM, and GH meets GM, HK : And becaufc RF is equal to 
*ja.Ax.i. FC, and FK common to the triangles BFK, CKK, the two BF, 

FK arc equal to the two CF, FK ; and tht bale BK is equal to 

dCor,37.3. the bafe KC, * bccaufe they are drawn from the point K to 

e 8. I. touch the circle ; therefore the angle BFK is equal ^ to the 

angle KFC, and the angle BKF to FKC ; wherefore the angle 

BFC is double of the angle KFC, and BKC .double of FKC : 

For the fame reafon, the angle CFD is double of the angle CFL, 

and CLD double of CLF ; And becaufe the arch BC is equal 
f a?- 3. to CD, the angle BFC is equal ^ to CFD ; and BFC is double 

of KFC, and CFD double of 

CFL; therefore the angle KFC 

is equal to CFL ; and the right 

angle FCK is equal to FCL: 

Therefore, in the two triangles 

FKC, FLC, there are two angles 

of one equal to two of the other, 
each to each, and the fide FC, 
adjacent to the equal angles, is 
common to both ; therefore the , 
other fides fiiall be equal ^ to the 
other fides, and the third angle to 

the third angle : Therefore KC is equal to CL, and the angle 
FKC to FLC ; And becaufe KC is equal to CL, KL 19 double 
of KC : In the fame manner, it may be fliown, that HK is 
double of BK : And becaufe BK is equal to KC, as was de- 
monftrated, and that KL is double of KC, and HK double of 
BK, HK fhall be equal to KL : In like manner, it may be 
ftiown, that GH, GM, ML are each of them equal to HK or 
KL : Therefore the pentagon GHKLM is equilateral. It is 
alfo equiangular ; for, fince the angle FKC is equal to FLC, 
and that HKL is double of FKC, and KLM double of FLC. as 
was before demonftrated, the angle HKL is equal to KLM : 
And in like manner, it may be fhown, that each of the artgleai 
KHG, HGM, GML is equal to HKL or KLM: I'herefore,.^^. 
pentagon GHKLM is equiangular : And it is equilateral, as 
was demonftrated ; and, it is defcribed a^poi^t^he circle ABCDE, 
Which was to be done. 
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O infcribe a circle in a given equilateral sncf'eqtJ^- 
angular pentagon. . ^. . 
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£et ABCD£ be the ffven eqliilatetral and equiangular penta^BooK IV. 
jtm ; It IS required to infcribe a circle in it." K^y>J 

Bifeft * the angles BCD, CDE hf the ftraight lines CF, DF, 
and from the paint F, in which they meet, draw the ftraight 
lines FB, FA, FE : Therefore, fince BC is equal to CD. and 
CF common to the ttiangles BCF, DCF, the two fides BC, CF 
are equal to the two DC, CF ;' and the angle BCF is equal to 
DCF; therefore the bafc BF is equal ^ to FD, and the angle 
GBF to CDF : And becaufe the angle CDE is double of CDF, 
and that CDE is equal to CBA, and CDF to CBF; CBA is 
dfo double of CBF; therefore the an^e ABF is equal to CBF; 
wherefore the angle ABC is bi^- 
feded by BF; In the fame man- 
ner, it may be demonftrated, that 
the angles BA£, AED are bi- 
fcaed by AF, FE ; From F draw 
« FG, FH, FK, FL, FM perpen- 
diculars to AB, BC, CD, Dt, 
£A : And becaufe the angle HCF 
is equal to KCF, and the right 
angle FHC equal to FKC ; in the 
triangles FHC, FKC ther^ are two 
angles of one equal to two of the 
other, and the fide FC, oppofite to one of the equal angleis in 
each, is common to both^ therefore the other fides {hall be 
equal **, each to each ; wher^ore the perpendicular FH is equal d 46. i. 
to FK : In the fame manner, it may be demonftrated, that FL, 
F^, FG ace each of them equal to FH or FK : Wherefore the 
circle defcribed from the centre F, at the diflance of one of thefe 
five, ftiall pafs through the extremities of the other four : And 
becaufe the angles at the points G, H, K, L, M are right 
angles, and that a ftraight line from the extremity of a diameter 
at right angles to it, touches * the circle ; therefore each of 
the ftraight lines AB, BC, CD, DE, EA touches the circle ; 
wherefore it is infcribed ia the peii^agoa ABCDE. Which was 
to be done 
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PROP. XIV. PROB. 

nnO defcribe a circle about a given equilateral and 
X equiangular pentagoB. 

Let ABCDE be the given equilateral and equiangular penta- 
gon ; it is required to defcribe a circle about it. 

Bifea * the angles BCD, CDE bj the ftraight lines CF, FD, 
md from the point F, in which they meet, draw the ftraight 

O lines 
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BooKlV.Jines FB, FA, FE to the points B, A, E. It maybe demon* 
V^V"^^ ftrated, \ in the fame manner as in the preceding propofitioo,- 
. that the a«^les CBA, BAE, AED are bifeaed by the ftraight 

lines FB, FA, FE: And becaufe the angle BCD is equal to 

the angle GDE, and that FCD is the 

half of the angle BCD, and CDF the 

half af CDE ; the angle FCD is ^ual 

to FDC i wherefore the fide CF is 
h6.i, equal ** to the fide FD : la like man- 

ner, it may be demonftrated, that FB, 

Fa, FE are each of them equal to FC 

or FD : Therefore the five ftraight 

lines FA, FB, FC, FD, FE are equal 

to one another; and the circle described 

from the centre F, at the diftance of one of them, {haX\ pa($ 

through the extremities of the other four^ and 1>e defcribod 

about the equilateral and equiangular peutagon A6CD£» 

Which was to be done. 




PROP. XV. PROS. 

^0 infciibe an equilateral and equiangular hexa«» 
goh in a given circle. 

Let ABCDEF be tihe given circle ; it is required to infgrihe 
an equilateral and equiangular hexagon in it. 

a X. 3« Find ^ the centre G, and draw the diameter AGD ; and in 

b 1. 4. ^ the. circle place * DC, DE, each equal to DG, and join EG^ 
CG, and produce them to the points B, F ; and join AB, BC^ 
EF, FA: The hexagon ABCDEF is equilateral and equiangu* 
lar. 

Becaufe DE, EG are each of them equal to DG, the tri- 
angle EGD is equilateral j and therefore its three angles EGD, 
GDE, D£G are equal to oiie ano- 
cCor.s.i.ther * ; aod the three angles of a tri^ 

d 32. 1, angle are equal ^ to two right angles ; 
therefore the angle EGD is the third 
part of two right angles : For the 
fame reafon, the angle DGC is alfo 
the third part of two right angles : 
And becaufe the adjacent angles EGC, C 

fi 13. 1. CGB are equal ® to two right angles j 
the remaining angle CGB is atfo the 
third part of two right angles ; there- 
fore the angles EGD, DGC, CGB 
are ecjual to one another: And to 

thefc 
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tliefe are equal ^ the vertical angles BGA, AGF, FOE : Boot IV. 
Therefore the fix angles at the point G are equal to one a no- ^^-^^/^^ 
ther : But equal angles iland opon equal f arches ; therefore ^'9-i* 
the fix arches AB, BC, CD, DE, EF, FA arc equal to one ^ '^' 3' 
another : And equal arches are fubtended by equal * firaigfit ^ '^' 3* 
lines i therefore the fix ttraight lines are equal to one another, 
and the hexagon ABGDEF is equilateral. It is alfo equian- 
gular; for, fincc the arch AF is equal to ED^ to each of 
thefe add the arch ABCD ; therefore the whole arch FABCD 
ihall be equal to the wtiole EOCBA : And the angle FED 
fiands upon the arch FABCD^ and the angle AFE upon 
EDCB A ; therefore the angle AFE is equal ^ to FED : In the I 37. > 
fame manner, it may be demonftrated, that the other angles of 
the hexagon ABCDEF are each of them equal to the angle AFE 
or FED : Therefore the hexagon is equiangular ; and it is equi« 
lateral, as was fhown ; and it is infcribed in the given circle 
ABCDEF. Which was to be done. 

Cor. From this it is manifefl, that the fide of the hexagon 
is equal to the flraight line from the centre^ that is, to the femi* 
diameter or radios of the circle. 

And if through the points A, B, C, D, E, F there be drawn 
ftraight lines touching the circle, aa equilateral and equiangular 
hexagon (hall be defcribed about it, which maj be demonftrated 
from what has been faid of the pentagon ; and likewife a circle 
may be infcribed in a given equilateral and equiangular hexa- 
gon, and circumfcribed about it, by a method like to that ufed 
for the pentfigon. 

PROP. XVL PROB* ^ 

^O infcribe an equilateral and equiangular quin- 
decagon in a given circle. 

Let ABCD be the given circle j it is required to infcribe 
an equilateral and equiangu- 
lar quindecagon in the circle 
ABCD. 

Ikt AC be the fide of an 
equilateral triangle infcribed • 
m .the circle, and AB the fide 
of an equilateral and equian- 
gular pentagon infcribed ^ in 1 V y/ h X1..4. 
the- fame ; therefore, of fuch 
equal parts as the whole cir- 
cumference ABCDF conuins 
fifteen, the arch ABC, being 
O 2 th« 
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Book TV. the third part of the whole, contains five ; and the arch AB, 

^■^V^ which is the fifth part of the whole, contains three ; therefore 

C30. 3- BC, their difference, contains two of the fame parts : Bifeft * 

BC in £ ; therefore BE, EG are, each of theni, the fifteenth 

part of the whole circumference ABCD : Therefore, if the 

firaight hnes BE, EG be drawn, and ftraight lines e^ual to 

^ «• 4- them be placed ^ around in the whok circle, an equilateral and 

equiangular quindecagon Ihall be infcribed in it. Which was 

to be done. 

And, in the fame manner as was done in the pentagon, if^ 
through the -points of divifion^ made by infcribing the quinde« 
cagon, ftraight lines be drawn touching the circle, an equila- 
teral and equiangular quindecagon fliall be defcribed about it ; 
And likewife, as in the pentagon, a circle may be infcribed in 
a given equilateral and equiangular quindecagon^ and circuni* 
fcribed about it« 
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. DEFINITIONS. 

. A. • 

A Magnitude is faid to be contained once, in anj'magni- BookV. 
tude not lefs than it, but lefs than ita double : and it is \yy^^ 
faid to be contained twice, in any magnitude not lefs than its ^^^ ^* 
double, but lefs than its triple ; and three times, in anj not 
lefs than its triple, but lefs than its quadruple : and fo on. 

I. 
A part of a magnitude, is that which is contained in the maEgni- 
tude a certain number of times exaftly. 

II. 
A greater magnitude, which contains a lefs a certain number of 
times exa&lj, is faid to be a multiple of the lefs. 

III. Omitted* 
B. 
Multiplies, which contain their parts the fame 
number of times, are called equimultiples of 
their parts : And the parts are called fimilar parts 
of their multiples. 
Tljus, if A be exadily three times B ; then A is ^ 
faid to be a multiple of B : and B is faid to be a C 
part of A. 
' If A be triple of B, and C alfo triple of D ; then 
A, C are called equimultiples of B, D ; and B, 
B are called fimilar parts of A. C* 

IV- 
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Book. V. IV. 

^^V^^ Magnitudes are faid to have a ratio to one another, when the* 
lefs can be multiplied, fo as to exceed the other ; that is, 
when they are terminated, and of the fame kind. . 

C. 

In a ratio, the firft named magnitude is called the Antecedent 
Term, and the other the Consequent • 

V. 

The firft of four magnitudes is faid to have the fame ratio to the 
iecond which the third has to the fourth, when as manj- 
times as any multiple of the firft contains the fecond, fo many- 
times does the fame multiple of the third contain the fourth. 

VI. 

Magnitudes which have the fame ratio, are called Proportionals. 

N. B. When four magnitudes are proportionals, it is ufually 
exprefted by faying, the firft is to the fecond as the third ta 
the fourth. 

VII. 

If feme multiple of the firft contain the fecond, a greater num- 
ber of times than the fame multiple of the third 
contains the fourth, then the firft is faid to have m; 
to the fecond a greater ratio than the third has 
to the fourth; and, on the contrary, the third is 
faid to have to the fourth a lefs ratio than the fi^rft 
has to the fecond. 

Thus, if of A, C there can be taken fuch equi* 
multiples MA, MC, that one of them MA con- 
tains B oftener than the other MC contains D ; S P 
then A has to B a greater ratio than C has to D ; I J- 
and C has to D a lefs ratio than A has to B. But t 
if no fuch equimultiples can be taken ; that is, if -|* 
every multiple of A contains B as many times as t 
the fame multiple of C contains D, then A is to B M 
as C to D. VIII. & IX. Omitted. 

Magnitudes are faid to be continual proportionals, whe|i the 
firft has to the fecond the fame ratio that the fecond has to 
the third ; and the fecond to the third the fame that the thirds- 
has to the fourth ; and fo on. r .' 

E. 

In three proportionals, the fecond is faid to be a mean propor- 
tional between the other two ; and in any number of propor« 
^ionals, the firft and the laft of them are called the Extremes, 
ifnd the others are called MeanSt 
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X. V Book V, 

Tlie firft of three proportionals is faid to have to the third the ^^^Y^J 
duplicate ratio of that which it ha$ to the fecond. 

XI. 
Of foar continaal proportionals^ the firft is faid to have to the 
fourth the triplicate ratio of that which it has to the fecond } 
and fo on, quadruplicate, Su. iaereaiing the denotniaatioa 
ftill by ttoity. 

F. 
In anj number of magnitudes of the fame kiod^ the firft is faid 
to have to the laft of them the ratio compounded of the ratio 
of the firft to the fecond, and of the ratio of the fecopd to 
the third, and of the ratio of the third to the fourth, and fo 
<m to the laft. 
TTius, if A, 3, C, D be magnitudes of the fame kind, the 
ratio of A to D is faid to be compounded of the ratios of A 
t» B, and of B to C, and of G to D, whether thefe ratios be 
tue fame with one another^ or not : but if they be the fame, 
the ratio of A to C is ahb faid to be duplicate of the ratio 
of A to B, and the ratio of A to D triplicate of the ratio of 
A to B. 
in like manner, any ratio which is the fame with that of A to 
D, is faid to be compounded of the ratios ot A to B, B to C^ 
^nd C to P, or of any ratios which are the fame with them. 

XII 
b pcoportionals, one antecedent is faid to be homologous te 

another antecedent, as alfo one confequent to another. 
CShanges-in the order or magnit;ude of proportionals are made 
various ways, fome of which are the following. 

XIII. 
By Alternation. When there are four proportionals ; it is in- 
ferred, by alternation, that the firft is to the third as the fe« 
cond to the fourth ; as is fliewn in Prop. XVI. Book V. 

XIV. 
By Inverfion, it is inferred, that the fecond is to the firft as the 
fburA to the third. Prop. B. Book V. 

XV. 
By Compofition, it is inferred, that the firft, together with the 
fecond, is to the fecond, as the third, together with the fourth, 
is to the fourth. Prop. XVIII, Book V. 

XVI. 
By Divifioa, it is inferred, that the excefs of the firft aibove the 
fecond, is to the fecond as the excefs of the third above the 
fourth is to the fourth. Prop. XVJI. Book V. 

XVII. 
By Coaverfion^ it is inferred, that the firft i$ to its excefs 

above 
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Book V. above the fccond, as the third to its ezcefs above the fourtht 
^-^v-^ Prop.E. BookV. 

XVin. & XIX. 

Bj Equalitj. When there are two ranks, each of thcih contain* 
ing the fame number of magnitudes more than two, and thefe 
. magnitudes are proportionals, when taken two and two in z 
d\ve€t order in each rank ; that is, the firft to the fecond of 
the fir ft rank, as the firfl to the fecond of the other rank ; 
and the fecond to the third, as the fecond to the third ; and 
fo on ; then it is inferred, by equality, that the firft is to the 
laft of the firft rank as the firft of the other rank to the laft. 
Prop. XXIL BookV. 

XX. 

By Perturbate Equality. When there are two ranks as before, 
and the magnitudes are proportionals when taken two and two 
in e^ch rank, one in a direft, and the other in an inverfe 
order ; that is, the firft to the fecond of the firft rank, as the 
laft but one to the laft of the other rank ; and the fecond to 
the third, as the laft but two to the laft but one ; and fo on ; 
/ . then it is inferred, by perturbate equality, that the firft is to 
the laft of the firft rank, as the firft to the laft of the other 
rank. Prop. XXIII. BookV. 

Thus, if A, B, C, D, be magnitudes in one ra nk, and E, F , 
G, H, as many in another ; then, if A be to 
B as E to F, and B to C as F to G, and C 
to D as G to H ; it is inferred, by equality, 
that A is to D as E to H. But if A be to B 

. as G to H, and B to C as F to G, and C to D as E to F, 
It is inferred, by perturbate equality, that A is to D as £ 
to H. 

AXIOMS. 

I. 

Equal magnitudes contain the fame magnitude, the fame.nam* 
ber of times ; and the faipe contains equals the fame number 
of times. 

II. 
That magnitude which contaihs the fame a greater number of 
times than another does, is greater than that other. 

III. 

. That magnitude which is contained a greater number of times 

than another, in the fame magnitude, is lefs than that other. 

IV. 
Equimultiples of the fame, or of equal magnitudes, are equal 
to one another^ 



A, B, C. D. 
E> F, G/ H- 
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V. Book V. 

A part of a greater magnitude is greater thaa the fame part of V^Y"%^ 
a lefs. 

PROP. I. THEOR. 

IF any number of magnitudes contain as many 
others the fame number of times; all the firft 
magnitudes taken together fhall contain all the others 
that fame number of times : and if each of the firft 
contain its other exadly, the whole fhall contain the 
whole exadlly. 

Let any number of magiutades AB, CD contain as many E, 
F the fame number of times ; as many times as AB contains E, 
fo many times iball AB and CD together contain £ and F to- 
gether. 

If AB contain E but once, it is lefs * than double of E : and aDef.A.Stf 
CD is lefs than double of F; therefore' A B, CD together are 
lefs than double of E, F together ; and therefore they contain E, 
F but once. 

If AB contain E more than once, from it cut off AG, GH 
equal each of them to E, and from CD cut off CK, KL 
equal to F, fo that the remainders BH, DL contain E, F but 
once ; therefore AB contains E as many times 
as there are magnitudes AG, GH, HB ; and ^ 
CD contains F as many times as there are 
jnagnitudes CK, KL, LD : but AB, CD con- H . 
tain E, F equally; therefore the number of q. . 
the magnitudes AG, GH, HB is equal to the 
number of the others CK, KL, LD : and be- 'j^ ^ C "F 
caufe HB contains E once, and LD contains F 
once; therefore BH and DL together contain E and F once : 
and becaufe GH is equal to E, and KL to F ; therefore GH, 
and KL together are tqual ^ to E, and F together. For th'e ba.Az.i« 
fame reafon, AG and CK together are equal to E and F together. 
Wherefore as many times as E is contained in AB, fo many 
times are E, F together contained in AB, CD together. 

Like wife, if BH be equal to E, and DL to F ; BH, DL toge- 
ther are equal to E, F together ; and GH, KL are equal to E, 
F; as alfo are AG, CK; therefore AB, CD together contain E, 
F exaffly ; thai is, AB together with CD is the fame multiple 
of E together with F, that AB is of E. The fame demonftra- 
tion holds if there be more magnitudes. Wherefore, ikp. 
Q^E. D. 

P PROP, 
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Boor V. PROP. II. THEOR. 

TF to two magnitudes which contain two others the 
X fame number of times, equimultiples of thefe 
others be added ; the wholes fhall contain thefe 
others the fame number of times: and if the firft 
two be equimultiples of the others, the wholes fhall 
alfo be equimultiples of them. 

Let AB contain C the fame number of times that D£ con- 
tains F; and let BG be the fame multiple of C that EH is of 
F : Then fliall the whole AG contain C the fame number of 
times that the whole DH contains F. 

Becaufe BG is the fame multiple of C, that EH is of F, as 
aa.Def.5. many magnitudes as are in BG equal to C, fo manj * are there, 
in EH equal to F. Divide BG into BK, KG, -^ 
each of them equal to C, and EH into EL, T 
HL, each equal to F : therefore the number I I T 

of the magnitudes BK, KG is equal to the g l L ^g I — 






number of the others EL, LF : and becaufe C 

AB contains C the fame number of times ^ _ ^" 
that DE contains Fy and that BK is equal to 
C, and EL to F ; therefore AK contains C 
the fame number of times that DL contains G 
F : and KG is equal to C, and LH to F ; therefore AG con- 
tains G the fame number of times that DH contains F. Like- 
wife, if AB contain C exaflly, AK and AG contain C exadly ; 
and if DE contain F exactly, DL and DH contain F exadly ; 
therefore, if AB, DE be equimultiples of C, F ; AG, DH are 
alfo equimultiples of them. Wherefore, &c. Q^ E. D. 

PROP. III. THEOR. 

IF two magnitudes be equimultiples of two others ; 
any equimultiples of the firft two are alfo equi- 
multiples of the other two. 

Let AB be the fame multiple of C that DE is of F, and let 
AG, DH be equimultiples of AB, DE; then AG is the fame 
multiple of C that DH is of F. 
a2.Def.5. Let the magnitudes equal * to AB, in AG, be AB, BK, KG f 
and thofe equal to DE, in DH, be DE, EL, LH : and becaufe 
AG, DH are equimultiples of AB, DE, the number of the 
bDcf.B.c. magnitudes AB, BK, KG is equal ^ to the number of the others 

DE,. 
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DE, EL, LH: And bccaufe AB is the fame mvdtipic of C BookV. 

that DE is of F, and that BK is equal to AB, and EL to ED ; V>^V^^ 

tberefore BK is the fame multiple of C that G* 

EL is of F : For the fame reafon, KG is the ^ 

fame multiple of C that LH is of F : And be- 

caufc to AB, DE, which are equimultiples of K-- 

C, F, there are added BK, EL, which are alfo 

equimultiples of C, F; therefore the whole ^ 

AK is the fame multiple ^ of C that the 

whole DL is of F. For the fame reafon, AG 

is the fame multiple of G that DH is of F. 

Wherefore, &c. (^ E. D. 
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PROP. IV. THEOR. 

F the firft of four magnitudes has the fame ratio 
to the fecond, which the third has to the fourth, 
and any equimultiples be taken ot the firft and third, 
and alfo any equimultiples of the fecond and fourth : 
the multiple of the firft fhall have to that of the fe- 
cond, the fame ratio which the multiple of the third 
has to that of the fourth. 



I h 

A B CD 
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Let A the firft, have to B the fecond, the fame ratio which the 
third C has to the fourth D ; and of A and C, 
let E and F be any equimultiples ; and of B 
and D, let GH and KL be any equimultiples : 
then (hall E have the fame ratio to GH that 
F has to KL. 

Take ME any multiple of E greater than 
GH, and MF the fame multiple of F: alfo 
take NG, the leaft multiple of GH, that is 
greater than ME, and NK the fame multiple 
of KL : Therefore NH, NL are either equal 
to GH, KL, or equimultiples of them ; But 
GH, KL are themfelves equimultiples of B, 
D ; therefore NH, NL are equimultiples * of 
B, D: For the fame reafon, NG, NK are 
equimultiples of B, D ; and ME, MF, of A, 
C : and becaufe, as A to B, fo is C to D, 
and ME, MF are equimultiples of A, C ; 
ME contains B the fame number of times ** 
that MF contains D : NG alfo and NK con- 
tain B and P the fame number of times ^, 
becaufe thej are equimultiples of them ; but 
M£ does not contain B fo many times as NG 
P 2 contains 
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Book V. contains B, for ME is lefs than NG ; therefore MF does not 

V^V^N^ contain D fo many times as NK does : MF is therefore lefs <* 

d *. Ax. 5. than KN. In like manner, becaufe ME is not lefs than NH, 

for NG is the lead multiple 'of GH greater than MP2, it may be 

proved, that MF is not lefs than NL : and becaufe ME is not 

lefs than NH, but lefs than NG the next greater multiple of 

c dcf. A. 5. Qjj . ]VJE and NH contain GH the fame number of times ^ 

For the fame reafon, MF and NL contain KL the fame number 

of times : but NH, NL contain GH, KL equally, for they are 

either equal to GH, KL, or equimultiples of them ; therefore 

ME, MF contain GH, KL equally: and ME, MF are aoy 

equimultiples whatever of E, F ; as many times therefore as 

any multiple of E contains GH, fo many times does the fame 

b $. Dcf.5. multiple of F contain KL : Wherefore, as E is to GH, fo is F ** to 

KL. Therefore, if the firft, &c. Q^ E. D. 

CoK. Likewife, if the firft be to the fecond, as the third to 
the fourth, then alfo any multiple of the firft is to the fecond, as 
the fame multiple of the third to the fourth : and in like manner, 
the firft is to any multiple of the fecond, as the third to the fame 
multiple of the fourth . 

For, it was proved in the propofition, that as many times as 
ME any multiple of E, contains B, fo many times does MF the 
fame multiple of F, contain B ; therefore, las E is to B, fo is * 
F toD. 

And if ME, MF be any equimultiples of A, C, of which 
ME is greater than GH ; and NG, NK be taken as in the pro- 
pofition : it may be demonftrated, as before, that ME contains 
G!H the fame number of times that MF contains KL : there* 
fgre, as A to GH, fo is ^ C to KL. . 



PROP. V. THEOR. 

IF one magnitude be the fame multiple of another, 
that a magnitude taken from the firll is of one 
taken from the other; the remainder fhall be the 
fame multiple of the remainder, that the whole is of 
the whole. 

Let the magnitude AB be the fame multiple of CD, that AE 
taken from the firft is of CF taken from the other ; the re- 
mainder EB fliall be the fame multiple of the remainder FD, 
that the whole AB is of the whole CD. 

Take AG the fame multiple of FD, that AE is of CF: 
t I. 5. tiiercfore AE is the fame multiple * of CF, that EG is of CD : 

But 
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But AE, by the hypothefis, is the fame multiple of CF that Book V. 
A3 is of CD : Therefore EG is the fame multiple V^V^^ 

of CD that AB is of CD ; wherefore EG is equal ^ 
* to AB : Take from them the common magnitude T b4.Ax. $• 

AEy and the remainder AG is equal to the re- 
mainder EB. Wherefore, fince AE is the fame 
multiple of CF that AG is of FD, and that AG A*- 
is equal to EB ; therefore AE is the fame mul- 
tiple of CF that EB is of FD: But AE is the 
fame multiple of CF, that AB is of CD ; therefore 
EB is the fame multiple of FD that AB is of CD. 
Therefore, 8tc. Q^E. D. 
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PROP. VI. THEOR. 



IF from two magnitudes, which contain tw^o others 
the fame number of times, there be taken equi- 
multiples of thefe others ; the remainders, if they be 
not lefs than the other magnitudes, fliall contain 
them the fame number of times. 

Let the magnitude AB contain E the fame number of times 
that CD contains F ; and let AG, CH, equimultiples of E, F, 
be taken from AB, CD, fo that the remainder GB be not lefs 
than E : GB, HD fliall contain E, F the fame number of times. 

Becaufe AG is the fame multiple of E that CH is of F, 
there are as many magnitudes in AG equal to E, as there are in 
CH equal to F » : Divide AG into AK, KG, 
each equal to E, and CH into CL, LH, each 
equal to F ; therefore the number of the firft 
Ax, KG is equal to the number of the laft 
CL, LH: and becaufe AB contains E the 
fame number of times that CD contains F ; 
and AK, CL are equal to E, F ; the remain- 
der BK contains E the fame number of times 
that the remainder DL contains F. In like 
manner, if from BK, DL, which contain E, 
F equally, there be taken KG, LH, which are 
equal to E, F4 the remainder BG contains E 
the fame number of times that the remainder DH contains F. 
Wherefore, &c. Q^ E. D. 
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Book V, PROP. VII. THEOR. 

V/^vx^ 

TUAL magnitudes have the fame ratio to tho 

fame magnitude ; and the fame has the fame 
ratio to equal magnitudes. 

Let A and B be equal magnitudes, and C any other ; A has 
the fame ratio to C that B has to C ; and C has the fame ratio 
to A that it has to B 

Take MA, MB any equimultiples of A, B : and becaufe A 
is equal to B, and MA, MB are equimultiples of them, MA i§ 

a 4. Ax. 5. equal * to MB : and equal magnitudes contain IVf. 

^i.Ax. 5. ^Iie fame equally**; therefore MA, MB con- ? 

tain C the fame number of times : and MA, 
MC are any equimultiples of A, B ; as many 
times therefore as any multiple of A contains C, 
fo many times does the fame multiple of B con- 

€$.Def.5. tain C. Therefore, as Ais to C, fo is '^ B to C. jj^ q 13 
' Likewife, C has the fame ratio to A that it 
has to B. Take NC any multiple of C greater than A : and 
becaufe A is equal to B, NC contains each of them the fame 
number of times ^ ; that is, any multiple of C contains A the 
fame number of times that it contains B ; therefore C is to A, 
. as C is *= to B. Wherefore, &c, Q^E. D, 

PROP. VIII, THEOR. 

* 

OF unequal miagnitudes, the greater has a greater 
ratio to the fame than the lefs has ; and the 
fame has a greater ratio to the lefs, than it has td 
the greater. 

Let AB, BC be unequal magnitudes, of which AB is the 
greater, and let D be any magnitude whatever : AB has a 
greater ratio to D than BG to D : and D has a greater ratio to 
BC than to AB. 

Take EF, FG fuch equimultiples of AC, CB, that each of 
them may be greater than D : and becaufe EF is © 
the fame multiple of AC that FG is of CB ; ^ ^ 

^ I. 5« the whole EG is the fame multiple * of the 
whole AB that FG is of CB : but, becaufe 
EF is greater than D, EG contains D a greater 
number of times than FG contains it. Where- I I l 
fore a multiple of AB is found, viz. EG, which G* B 1^ 
pontains D a greater number of times than FG^ 

the 
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Ae fame multiple of BC contains D ; therefore AB has to D Book V. 
a greater ratio ^ than BC has to D. v-^Y^^ 

Alfo D has to BC a greater ratio than it has to AB. For,*>7'dcf. s* 
having made the fame conftrudion, take alfo MD the lead mul- 
tiple of D, that is not lefs than FG : therefore MD is either 
equal to FG, or exceeds it bj a magnitude lefs than D : but £F 
is greater than D ; therefore MD is lefs than EG : but EG^ 
FG contain AB, BC the fame number of times exadly ; there- 
fore MD does not contain AB fo many times as it contains BC ; 
that is, a multiple of D is taken, which contains BC a greater 
number of times than it contains BA : therefore D has to BC 
a greater ratio ^ than it has to AB. Wherefore, &c. Q^ £. D* 

PROP. IX. IHEOR. 

MAGNITUDES which have the fame ratio to the 
fame magnitude, are equal to one another ; 
and thofe to which the fame magnitude has the fame 
ratio, are equal to one another. 

Let A have the fame ratio to C that B has to C ; A is equal 
to B : For if not, let A be the greater ; then, by what was 
fkown in the preceding propofition, there is fome multiple of A 
which contains C a greater number of times than the fame mul- 
tiple of B does. Let MA be that multiple o^ --. N 
A which contains C a greater number of times - 
than MB, the fame muhiple of B contains C. 
But, becaufe A is to C as B is to C, and 
MA, MB are equimultiples of A, B ; MA, _ . 

MB contain C the fame number of times * ; T as.l^cf'S* 

but MA contains C a greater number of times 
than MB does; which is impoffible ; A there- 
fore and B are not unequal ; that is, they are equal. 

Next, let C have the fame ratio to A that it has to B ; A is 
equal to B. For, if not, let A be the greater j therefore, as 
was fliewn in Prop. VIII. there is fome multiple NC of C, 
which contains B a greater number of times than it contains A: 
but becaufe C is to B, as C is to A, and that NC is a multiple 
of C ; NC contains B and A the fame number of times * : but it 

mtains B oftener j which is impoffible. Therefore A is equal 
jB. Wherefore, &c. Q^E. D. 
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Book V. PROP, X. THEOR. 

THAT magnitude which has a greater ratio than 
another has to the fame magnitude, is the 
greater of the two : and that magnitude to which 
the fame has a greater ratio than it has to another, 
is the leffer of the two. 

Let A have to C a greater ratio than B has to C ; A is greater 
than B : For, becaufe A has a greater ratio to C, than B has to 
C, there is fome multiple of A which contains 
C a greater number of times than the fame 

a 7.Dcf. S- multiple of B * : Let MA be that multiple of A 
which contains C a greater number of times 
than MB, the fame multiple of B contains C ; 

b 2.Ax. 5. therefore MA is greater ** than MB : and A, 
B are the fame parts of them j therefore A is 

c 5. Ax. 5. greater ^ than B. , 

Next, let C have a greater ratio to B than it has to A ; B is 
lefs than A : For, there is fome multiple NC of C, which con- 
tains B a greater number of times than it contains A ; therefore 

d 3. Ax. 5' B is lefs ^ than A. Wherefore, &c. (^ E. D. 
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PROP. XI. THEOR. 

Atios that are equal to the fame ratio, are equal 
to one another. 



M 



and be« 



Let A be to B, as C is to D, and as C to D, fo let E be to F ; 
A is to B, as E to F. 

Take MA, MC, ME any equimultiples of A, C, E: 
caufe A is to B as C to D, and MA, 
MC are equimultiples of A, C ; MA 
a 5 Def. 5. contains B the fame number of times * 
that MC contains D : and becaufe C 
is to D as E is to F, and MC, ME 
are equimultiples of C, E ; MC con- j ^ 

tains D the fame number of times, * I | 

that ME contains F: But MC con- A B C i 
tains D the fame number of times that MA contains B; 
therefore MA contains B the fame number of times that ME 
contains F: and MA, ME are any equimultiples of A, E ; as 
many times, therefore, as any multiple of A contains B, fo 
many times does the fame multiple of E contain F : therefore, as 
A is to B, fo » is E to F. Wherefore, &c. Q^ E. D. 
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PROP. Xll. THEOR. 

TF jlhy number of magnitudes be proportionals, as 
J|[ one of the antecedents is to its confequent, fo 
fhall all the antecedents taken together be to all the 

confequents. 

Let any number of magnitudes A, B, C, D^ E, F, be pro- 
portionals ; that is; as A is to B, fo C to D, and E to F ; as A 
is to B, fo fhaU A, C, E together be to B, D, F together. 
. Take MA, MC, ME any equimultiples of A, C, E : there- 
fore MA is the fame multiple of A, that MA, MC, ME toge- 
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I 
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ther is of A, C, E together * : And be- H 

caufe A is to B, as C is to D, and as E T M 

to F ; and that MA, MC, ME are equi- 

itiultiples of A, C, E ; MA contains B 

as many times ^ as MC contains D, 

arid ME contains F : Wherefore; as 

many times as MA contains B, fo many 

times fliall MA, MC, ME together JL B C 

contain B, D, F together » : But MA, and MA, MC, ME to. 

gether, are any equimultiples of A, and of A, C, E together 5 as 

itiany tim'esj therefore, as any multiple of A contains B, fo many 

times does the fame multiple of A, C, E together contain B, D, 

F together : therefore, as A is to B, fo ^ are A, C, E together 

to B, D, F together. Wherefore, Sec. Q^ E. D. 
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PROP. XIII. THEOR. 

IF the firft has to the fecond the fame ratio that the 
third has to the fourth, but the third to the fourth 
a greater ratio than the fifth has to the fixth ; the firft 
fliall alfo have to the fecond a greatier ratio than the 
fifth has to the fixth. 

Let A the firft have the fame ratio to B the fecond, which 
C the third has to D the fourth, but C the third, to D the 
fourth, a greater ratio than E the fifth, to F the fixth ; Ah"© 
the firft A Ihall have to the fecond B a greater ratio than the fifth 
E to the fixth F. . ' . 

, Becaufe C has a greater ratio to D, than E to F, there is fome 
multiple of C which contains D, a greater number of times *a7.Dcf,s. 
than the fame multiple of E contains F : Let MC be that mul- 
riple of C, which contains D a greater number of times than 

0^ ME, 
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Book. V. ME, the fame multiple of E, contains F ; and whatever multiple 

^"^^^r*^ MC is of C, take MA the fame multiple of A : then, becaufc 
A is to B, as C to D, and MA, MC M -.^ 

are equimultiples of A, C ; MA con- T M T 

bs.Def. s.^ains B the fame nnmber of times ^ 
that MC contams D: but MC con- 
tains D a greater number of times 
than ME contains F ; therefore MA i j 
contains B a greater number of times ^ y 
than ME contains F ; and MA, ME A B CD Ei JF 
are equimultiples of A, E ; there is 

therefore feme multiple of A which contains B a greater num- 
ber of times than the fame multiple of E contains F : there- 

a^.Def.s. fore A has a greater ratio to B % than E has to F. Where- 
fore, &c. Q^ E. D. 

CoR. And if the firfl has a greater ratio to the fecond, than 
the third has to the fourth, but the third the fame ratio to the 
iburth, which the fifth has to the fixth ; it may be demofl- 
llrated in like manner, that the firft has a greater ratio to tha 
fecond, than the fifth has to the fixth. 

PROP. XIV. THEOR. 

IF the firft has to the fecond the fame ratio which 
the third has to the fourth ; then, if the firft be 
greater than the third, the fecond fhall be greater 
than the fourth ; and if equal, equal ; and if lefs, 
lefs. 

Let the firfl; A have to the fecond B, the fame ratio which 
tjie third C has to the fourth D j if A be greater than C, B is 
greater than D. 

Becaufe A is greater than C, and B is any other magnitude, 
* '• 5' A has to B a greater ratio than C to B * : 
But, as A is to B, fo is C to D ; therefore 
alfo C has to D a greater ratio than C has to 
b i3» S- B **: But of two magnitudes, that to which 
c 10. 5. the fame has the greater ratio is theleffer ^ : 
Wherefore D is lefs than B ; that is, B is 
greater than D. A B D 

Secondly, If A be equal to C, B is equal to D : For A is to 
d g, s* B^ as C, that is A, is to D ; therefore B is equal to D ^. 

Thirdly, If A be lefs than C, B fliall be lefs than D : For C 
is greater than A ; and becaufe C is to D, as A to B, and G 
greater than A, D is greater than B, by the firft cafe j therefore 
B is lefs than D. Wherefore, &c. Q^. E. D. 

PROP. 
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OF EUCLID. 

PROP. XV. THEOR. 

Agnitudes have the fame ratio to one another 
which their equimultiples have. 

Let AB be the fame multiple of C, that DE is of F : C is to 
F, as AB to DE, 

Becaufe AB is the fame multiple of C, that DE is of F ; 
there are as manj magnitudes in AB equal to C, as there are in 
DE equal to F: Let AB be divided into mag- 
nitudes, each equal to C, vix. AG, GH, HB ; 
and DE into magnitudes, each equal to K, 
viz. DK, KL, LE : then the number of the 
firft AG, GH, HB, ftiall be equal to the 
number of the lad DK, KL, LE : and be- 
caufe AG, GH, HB are all equal, and that 
DK, KL, LE are alfo equal to one another ; 
therefore AG is to DK, as GH to KL, and as HB to LE * ; 
and as one of the antecedents to its confequent, fo are all the 
antecedents together to all the confequents together ** ; where- 
fore, as AG is to DK, fo is AB to DE : But AG is equal to 
C, and DK to F ; therefore, as C is to F, fo is AB to DE. 
Therefore, &c. Q^E. D, 
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PROP. XVL THEOR. 

IF four magnitudes of the fame kind be propor, 
tionals, they fhaU alfo be proportionals when taken 
alternately. 

Let the four magnitudes A, B, CD, EF be proportionals, viz. 
as A to B, fo CD to EF : They ftiall alfo be proportiwials when 
taken alternately ; that is, A fliall be to CD, as B to EF. 

Take MA, MB any equimultiples of A, B, and take NC the 
lead multiple of CD that is greater than MA, and NE the fame 
multiple of EF : and becaufe MA, MB are equimultiples of A, 
B, and that magnitudes have the fame ratio to «^ j^ 
one another, which their equimultiples have * ; ^ %j a 15. 5- 

therefore A is to B, as MA to MB : But as A is M 
to B, fo is CD to EF ; wherefore CD is to EF, | ] 

*» MA to MB. Again, becaufe NC, NE are 



D 



equimultiples of CD, EF, as CD to EF, fo is 
NC to NE » : but as CD to EF, fo is MA to -^ ^ 
MB ; therefore MA is to MB, as NC to NE ^ : 
^d the firft MA is lefs than the third NC ; therefore the fecond 

0^3 MB 
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Book V. MB is Icfs ^ than the fourth NE. In like manner, becaiifc MA 

^-^^V*^ IS not lefs than ND, it n^ay be proved, that MB is not lefs than 
« H* 5' NF: Therefore MA, MB contain CD, EF the fame number of 

d A.Def.5. times that ND, NF contain them * : But ND, NF contain CD, 
EF equally, for they are either equal to CD, EF, or equimul- 
tiples of them J therefore MA, MB contain CD, EF equally: 
and MA, MB are any equimultiples of A, B: as many times^ 
therefore, as any niultiple of A contains CD, fo many times 
does the fame multiple of B contain EF : therefore A is to CD, 

c S-T^cf. 5. as B to EF \ Wherefore, &c. Q^ E. D. 

PROP. XVII. THEOR. 

TF magnitudes, taken jointly, be proportionals, thej 
I. Oiall alfo be proportionals when taken feparately ; 
■ji 1/' divifion. 

Let AB, BE, CD, Df be th^ magnitudes taken jointly, 
vAliich are proportionals ; that is, as AB to BE, fo is CD to 
OF ; they fliall alfo be proportionals taken feparately, viz. as 
AK to EB. fo CF to FD. 

Take of AE, EB, CF, FP any equimultiples MA, MN, 
MC, MP, fo that MA be greater than BE : and becaufe MA 
is the fame multiple of AE, that MN is of EB, the whole N A 

(^ I. 5. is the fame multiple of AB, that MA is of AE * : jsj 
but MA is the fame multiple of AE, that MC is of 
CF ; wherefore NA is the fame multiple of AB, 
tliat MC is of CF. Again, becaufe MC is the 
fame multiple of CF, thiat MP is of FD ; therefore ^^ ^ 
PC is the fame multiple of CD, that MC is of 
CF * : but NA, MC are equimultiples of AB, 
CF; therefore NA, PC are equimultiples of A B, ^- 
CD: and becaufe AB is to BE, as CD to DF; -K • 
and that' NA, PC are equimultiples of AB, CD, 
bs-Dcf. 5« NA contains BE the fame number of tinies * that 

PC contains DF : And from NA, PC are taken ^ ^' 
NM, FM, which are equimultiples of BE, DF ; therefore the 

c 6. 5. remainder MA contains BE the famis number of times ^ that 
the remainder MC contains DF : and MA, MC arc any equi- 
multiples of AE, CF; as many times, therefore, as any multiple 
of AE contains EB, fo many does the fame multiple of CF con- 
tain FD ; therefore, as AE is to EB, fo ^ is CF to FD. Where^ 
fore, &c. Q^ E. D. 

PROP, 
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PROP. XVIII. THEOR. 

TF magnitudes, taken feparately, be proportionals, 
•*• they Ihall alfo be proportionals when taken joint- 
ly; that is, by compofition. 

Let AE be to EB, as CF to FD ; they (hall alfo be proper* 
tionals when taken jointly ; that is, as AB to BE, fo CD to 
DF. 

Take of AB, BE, CD, DF any equimultiples MA^ MN, 
MC, MP : And becaufe the whole MA is the fame multiple of 
the whole AB, that MN is of BE ; the remainder NA is the 
fame multiple of the remainder AE, that the whole MA is of 
the whole AB *. For the fame reafon, PC is the fame multiple 
ofCF, that MC is of CD : But MA,MC are equi- ^^ 
multiples of AB, CD ; therefore NA, PC are equi- 
multiples of AE, CF : and becaufe AE is to EB, as 
CF to FD, and that NA, PC are equimultiples of 
AE, CF ; therefore NA contains BE the fame num- 
ter of times that PC contains DF ^ : and MN, MP 
are equimultiples of the fame BE, DF ; therefore 
the whole MA contains BE the fame number of times 
that the whole MC contains DF ^ : and MA, MC 
are any equimultiples of AB, CD ; as many times, 
therefore, as any multiple of AB contains BE, fo 
many times does the fame multiple of CD contain 
DF: Wherefore, as AB is to BE, fo ^ is CD to DF. 
fore, &c. Q^E. D. 
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PROP. XIX. THEOR. 

TF a whole magnitude be to a whole, as a mag- 
•*• nitiide taken from the firfl: is to a magnitude 
taken from the other ; the remainder Ihall be to the 
remainder, as the whole to the whole. 

Let the whole AB, be to the whole CD, as AE taken from 
AB, to CF taken from CD ; the remainder EB (hall be to the 
remainder FD, as the whole AB to the whole CD. 

Becaufe AB is to CD, as AE to CF ; likewife, ^ 
alternately *, BA is to AE, as DC to CF : and be- 
caufe, if magnitudes, taken jointly, be proportio- 
nals, they are alfo proportionals ^ when taken fepa- 
rately ; therefore, as BE is to E A, fo is DF to FC ; 
and alternately *, as BE is to DF, fo is E A to FC : 
But, as EA to FC, fo, by the hypothefis, is AB to 

CD; 
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Boor. V. CD ; therefore alfo BE, the remainder, fhall be to the remainder 
V>?V-s-/ DF, as the whole AB to the whole CD : Wherefore, &c. 
Q. E. D. 

CoR. If the whole be to the whole, as a magnitude taken 
from the fir ft is to a magnitude taken from the other ; the 
remainder likewife is to the remainder, as the magnitude taken 
from the firft to that taken from the other : The demonftration 
is contained in the preceding. 

PROP. A. THEOR. 

TF the firft of four magnitudes has to the fecond, 
A the fame ratio which the third has to the fourth ; 
then, if the firft be greater than the fecond, the 
third is alfo greater than the fourth ; and if equal, 
equal j and if lefs, lefs. 

Let A be to B, as C is to P ; if A be greater than B, C is 
greater than D. ' 

Becaufe A is greater than B, take, as in the eighth propofition, 
MA a multiple of A, that fliall contain B a greater number of 
times than it contains A, and take MC the fame ."jvf 
multiple of C : and becaufe A is to B, as C is T M 

to D ; MC contains D the fame number of [ 
ft S.Dcf. 5. times * that MA contains B ; and this number 7 
is greater than the number of times that MA i 
contains A, or MC contains C ; therefore D is t ▼• 
contained a greater number of times than C is 11 
in the fame magnitude MC : wherefore D is \ B CI) 
bs. Ax. 5. lefs than C ^ ; that is, C is greater than D. 

Next, If A be lefs than B, C is lefs than D : Take MA, MC 
any equimultiples of A, C : and becaufe A is lefs than B, MA 
contains A a greater number of times than it contains B ; 
therefore, as before, MC contains C a greater number of times 
than it contains D ; C is therefore lefs than D *^. 

Lalllj, If A be equal to B, C is equal to D : For, becaufe 
C is to D, as A is to B, if C were greater than D, or lefs than 
It, A would be greater than B, or lefs than it, by the former 
cafes ; but it is not : Therefore C is equal to D. Wherefore, 
&c. Q^ E. D. 

Otherwife, 

Take E equal to D : and let A be greater tha n B ; th en, as in 
. the eighth propofition, fome multiple of A can " 
be found, which contains B a greater number 
of times than the fame multiple of E contains 

Hi 
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D ^ ; therefore A has to B a greater ratio than E has to D * : Book V. 
but C is to D, as A to B ; therefore C has to D a greater ratio V^^y*^ 
than E has to D ^ ; wherefore C is greater * than E or D. c 7.Dcf. 5. 

In like manner, it may be proved, that if A be equal to B, ^ *3* 5- 
C is equal to D ; and if lefs, lefs. ^ *^ ^" 



I 



PROP. B. THEOR. 

F four magnitudes be proportionals, they are alfo 
proportionals when taken inverfely. 



Let AB be to C, as DE is to F ; then alfo, inverfely, C is to 
AB, as F to DE. 

Take MC, MF any equimultiples of C, F j and take NA the 
leaft multiple of AB that is greater than MC, and ND the fame 
multiple of DE : and becaufe AB is to C, as ^^ 
DE to F, and NA, ND arc equimultiples of i| ^ 

AB, DE, and MC, MF equimultiples of C, ^ I M 

F ; therefore NA is to MC, as ND to MF » : 3 j, | a 4, 5. 

and the firft NA is greater than the fecond " t 

MC, therefore the third ND is greater than ' t 

the fourth MF ^ ; that is, MF is lefs than ND. ^ J; ^ ^^ b A- 3, 
In like manner, becaufe MC is not lefs than -'^ ^ ^ J^ 
NB, it may be proved, that MF is not lefs than NE : Where- 
fore MC, MF contain AB, ED the fame number of times that 
NB, NE contain them : But NB, NE contain AB, DE equal- 
I7, for they are either equal to AB, DE, or equimultiples of 
them ; therefore MC, MF contain AB, DE equally : and MC, 
MF are any equimultiples of C, F ; as many limes therefore, as 
any multiple of C contains AB, fo many times does the fame 
multiple of F contain DE ; therefore, as C is to AB, fo ^ U F to c s.Def. 5; 
DE. Wherefore, &c. Q^ E. D, 

PROP. C. THEOR. 

IF the firft be the fame multiple of the fecond, 
or the fame part of it, that the third is of the 
fourth ; the firft is to the fecond, as the third is to 
the fourth. 

Let the firft A be the fame multiple of B the fecond, that C 
the third is of the fourth D : A is to B, as C is to D. 

Take MA, MC any equimultiples of A, C ; and becaufe A^ 
C are equimultiples of B, D : and MA, MC are equimultiples 

of 



xa8 



THE ELEMENTS 



thferefore MA, MC are equimultiples of B; D 
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cB. 5- 



BookV. of A,^C, 

V->'VS:/ that is, they contain B, D equally; as many 
a 3' 5« times, therefore, as any multiple of A con- 
' taii|« B, fo many l^imes does the fame mul- 

tiple of C contain D : Wherefore, as A is to 
b5.I>cf-5-B, foil is G toD. 

* ► ' NexJ, Let A be the fame part of B, that 1 

C is of D : A is to B, as C to D. For B is a. B CD 
the fame multiple of A, that D is of C ; therefore, by the 
J)recedidg cafe, B is to A, as D to C ; and in- |A, B, C, D. I 
verfely ^, A is to B, as € is to D. Therefore, ' — ^' 

&c, Q^E. D. 

PROP. D. THEOR. 

IF th6 firft be to the fecond, as the third to the 
fourth ; and if the firft be a multiple, or a part 
of the fecond ; the third is the fame multiple, or 
the fame part of the fourth. 

Let A be to B, as C is to D j and let A be a part of B 5 C.h 
the fame part of D. 

Take MA equal to B, and take MC the fame 
multiple of C, that MA or B is of A : and be- 
caufe A is to B, as C to D, and MA, MC are 
equimultiples of A, C ; therefore MA is to B, 
a Cor. 4. 5. as MC to D * : and the firft MA is equal to th^ 
fecond B ; therefore the third MC is equal to the 
b A. 5. fourth D ^ : and C is the fame part of MC, that a r C X)" 
A is of B ; therefore C is the fame part of D, 
that A is of B. ^_^ 

Next, Let A be to B, as C to D ; and A a mul- | A, B, C, D.| 
tiple of B ; C is the fame multiple of D. 
c B. 5. Becaufe A is to. B, as C to D ; then, inverfely % B is to A, 
as D to C : but B is a part of A, therefore, by the preceding 
cafe, D is the fame part of C ; that is, C is the fame multiple 
of JD, that A is of B. Therefore, &c. Q^ E. D. 

PROP. E. THEOR. 

IF four magnitudes be proportionals, they are alfo 
proportionals by converfion; that is, the firft is 
to its excefs above the fecond, as the third to its 
cxcefs above the fourth* 

Let 
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Let AB be to BE, as CD to DF5 then, by converfion, BA is Book V. 



toAE, as DC to CF. 

Becaufe AB is to BE, 'as CD to DF, by divifion •, 
AE is to EB, as CF to FD j and, by invcrfion ^, 
BE is to EA, as DF to FC. Wherefore, by com- 
pofition % BA is to AE, as DC to CF. If, there- 
fow, &c. Qi^E. D. 
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PROP, XX. THEOR. 

TF there be three magnitudes, and other three, 
■*■ whicji, taken two and two, have the fame ratio ; 
if the firft be greater than the third, the fourth (hall 
be greater than the fixth ; and if equal, equal ; and 
if lefs, lefs. 

Let A, B, C be three magnitudes, and D, E, F other three, 
v/hich, taken two and two, have the fame ratio, viz. as A is to B, 
fo is D to E ; and as B to C, fo is £ to F. If A be greater than 
C, D Ihall be greater than F; and if equal, equal j and if Icfs, lefs. 

Becaufe A is greater than C, and B is any magnitude, A has 
to B a greater ratio than C has to B * : But as D " 
is to £, fo is A to B ; therefore D has to E a 
greater ratio than C to B ^ : and becaufe B is to C, 
as E to F, by inverfion *, C is to B, as F is to E $ 
and D was ihown to have to E a greater ratio than C to B ; 
therefore D has to E a greater ratio than F to E ** : But the dCor.i3.5, 
magnitude which has a greater ratio than another to the fame 
magnitude, is the greater of the two • j D is therefore greater 
than F. 

Secondly, Let A be equal to C ; D fhall be equal to F : Be- 
caufe A is equal to C, A is to B, as C is to B '^ : But A is to B, 
as D to £ ; and C is to B, as F to E ; wherefore D is to £, as 
F to E * ; and therefore D is equal to F **. 

Next, Let A be lefs than C ; D fliall be lefs, than F : For, as 
was (hown in the iirft cafe, C is to B, as F to E, and in like 
manner, B is to A, as E to D ; and C is greater than A, there- 
fore F is greater than D, by the firft cafe j that is, D is led 
than F, Therefore, &c. Q^ £• D. 
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IF there be three magnitudes, and other three, 
which have the fame ratio taken two and two, 
but in a crofs order ; if the firft be greater than the 
third, the fourth Ihall be greater than the £;&th ; and 
if equal, equal ; and if lefs, lefs. 

R Let 
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tiooK V. Let A, B, C be three magnitudes, and D, E, F other three^ 

^^•^vkJ which have the fame ratio, taken two and two, but in a croft 

order, viz. as A is to B, fo is £ to F^ and as B is to C, fo is 

D to E. If A be greater than C, D fhall be greater thAn F ; 

and if equal ; equal, and if lefs, lefs. 

Becaufe A is greater than C, A has to B a greater ratio than 
C has to B * : But E is to F, as A to B ; therefore £ has to F 
a greater ratio than C to B ^ : and becaufe B is to 
C, as D to £, by inverfion *^, C is to B, as E to D : 
and E was fliown to have to F a greater ratio than 
C to B ; therefore £ has to F a greater ratio than 
. E to D ^ : But the magnitude to which the fame has a greater 
ratio than it has to another, is the lefler of the two • ; F there- 
fore is lefs than D ; that is, D is greater than F. 
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Secondly, Let A be equal to C ; D fliall be equal to F. Be* 
caufe A and C are equal, A is to B, as C is to B ^ : But A is to 
B, as £ to F ; and C to B, as £ to D ; wherefore E is to F, as 
E to D ^ ; and therefore D is equal to F **. 
• Next, Let A be lefs than C ; D fliall be lefs than F : For, as 
was (hewn, C is to B, as £ to D, and, in like manner, B is to 
A, as F to E : and C is greater than A ; therefore, by cafe 
firft, F is greater than D ; that is, D is lefs than F : TTierefore, 
&c. Q^E. D. 
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PROP. XXIL THEOR. 

IF there be any number of magnitudes, and Jls 
many others, which, taken two and two in order, 
have the fame ratio ; the firft Ihall have to the laft 
of the firft magnitudes the fame ratio which the firft 
of the others has to the laft ; that is, the firft and laft 
Ihall be proportionals by equality. 



Firft, Let there be three magnitudes A, B, 
CD, and as many others E, F, GH, which, 
taken two and two, have the fame ratio, that 
is, fuch that A is to B, as £ to F ^ and B 
to CD, as F to GH: Afliall be to CD, as E 
toGH. 

Take MA any multiple of A greater than 
CD, and ME the fame multiple of E : ^fo 
take NC the Icaft multiple of CD that is 
greater than MA, and NG the fame multiple 
of GH: and becaufe A is to B, as E to F, 
and that MA, ME are equimultiples of A, 
^•^•E; therefore MA is to B, as ME to F *: 

and 
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ud becaufe B is to CD, as F to GH, and NC, NG arc cqui- Book V. 
multiples of CD, GH, B is to NC, ms F to NG » : and becaufe Vi^^nrs-/ 
MA is to B, as ME to F, and B to NC, asFtoNG; and « Cor. 4. 5. 
that MA is Icfs than NC ; therefore ME is lefs than NG ^. b ao. i- 
Itk like manner, becaufe MA is not lefs than ND, it maj be 
proved, that ME is not lefs than NH : Wherefore MA, ME 
Qtntain CD, GH the fame number of times that ND, NH 
contain them, that is, equally : and MA., ME are any equi- 
niultiples of A, E ; as many times, therefore, as any multiple 
of A contains CD, fo many times does the fame multiple of E 
cfldtam GH : Therefore * as A is to CD, fo is E to GH. c s.Def. 5. 

Next, Let there be four magnitudes A, B , C, D, and 
€Sh£t four E, F, G, H, which two and two hav^e 
thfs fame ratio, viz. as A is to B, fo is E to F ; 
as B to C, fo F to G ; and as C to D, fo G to 
H( A&all be to D, asE to H. 

Becaufe A, B, C are three magnitudes, and E, F, G other 
tiif^et, which, taken two and two, have the fame ratio ; there- 
fore, by the firft cafe, A is to C, as E to G : But C is to D, 
9S G to H ; therefore again, by the firft cafe, A is to D, as E 
to H ; and fo on, whatever be the number of magnitudes. 
Wherefore, &c. Q^E. D, 



A, B, C, D, 
E, F, G, H 



PROP. XXni. THEOR. 

IF there be any number of magnitudes, and as 
many others, which, taken two and two, in a 
crofs order, have the fame ratio ; the firft fhall have 
to the laft of the firft magnitudes the fame ratio which 
the firft of the others has to the laft *. 



M 



Firft, Let there be three magnitudes A, B, 
CD, and other three E, F, GH, which, 
taken two and two in a crofs order, have the 
fame ratio, that is, fuch that A is to B, as F 
to GH, and as B is to CD, fo is E to F ; A 
IhaU be to CD, as E is to GH. 

Take MA, MB, ME any equimultiples of 
A, B, E, fo that MA be greater than CD ; 
and take NC the leaft multiple of CD that is 
greater than MA, and NF, NG the fame mul- 
tiples of F, GH: and becaufe MA, MB are 
equimultiples of A, B ; A is to B, as MA to 
MB * : and, for the fame rcafon, F is to GH, 
as NF to NG : But as A is to B, fo is F 
Ra to 

♦ N, B, This is faid to be by Perturbatc Equality. 
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A, B, C, D, 
E, F, G, H 
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Booi V. ft, GH ras ehercfote MA is to MB, fo is NF to JfcsTG ^ And 
V^YV> becaufe B is to CD, as E to F, and that MB, MS are equi- 
b II. s. multiples of B; E, and NC, NF of CD, F; as MB is to NC, 
C4. 5. fo is ME to NF « : Therefore MA, MB, NC are three mag- 
nitudes, and Me, NF, NG other three, which have the fame 
l^atio, taken two and two in a crofs order : and MA is lefs than 
dai. 5. NG; therefore ME is lefs than NG ** : In like manner, be- 
caufe MA is not lefs than ND, it may be proved^ that ME is 
not lefs than NH : and ND, NH contain CD, GH equally ; 
therefore MA, ME contain them equally ; as many times, 
therefore, as any multiple of A contains CD, fo many times 
does the fame multiple of E contain GH ; therefore *, as A is to 
es.Dcf.5.CD, foisE to GH. 

. Next, Let there be four magnitudes. A, B, C, D, and other 
four E, F, G, H, which, taken two and two in 
a crofs order, have the fame ratio, viz. A to B, 
as G to H; B to C, as F to G ; and C to D, as 
E to F : A is to D, as E to H. 

Becaufe A, B, C are three magnitudes, and F, G, H other 
three, which, taken two and two in a croft order, have the 
fame ratio ; bv the firft cafe, A is to C, as F to H : But C is 
to D, as E to F j wherefore again, by the firft cafe, A is to D, 
as £ to H : and fo on, whatever be the number of magnitudes. 
Wherefore, &c. Q^E. D, 

PROP. XXIV. THEOR. 

IF the firft has the fame ratio to the fecond, which 
the third has to the fourth ; and the fifth to 
the fecond, the fame ratio that the fixth has to the 
fourth; the firft and fifth together fhall have to the 
fecond, the fame ratio which the third and fixth to- 
gether have to the fourth. 

l.et AB the firft, have to C the fecond, the fame ratio whicli 
DE the third, has to F the fourth ; and let 
BG the fifth, have to C the fecond, the fame IT* 

ratio which EH the fixth, has to F_thc q.] 
fourth ; AG, the firft and fifth together, ji _ 

ihall have to C the fecond, the fame ratio 
which DH, the third and fixth together, has -r 

to F the fourth. 1 j [ j 

Becaufe BG is to C, as EH to F ; by in- A ('/ D F 
t B. 5. vcrfion, •, C is to BG, as F to EH ; and 

becaufe, 
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bccaufe, as AB fs to C, fo is DE to F ; and as C to BG, fo F Book V. 
to EH ; by equality ^ AB is. to BG, as DE to EH : and, by ^--^'VX^ 
compofuion % as AG is to GB, fo is DH to HE ; but as GB *> ««• S- 
is to C, fo is HE to F ; therefore, by equality **, as AG is to *^ »*• S- 
C, fo is DH to F. Wheleforc, &j. Q^E. D. 

Cor. I. If the fame hypothefis be made as in the propofition, 
the excefs of the firft and fifth fli;ill be to the fecond, as the ex- 
cefs of the thitd and fixth to the fourth. The demonftration of 
this is the (fflfc with that of the propofitijn, if divifion be ufed 
inftead of compofitioti. 

CoR, 2# The propofition holds true, of two ranks of naag- 
nitud^s, x^hatever be their number, of which each of the firft 
rank has to the fecond magnitude ttie fattis ratio that the cor re* 
fponding one of the fecond rank has to a fourth magnitude ^ 
a& is manifeft. 



PROP. XXV. THEOR. 

IF four magnitudes of the fame kind be propot- 
tionals, the greatell and lead of them together 
are greater than the other two together. 

Let AB be to CD, as E is to F, and let AB be the grcateft 
of them, and confequently F the leaft • : AB, together with F, is a A. &. 14 
greater than CD, together with E. 5- 

Take AG equal to E, and CH equal to F : Then, becaufe as 
AB is to CD, fo is E to F, and that AG is equal to E, 
and CH equal to F ; AB is to CD, as AG 
to CH : wherefore the remainder GB is to 
the remainder DH, as the whole AB to ^ | -D 
the whole CD ^ : But AB is greater than 1^ 

CD ; therefore GB is greater than HD ^. 
And becaufe AG is equal to E, and CH to 
F; AG and F together are equal to CH ^ _, _- 

c?and E together d. If therefore AG and F '^^ ^^ di.Ax.i. 
be added to the greater magnitude BG, and CH and E to 
the lefs DH ; the whole AB and F together are greater 
than the whole CD and E * together.'' Wherefore, &c.c4.Ax. 



1 



b 19- 5. 
c A. 5* 



Q:,E. D. 
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^^"^^^ 13 Atios which are compounded of the fame ratios, 
jlV ^re the fame with one another. 

Let the ratios of A to B, and B to C, be the fame with the 



ratios of D to E and E to F ; the ratio of A to | a g j^ 
C, which is compounded of the firft ratios, is th^ /^ * ' 
fame with the ratio of D to F, which is compound- jP» E, F. 
ed of the other ratios. 

Firft, Let A be to B, as D to E ; and B to C, as £ to F ; 

a 2%. $• then, by equality •, as A is to C, fo is D to F* 

Next, Let A be to B, as E to F ; and B to C, «s D to E ; 

\> 23. 5. therefore, by perturbate equality "*, A is to C, as D to F ; that 
is, the ratio compounded of the ratios of A to B, and B to C, 
is the fame with the ratio compounded of the ratios of D 
to E, and E to F : and in like manner, the propolition may 
be demonftrated, whatever be the number of ratios in either 
cafe. 
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DEFINITIONS. 

I. 

SIMILAR refiilineal figures are 
thofe which have their feveral 
angles equal, each to each, and 
the fides about the equal angles 
proportionals. 

II. 
Two magnitudes are faid to be reciprocallj proportional to two 
others, when one of the firft is to one of the other magni- 
tudes, as the remaining one of the lad two is to the remaining 
one of the firfl. 

III. 
A ftraight line is faid to be cut in extreme and mean ratio, when 
the whole is to the greater fegment, as 
the greater fegment is to the lefs. 

The altitude of any figure is the ftraight 
line drawn from its vertex perpendicular 
to the bafe. 
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^^^'^ v^- PROP. I. THEOR. 



Sec N. nr^RiANGLES and parallelograms of the fame altitude 
1 are one to another as their bafes. 

Let the triangles ABC, ACD, and the parallelograms EC, 
CF have the fame altitude, viz. the perpendicular drawn from 
the point A to BD : Then, as the bafe BC is to the bafe CD, fo 
is the triangle ABC to the triangle ACD, and the parallelogram 
£C to the parallelogram CF, 

Produce BD both ways to the points H, K, and take any 
number of ftraight lines BG, GH^ each equal to the bafe BC, 
fo that CH be greater than CD ; and join AG, AH : and be- 
caufe the bafes CB, BG, GH are all equal, the triangles ABC, 
» 38- »• AGB, AHG are all equal * ; therefore tbiP triangle AHC is the 
fame multiple of ABC, that the bafe HC is of BC. In like 
' manner, if CK be taken the leaft multiple of CD that is 

greater than CH, and AK be joined, it md-y be proved, that the 
triangle ACK is the fame multiple 
of ACD : Wherefore fhe b«fe DK 
and the triangle ADK contain CD 
and ACD equally. And if the bafe 
HC be equal to DK, the tri;ifigle 
AHC is equal * to the triangle ADK: 
But, if not, the bafe HC is greater 
than DK, but lefs than CK, and the 
triangle AHC is greater tjian AD£, 

but lefs than ACK ; therefore the bafe CH contains CD the fame 
bDef.A.5. number of times that DK contains it *^; and the triangle AHC 
jcontain$ ACD the faape number of times that ADK does : But 
the b^fe DK and the triangle ADK contain DC and ACD 
equally j therefore the b^fe HC and triangle AHC contain them 
equally: and the bafe HC and tir angle AHC are any equimul- 
tiples of BC and ABO: as many times, therefore, as any mul- 
tiple of the bafe BC contains the bafe CD, fo many times does 
the fame multiple of the triangle ABC contain the triangle 
cs.Def.5. ACD ; therefore « as the bafe BC is to the bafe CD, fo is the 
triangle ABC to the triangle ACD. 

And becaufe the parallelogram CE is double of the triangle 
c 41. I. ABC ^, and the parallelogram CF double of the triangle ACD, 
and that magnitudes have the fame ratio which their equimul- 
d X5. 5. tiples have ^ ; as the triangle ABC is to ACD, fo is the paralle- 
logram EC to CF : And as the bafe BC is to CD, fo is the tri- 
angle ABC to ACD i therefore, as the bafe BC is to CD, fo is 

the 




O F E U C L I D. 137 

* the parallelogram EC to the parallelogram CF. Wherefore Book VI. 
triangles, 8tc. Q^ E. D. <^r>r>J 

Cor. From this it is plain, that triangles and parallelograms « "• 5« 
that have equal altitudes, are one to another as their bafes. 

Let the figures be placed fo as to have their bafes in the fame 
ftraight line ; and having drawn perpendiculars from the vertices 
to the bafes, the ftraight line which joins the vertices, is paral- 
lel to their bafes ^, becaufe the perpendiculars are both equal f 33. i, 
and parallel to one another : Then, if the fame conftru£Uoa 
be made as in the propofiiion, the demonftration will be the 
fame. 

PROP. II. THEOR. 

IF a ftraight line be drawn parallel to one of the 
fides of a triangk, it fhall cut the other fides, 
or thofe produced, proportionally : And if the fides, 
or the fides produced, be cut proportionally, the 
ftraight line which joins the points of fedtion, fliall 
be parallel to the remaining fide of the triangle. 

Let DE be drawn parallel to BC, one of the fides of the tri- 
angle ABC : BD is to DA, as CE to EA. 

Join BE, CD ; then the triangle BDE is equal to the tri- 
angle CDE *, becaufe they are on the fame bafe DE, and be- a 37. i. 
twecn the fame parallels DE, BC : ADE is another triangle, 
and equal magnitudes have to the fame, the fame ratio ^ ; there- b 7. 5. 
fore, as the triangle BDE to the triangle ADE, fo is the tri- 
angle CDE to the triangle ADE ; but as the triangle BDE to 
the triangle ADE, fo is ^ BD to DA, becaufe having the fame e i. 6* 
altitude, viz. the perpendicular drawn from the point E to 
AB, they are to one another as their bafes ; and for the fame 
reafon, as the triangle CDE to the triangle ADE, fo is CE to 
EA. Therefore, as BD to DA, fo is CE to EA '». d 11. 5. 

Next, Let the fides AB, AC of the tri- 
angle ABC, or thefe produced, be cut pro- 
portionally in the points D, E, that is, fo 
that BD be to DA, as CE to EA, and join 
DE : DE is parallel to BC. 

The fame conftruftion being made, be- 
caufe, as BD to DA, fo is CE to EA ; and 
as BD to DA, fo is the triangle BDE to 
the triangle ADE •; and as CE to EA, fo g C e 1. 6, 

is the triangle CDE to the triangle ADE ; 
therefore the triangle BDE is to the triangle ADE, as the tri- 
angle CDE to the triangle ADE, ; that is, the triangle? BDE, 

S • CDE 
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Book VI. CDE hayc the fame ratio to the triangle ADE ; and therefore ' 

^^^^'v^<^ the triangle BDE is equal to the triangle CDE : And they are 

f 9' S« on the fame bafe DE ; but equal ttiangles on the fame bafe are 

g39. I. between the fame parallels^; therefore DE is parallel to BC. 

Wherefore, if a flraight line, &c. Q^ E. D. 

PROP. III. THEOR. 

IF the angle of a triangle be divided into two 
equal angles, by a flraight line which alfo cuts 
the bafe ; the fegments of the bafe fhall have the 
fame ratio which the other fides of the triangle have 
to one another : And if the fegments of the bafe 
have the fame ratio which the other fides of the 
triangle have to one another, the ftraight line drawn 
from the vertex to the point of fedlion, divides the 
vertical angle into two equal angles. 

Let the angle BAG of any triangle ABC be divided into two 

equal angles by the ftraight line AD : BD is to DC, as BA to 

AC. 
a 31, 1, Through the point C 4raw C£ parallel * to DA, and let BA 

produced meet CE in E. Becaufe the ftraight line AC meets 

the parallels AD, EC, the angle ACE is equal to the alternate 
bap; I. angle CAD ^: But CAD, by the hypothefis, is equal to the 

angle BAD ; wherefore BAD 1$ equal to the angle ACE. 

Again, becaufe the ftraight line 

BAE meets the parallels AD, EC, 

the outward angle BAD is equal 

to the inward and oppofite angle 

AEC»>: But the angle ACE has 

been proved equal to the angle 

BAD; therefore alfo ACE is equal 

to the angle AEC, and confequently 
c6. 1, the fide AE is equal to the fide ^ ^ n r* 

AC ; And becaufe AD is drawn *^ DC 

parallel to one of the fides of the triangle BCE, viz. to EG, 
d a. 6. BD is to DC, as BA to AE **; But AE is equal to AC ; there- 
c y. ^^ fore, as BD to DC, fo is BA to AC ^ 

Let now BD be to DC, as BA to AC, and join AD ; the 

angle BAC is divided into two equal angles by the ftraight line 

AD. 

The fame conftruftion being made ; becaufe, as BD to DC, 

fo is BA to AC ; and as BD to DC, fo is BA to AE ^, becaufe 
f 1 1. 5* AD is parallel to EC ; therefore BA is to AC, as B A to AE ^ : 

Confequently 
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Confequentlj AC is equal to AE ^, and the angle AEC is there- Book. VI. 
fore equal to the angle ACE ^ : But the angle AEC is equal to v-y^^TN./ 
the outward and oppofite angle BAD ; and the angle ACE Is g 9« 5* 
equal to the alternate angle CAD ** : Wherefore alfo the angle ^ 5- '• 
BAD is equal to the angle CAD : Therefore the angle BAG is 
cut into two equal angles by the ftraight line AD. Therefore, 
if the angle, &c. Q^E. D. 

PROP. A. THEOR. 

IF the outward angle of a triangle made by pro- 
ducing one of its fides, be divided into two 
equal angles, by a ftraight line which alfo cuts the 
bafe produced ; the fegments between the dividing 
line and tlie extremities of the bai'e, have the fame 
ratio which the other fides of the triangle have to 
one another : And if the fegments of the bafe pro- 
duced, have the fame ratio which the other fides of 
the triangle have, the ftraight line druwn from the 
vertex to the point of (eftion, divides the outward 
angle of the triangle into two equal angles. 

Let the outward angle CAE of any triangle ABC be divided 
into two equal angles by the ftraight line AD which meets the 
bafe produced in D : BD is to DC, as B A. to AC. 

Through C draw CF parallel to AD *; and becaufe the 331.1. 
ftraight line AC meets the parallels AD, FC, the angle ACF is 
equd to the alternate angle CAD '^ : But CAD is equal to the b 29. i. 
angle DAE ^ ; therefore alfo DAE is equal to the angle ACF. c Hyp. 
Again, becaufe the ftraight line FAE meets the parallels AD, 
FC, the outward angle DAE is equal 
to the inward and oppofite angle CFA : 
But the angle ACF has been proved 
equal to the angle DAE ; therefore 
alfo the angle ACF is equal to the 

angle CFA, and confequently the fide 

AF is equal to the fide AC ^ : And be- -n 

caufe AD is parallel to FC, a fide of 

the triangle BCF, BD is to DC, as B A to AF « ; but AF is « a. (T- 

cqual to AC ; as therefore BD is to DC, fo is B A to AC. 

Let now BD be to DC, as BA to AC, and join AD ; the 
angle CAD is equal to the angle DAE. 

The fame conftrudion being made, becaufe BD is to DC, 
as BA to AC ; and that BD is alfo to DC, as BA to AF < ; 

S 2 therefore 
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Book VI. therefore BA is to AC, as B A to AF ^ ; wherefore AC is equal 
V.^V^ to AF«, and the angle AFC equal ^ to the angle ACF : But 
^^'*' 5- the angle AFC is equal to the outward angle E AD, and the 
"i \\ i". ^"g'^ ^^^ ^^ ^^^ alternate angle CAD ; therefore alfo EAD is 
equal to the angle CAD, Wherefore, if the outward, fiic. 



5- 



C^E. D, 



PROP. IV. THEOR. 



THE fides about the equal angles of equiangu- 
gular triangles are proportionals ; and thofc 
which are oppofite to the equal angles, are homo- 
logous fides, that is, are the antecedents or confe- 
queQts of the ratios. 

Let ABC, DCE be equiangular triangles, having the angle 
ABC equal to the angle DCE, and the angle ACB to the angle 

a 31. I. DEC, and confequentlj » the angle BAC equal to the angle 
CDE, The fides about the equal angles of the triangles ABC 
DCE are proportionals; and thofe are this homologous fides 
Which are oppofite to the equal angles. 

Eet the triangle DCE be placed, fo that its fide CE may be 
contiguous, to BC, and in the fame ftraight line with it : And 
becairfe the angle ABC is equal to the 

b 28. 1, angle DCE, BA is parallel ^ to CD. 
Again, becaufe the angle ACB is equal 
to the angle DEC, AC is parallel to 
DE ^ : Produce BA, ED, until they 
cCor.39.i. meet ^ in F : Therefore FACD is a pa- 
rallelogram ; and confequently AF is 

d 34- !• equal to CD, and AC to FD ** : And 
becaufe AC is parallel to FE, one of 
the fides of the triangle FBE, B A is 

e a. 6. to AF, as BC to CE « ; But AF is equal to CD ; therefore ^ 
7- 5- as B A to CD, fo is BC to CE ; and alternately, as AB to BC 

S ^^- 5. fo is DC to CE « : Again, becaufe CD is parallel to BF, aa' 
BC to CE, fo is FD to DE ^ but FD is equal to AC ; there- 
fore, as BC to CE, fo is AC to DE : And alternately s, as BC 
to CA, fo CE to ED : Therefore, becaufe it has been proved 
that AB is to BC, as DC to CE, and as BC to CA, fo CE to 

^ '^^' 5. ED, by equality ^ BA is to AC, as CD to DE. Therefore 
the fides, See. Q^ E, D, 
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PROP. V. THEOR. Book VI. 

IF the fides of two triangles, about each of their 
angles, be proportionals, the triangles fliall be 
equiangular, and have their equal angles oppofite to 
the homologous fides. 

Let the triangles ABC, DEF have their fidef proportionals^ 
fo that AB is to BC, as DE to EF ; and BC to C A, as EF to 
FD ; and confcquently, by equality, BA to AC, as ED to DF; 
the triangle ABC is equiangular to the triangle DEF, and their 
equal angles are oppofite to the homologous fides, viz. the 
angle ABC equal to the angle DEF, and BCA to EFD, and 
aifo BAC to EDF. 

At the points E, F, in the ftraight line EF, make * the angle a 43. u 
PEG equal to the angle ABC, and the angle EFG equal to 
BCA ; wherefore the remaining 
angle BAC is equal to the re- -^ 

roaming angle EOF ^ and the x\ D o3«. «• 

triangle ABC is therefore equi- 
angular to the triangle GEF ; and 
confcquently they have their fides 
oppofite to the equal angles pro- 
portionals ^ : Wherefore, as AB >. / c 4. 1. 
to BC, fo is GE to EF ; but as 
AB to BC, fo is DE to EF ; 
therefore as DE to EF, fo ** GE to EF ; Therefore DE and d n. £• 
GE have the fame ratio to EF, and confequently are equal * : e 9. 5. 
For the fame reafon, DF is equal to FG : And becaufe, in the 
triangles DEF, GEF, DE is equal to EG, and EF common, 
the two fides DE, EF are equal to the two GE, EF, and the 
bafe DF is equal to the bafe GF ; therefore the angle DEF is 
equal ^ to the angle GEF : and GEF is equal to the angle ABC ; f ^- «• 
therefore the angle ABC is equal to the angle DEF : For the 
fame reafon, the angle ACB is equal to the angle DFE, and 
the angle at A to the angle at D. Therefore the triangle ABC 
is equiangular to the triangle DEF. Wherefore, if the fides, 
««:• Q^E. D. 
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Book VI. PROP. VI. THEOR. 

^F two triangles have one angle of the one equal to 
one angle of the other, and the fides about the 
equal angles proportionals, the triangles fhall be equi- 
angular, and fliall have thofe angles equal which arc 
oppofile to the homologous fides. 

Let the triangles ABC, DEF have the angle BAG in the 
one equal to the angle EDF in the other, and the fides about 
thofe angles proportionals ; that is, BA to AC, as ED to DF ; 
the triangles ABC, DEF are equiangular, and have the angle 
ABC equal to the angle DEF, and ACB to DFE. 

a 23. 1. At the points D, F, in the ftraight line DF, make * the 
angle FDG equal to either of the angles BAG, EDF j and the 
angle DFG equal to the angle ACB : 
Wherefore the remaining angle at B 

b 3«. 1. is equal to the remaining one at G ^, 
and confequently the triangle ABC 
is equiangular to the triangle DGF ; 
c 4. 6. and therefore, as BA to AC, fo is ^ 
GD to DF : But, bj the hjpothcfis, 
as BA to AC, fo is ED to DF ; as, 

d It. 5. therefore, ED to DF, fo is ^ GD to DF; wherefore ED is 

« 9' 5» equal * to DG ; and DF is common to the two triangles EDF, 
GDF: Therefore the two fides ED. DF are equal to the two 
fides GD, DF; and the angle EDF is equal to the angle 

f 4* I- GDF ; wherefore the bafe EF is equal to the bafe FG ^ and 
the angle DFG to the angle DFE: But the angle DFG is 
equal to the angle ACB ; therefore the angle ACB is equal 
to the angle DFE : And the angle BAC is equal to the 

E ^yP* angle EDF ^ ; wherefore alfo the remaining angle at B is 
equal to the remaining angle at E. Therefore the triangle 
ABC is equiangular to the triangle DEF. Wherefore, if two 
triangle^, &c. Q^E. D. 
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PROP. VII. THEOR. 

IF two triangles have one angle of the one equal 
to one angle of the other, and the fides about 
two other angles proportionals, then, if either one 
of the remaining angles be a right angle, or the 
two together be not equal to two right angles : 
The triangles ftiall be equiangular, and have thofe 
angles equal about which the fides are propor- 
tionals. 

Let the two triangles ABC, DEF have one angle BAG of 
the one equal to one angle EDF of the other, and the fides 
about two other angles ABC, DEF proportionals, fo that AB 
is to BC, as DE to EF; and let either one of the remaining 
angles at C, F be a right angle, or elfe the two together hot be 
equal to two right angles : The triangle ABC is equiangular 
to the triangle DEF, viz. the angle ABC is equal to the angle 
DEF, and the remaining angle at C, to the remaining angle 
at F. 

For, if the angles ABC, DEF be not equal, one of them 
is greater than the other ; let ABC be the greater, and at the 
point B, in AB, make the angle 
ABG equal to DEF»: And 
becaufe the angle at A is equal 
to the angle at D, and the 
angle ABG to the angle DEF; 
the remaining angle AGB is 
equal ^ to the remaining angle 
DFE : Therefore the triangle 
ABG is equiangular to the triangle DEF ; wherefore, ^ as AB 
is to BG, fo is DE to EF ; but as DE to EF, fo, by hypothe- 
fis, is AB to BC ; therefore, as AB to BC, fo is AB to BG ^ : 
and becaufe AB has the fame ratio to each of the lines BC, Bj? ; 
BC is equal to BG % and therefore the angle BGG is cqaaj to- 
BCG ^ : Wherefore each of the angles BGG, BGC is lefX than a 
right angle «^, and confequently AGB is greater than a right 
angle ^ : But it was proved, that the angle AGB is equal to 
DFE ; therefore DFE is greater than a right angle : and be- 
caufe, by hypothefis, the angles ACB, DFE are not equal to 
two right angles, and that CGB is equal to ACB, and AGB to 
DFE ; therefore the angles AGB, BGC are not equal to two 
right angles : But they are equal ^ to two right angles, becaufe 
they are adjacent angles 3 which is ioipoffible. 

Therefore 
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Book VI. Therefore the angles ABC, DEF are not unequal, that 
V>V>ta^ they are equal ; and the angle at A is equal to the angle at ] 
therefore the remaining angle at C is equal to the remainiil 
angle at F : Wherefore the triangle ABC is equiangular to l| 
triangle DEF. Therefore, &c. Q^^E. D. 

PROP. Vllh THEOR. 

IN a right angled triangle, if a perpendicular b< 
drawn from the right angle to the bafe ; the tri 
angles on each fide of it are fimilar to the whole tri 
angle, and to one another. 

Let ABC be a right angled triangle, having the right anjglw 
BAG ; and from the point A let AD be drawn perpendicular to 
the bafe BC : The triangles ABD, ADC are fimilar to the whole 
triangle ABC, and to one another. 

Becaufe the angle BAG is equal to the angle ADB, each of 
them being a right angle, and that the angle at B is common 
to the two triangles ABC, ABD ; 
the remaining angle ACB is equal to A. 

a 3a. 1. the remaining angle BAD * : There- 
fore the triangle ABC is equiangular 
to the triangle ABD, and the fidpg 
about their equal angles are pro- 

b 4* <»• portionals ^ ; wherefore the triangles ^ ' ' rr t^ 

c I. Dcf.^. are fimilar <^ : In the like manner, it " U C 

may be demonft rated, that the triangle ADC is equiangular 
and fimilar to the triangle ABC : And the triangles ABD, 
ADC, being equiangular to ABC, are equiangular, and there- 
. fore fimilar ^ to each other. Therefore, in a right angled, 
&c. ^ E. D. 

Cor. From this it is manifeft, that the perpendicular drawn 
from the right angle of a right angled triangle to the bafe, is a 
mean proportional between the fegments of the bafe : And alfo 
that each of the fides is a mean proportional between the bafe, 
and its fegment adjacent to that fide : Becaufe In the triangles 
BDA, ADC, BD is to DA, as DA to DC *> ; and in the tri- 
angles ABC, DBA, BC is to BA, as BA to BD »» ; and in the 
triangles ABC, ACD, BC is to CA, as CA to CD \ 

PROP. 
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PROP. IX. PROS. "IBookVI. 

"ROM a given ftraight line to cut off any part 
required. 

Let AB be the given ftraight line ; it is required to cut ofF 
any part from it. 

From the point A draw a ftraight line AC making any angle 
with AB ; and in AC take any point D, and take AC the faml^ 
multiple of AD, that AB is of the part which 
is to be cut off* from it ; join BC, and draw 
DR parallel to it : Then AE is the part re- 
qnired to be cut off". 

Becaufe ED is parallel to one of the fides 
of the triangle ABC, viz. to BC, as CD is 
to DA, fo is * BE to EA ; and, by compo- f_ \ j ^^ ^^ 

fition *>, CA is to AD, as BA to AE : But 15 (; b 18. 5; 

CA is a multiple of AD ; therefore * BA is c D. 5. 

the fame multiple of AE : Whatever part, therefore, AD is of 
AC, AE is the fame part of AB : Wherefore, from the ftraight 
line AB the part required is cut off. Which was to be done. 



PROP. X. PROB. 

TO divide a given ftraight line fimilarly to a given 
divided ftraight line, that is, into parts that ftiall 
have the fame ratios to one another which the parts 
of the divided given ftraight line have. 

Let AB be the ftraight line given to be divided, and AQ the 
divided line ; it is required to divide AB fimilarly to AC. 

Let AC be divided in the points D, E ; and let AB, AC be 
placed fo as to contain any angle, and join BC, and through the 
points D, E draw * Dl?, EG parallels to it ; and through D ^ . j^ ,, 
draw DHK parallel to AB : Therefore each of the figures FH, 
HB is a parallelogram; wherefore DH is 

equal ^ to FG, and HK to GB : And becaufe A b 34. i. 

HE is parallel to KC, one of the fides of the 

triangle DKC, as CE to ED, fo is *^ KH to / \ c a. tf. 

HD : But KH is equal to BG, and HD to 
GF; therefore, as CE to ED, fo is BG to 
GF : Again, becaufe FD is parallel to EG, 
one of the fides of the triangle AGE, as ED 
to DA, fo is GF to FA: But it has been 
T proved. 




146 



THE ELEMENTS 



Book VI. proved, that CE is to ED, as BG to GF ; and as ED to DA, 
^^-^Vx^ fo GF to FA: Therefore the given ftraight line AB is divided! 
fimilarly to AC. Which was to be done. 



a 31. 1. 



b^ z. 60 



PROP. XL PROB. 

^O find a third proportional to two given ftraight 
liijes. 

Let AB, AC be the two given ftraight lines, and let thexx| 
be placed fo as to contain any angle ; it is 
required to find a third proportional to AB, 
AC. 

Produce AB, AC to the points D, E ; and 
make BD equal to AC ; and having joined 
BC, through D, draw DE parallel to it *. 

Becaufe BC is parallel to DE, a fide of the 
triangle ADE, AB is ^ to BD, as AC to CE : 
But BD is equal to AC ; as, therefore, AB to J^ B 

AC, fo is AC to CE. Wherefore to the two given ftraight 
lines AB, AC a third proportional CE is found. Which wa» 
to done. 




a 31. 1. 



b 2.€. 



PROP. XIL PROB. 

■^O find a fourth proportional to three given ftraight 
lines. 

Let A, B, C be the three given ftraight lines ; it is required 
to find a fourth proportional to A, B, C. 

Take two ftraight lines DE, DF, cpntaining any angle EDF 5 
and upon thefe make DG equal to A, GE equal to B, and DI^ 
equal to C; and having joined GH, 
draw EF parallel * to it through the 
point E : And becaufe GH is parallel to 
EF, one of the fides of the triangle 
DEF, DG is to GE, as DH to HF«»; 
but DG is equal to A, GE to B, and 
DH to C ; therefore, as A is to B, fo is 
C to HF. Wherefore to the three 
given ftraight lines. A, B, C a fourth 
proportional HF is found. Which was to be done. 
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PROP. XIII. PROB. 

'O find a mea^ proportional between two given 
ftraight lines. 

Let ABy BC be the two given ftraight lines ; it is required to 
find a mean proportional between them. 

Place AB, BC in a ftraight line, and upon AC defcribe tbo 
femicircle ADG, and from the point 
B draw * BD at right angles to AC, 
and join AD, DC. 

Then the angle ADC in a femicircle 
is a right angle ^y and becaufe in the 
right angled triangle ADC, DB is 
drawn from the right angle, perpen- 
dicular to the bafe, DB is a mean 

proportional between AB, BC the fegments of the bafe •: 
Therefore between the two given ftraight lines AB, BC, a mean 
proportional DB is found. Which was to be done. 
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PROP. XIV. THEOR. 

EQUAL parallelograms which have one angle of 
the one equal to one angle of the other, have 
their fides about the equal angles reciprocally pro- 
portional : And parallelograms that have one angle 
of the one equal to one angle of the other, and 
their fides about the equal angles reciprocally pro- 
portional, are equal to one another. 

Let ABy BC be equal parallelograms, which have the angles 
at B equal, and let the fides DB, BE be placed in the fame 
ftraight line ; wherefore alfo FB, BG are in one ftraight line * : a 3. Cor. 
The fides of the parallelograms AB, BC about the equal angles, 15. i. 
are reciprocally proportional ; that is, DB is to BE, as GB to 
BF. 

Complete the parallelogram FE ; and 
becaufe the parallelogram AB is equal to 

BC, and that FE is another parallelo* 

gram, AB is to FE, as BC to FE *» : t^ ^ t ~ E 

But as AB to FE, fo is the bafe DB to 
BE « ; and, as BC to FE, fo is the bafe 
GB to BF ; therefore, as DB to BE, fo 
is GB to BF ^. Wherefore the fides 
T2 of 
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Booi^ VI. of the parallelograms AB, BC about their equal angles are re- 
^it^y^mJ. ciprocalljr proportional. 

But, let the fides about the equal angles be reciprocally pro- 
portional, viz. as DB to BE, fo GB to BF ; the parallelograni 
AB is equal to the parallelogram BC. 

Becaufe, as DB is to BE, fo GB to BF ; and as DB to BE, 

c I. d. fo c is the parallelogram AB to the parallelogram FE ; and as 

GB to BF, fo is the parallelogram BC to the parallelogram FE ; 

<1 "• S- therefore, as AB to FE, fo BC to FE *» : Wherefore the paralle- 

^ ^* 5» logram AB is equal ^ to the parallelogram BC, Therefore equal 

parallelograms, &c. Q^ E. D. 

PROP. XV, THEOR. 

EQUAL triangles which have one angle of the 
one equal to one angle of the other, have 
their fides about the equal angles reciprocally pro- 
portional : And triangles which have one angle in 
the one equal to oqe angle in the other, and their 
fides about the equal angles reciprocally proportional, 
are equal to one another. 

' Let ABC, ADE be equal triangles, which have th? angle 
BAC equal to the angle DAE ; the fides about the equal angles 
of the triangles are reciprocally proporfional ; that is, CA is to 
AD^ asEAto AB. 

Let the triangles be placed fo that their fides CA, AD be 

in one ftraight line ; wherefore alfo EA and AB are in one 

a 3. Cor. ftraight line * ; and join BD. Becaufe the triangle ABC is 

^i* '• equal to the triangle ADE, and that 

ABD is another triangle ; therefore, as 

the triangle CAB is to the triangle 

BAD, fo is triangle EAD to triangle 

b 7. 5. I)AB ^ : But as triangle CAB to 

triangle BAD, fo is the bafe CA to 

c J. ^, AD ^ ; and as triangle EAD to triangle 

DAB, fo is the bafe E A to AB « ; as, 

d 1 1, 5. therefore, C A to AD, fo is E A to AB <* : 

wherefore the fides of the triangles ABC, ADE about the equ^l 
angles are reciprocally proportional. 

But let the fides of the triangles ABC, ADE about the equal 
angles be reciprocally proportional, viz. CA to AD, as EA to 
AB ; the triangle ABC is equal to the triangle ADE. 

Having joined BD as before ; becaufe, as CA to AD, fo is 
-' . EA 
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EA to AB ; and as C A to AD, fo is triangle ABC to triangle Book VI. 
BAD "^ ; and as £A to AB, fo is triangle £AD to triangle K^Y^J 
BAD ^ ; therefore ** as triangle BAG to triangle BAD, fo is c u5. 
triangle EAD to triangle BAD; that is, the triangles BAG, d n,ff. 
£AD have the fame ratio to the triangle BAD : Wherefore the 
triangle ABC is equal * to the triangle ADE^ Therefore equal e p. 5, 
triangles, &c. Q^ E. D. 



PROP. XVI. THEOR. 

IF four flraight lines be proportionals, the red- 
angle contained by the extremes is equal to the 
redangle contained by the means : And if the red- 
angle contained by the extremes be equal to the 
rectangle contained by the means, the four ftraight 
lines are proportionals. 

Let the four ftraight lines, AB, CD, E, F be proportionals, 
Tiz. as AB to CD, fo E to F ; the redangle contained by AB, F 
is equal to the reftangle contained by CD, E. 

From the points A, C draw * AG, CH at right angles to » ii.». 
AB, CD ; and make AG equal to F^ and CH equal to E, and 
complete the parallelograms BG, DH : Becaufe, as AB to CD, 
fo is E to F i and that E is equal to CH, and F to AG ; AB 
is ** to CD, as CH to AG : Therefore the fides of the paralle- b 7. 5. 
lograms BG, DH about the equal angles are reciprocally pro- 
portional ; but parallelograms which have their fides about 
equal angles reciprocally proportional, are equal to one another ^ ; c 14. ^. 
therefore the parallelogram BG is equal to the parallelogram 
DH: And the parallelogram BG is 
contained by the ftraight lines AB, F ; 
becaufe AG is equal to F ; and the 
parallelogram DH is contained by CD 
and E ; becaufe CH is equal to E : 
Therefore the rcfbangle contained by 

the ftraight lines AB, F is equal to A ^ C P 

that which is contained by CD and E. 

And if the rectangle contained by the ftraight lines AB, F be 
equal to that which is contained by CD, E ; thefe four lines are 
proportionals, vii. AB is to CD, as E to F. 

The fame conftruftion being made, becaufe the redlangle 
contained by the ftraight lines AB, F is equal to that which is 
contained by CD, E, and that the redlangle BG is contained 
byAB, F, becaufe AG is equal to F; and the reftangle DH 
by CD, E, becaufe CH is equal to E ; therefore the parallelo- 
gram 
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Book VI. gram BG is equal to the parallelogram DH ; and thcj arct 

^•VV^ equiangular : But the fides about the equal angles of equal 

c 14 ^ parallelograms are reciprocally proportional * : Wherefore, as 

' * AB to CD, fo is CH to AG ; and CH is equal to E, and AG- 

to F : As, therefore, AB is to CD, fo E to F. Wherefore, if 

four, &c. Q^E. D. 



PROP. XVII. THEOR. 

IF three ftraight lines be proportionals, the reftangle 
contained by the extremes is equal to the fquare 
of the mean : And if the redangle contained by the 
extremes be equal to the fquare of the mean, the 
three ftraight lines are proportionals. 

Let the three ftraight lines A, B, C be proportionals, viz, 
as A to B, fo B to G ; the reftangle contained by A, C is equal 
to the fquare of B. 

Take D equal to B ; and becaufe as A to B, fo B to C, and 
a 7. 5. that B is equal to D ; A is ' to B, as D to C : But if four 
ftraight lines be proportionals, the reftangle con- 
tained by the extremes is equal to that which is JS^ — 

h 16, 6, contained by the means ^ : Therefore the reftangle 3 ■ 

contained by A, C is equal to that contained by jy ■ 
B, D : But the reftangle contained by B, D is ^ , 

the fquare of B ; becaufe B is equal to D : There- ^ 
fore the redangle c6ntained by A, C is equal to 
the fquare of B. 

And if the reSangle contained by A, C be equal to the fquare 
of B ; A is to B, as B to C. 

The fame conftruftion being made, becaufe the reftangle 
contained by A, C is equal to the fquare of B, and the fquare 
of B is equal to the re^angle contained by B, D, becaufe B is 
equal to D ; therefore the reftangle contained by A, C is equal 
to that contained by B, D : But if the redangle contained by 
the extremes be equal to that contained by the means, the four 
ftraight lines are proportionals ** : Therefore A is to B, as D to 
C : But B is equal to D 5 wherefore, as A to B, fo B to C. 
Therefore, if three ftraight lines, &.c» Q^E. D» 



PROP, 
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PROP. XVIII. PROB. Book VI. 

UPON a given ftraight line, to defcribe a refill, gee N. 
neal figure fimilar, and fimilarly fituated to a 
given rectilineal figure. 

Let AB be the given ftraight line, upon which it is required 

to defcribe a reftilineal figure fimilar, and fimilarly fituated to 

one given. 

Firft, Let the given reailineal be the triangle GDE : And 

at the points A, B in the 

ftraight line AB, make * _— ^^ * *2' ^* 

the angle BAG equal to ^— **"" /\ 

PCE, and the angle ABG f\^ / \ '^ 

equal to CDE ; therefore 

the remaining angle AGB 

is equal ^ to the remain- ^^ ^ 

ing angle CED: Where- J^ b C i> b 3a. i. 

fore the triangle AGB is 

equiangular, and therefore fimilar * to the triangle CDE. c 4. d. 

Next, Let the given figure be the quadrilateral CDFE : and 

join DE, and upon AB defcribe the triangle AGB fimilar, and 
fimilarly fituated to the triangle CED : and let the fide GB be 
homologous to DE : and upon GB defcribe the triangle BGH 
fimilar, and fimilarly fituated to the ^triangle DEF: and becaufe 
the angle AGB is equal to CED, and BGH to DEF ; the whole 
angle AGH is equal to the whole CEF. For the fame reafon, 
the angle ABH is equal to CDF : and the angles at A, H are 
equal to thofe at C, F ; therefore the figures AH, CF are equi- 
angular : and becaufe the triangles ABG, CDE are equiangular, 
AG is to GB, as * CE to ED : and becaufe the triangles BGH, 
DEF are equiangular, BG is to GH, as ^ DE to EF^ therefore, 
by equality *, AG is to GH, as CE to EF. For the fame d zx. 5. 
rcafon, AB is to BH, as CD to DF ; and BA is to AG, as DC 
to CE ; and GH to HB, as EF to FD. Wherefore, becaufe 
the figures AH, CF are equiangular, and have the fides about 
their equal angles proportionals, they are fimilar *. ^ uDcf S» 

Again, Let the given figure be CDKFE of five fides. 
Join DF, and upon AB defcribe the quadrilateral ABHG 
fimilar, and fimilarly fituated to CDFE : and upon BH defcribe 
the triangle BHL fimilar, and fimilarly fituated to DKF : Then, 
it may be demonftrated as before, that the reftilineal ABLHG 
is fimilar to CDKFE : and fo pn. Which was to be done. 

PROP. 



151 THE ELEMENTS 



B«"^ VI. PROP. XIX. THEOR, 

SIMILAR triangles are to one another in the dupli- 
cate ratio of their homologous fides. 

Let ABC, DEF be fimilar triangles, having the angle B 
equal to the angle E, and let AB be to BC, as DE to EF, fo 
^iz.Def.5. that the fide BG is homologous to EF * : The triangle ABC 
has to the triangle DEF, the duplicate ratio of that which BG 
has to EF. 
hii.6. Take BG a third proportional to BC, EF ^ fo that BC is to 
EF, as EF to BG, and join GA : Then, becaufe as AB to BC, 
c 16. 5. fo DE to EF ; alternatelj % AB is to DE, as BC to EF : But 
^ * »• 5. as BC to EF, fo is EF to BG ; therefore ^ as AB to DE, fo is 
EF to BG : Wherefore the fides of the triangles ABG, DEF, 
which are about the equal angles, are reciprocally proportional : 
But triangles which have the fides about two equal angles reci- 
procally proportional, are equal to 
C 1 s» <5« one another ^ : Therefore the tri- 
angle ABG is equal to the triangle 
DEF.: And becaufe, as BC is to 
EF, fo EF to BG ; and that if 
three flraight lines be proportio- 
f io.Dcf.5. rials, the firft is faid ^ to have to 
the third the duplicate ratio of that 
which it has to the fecond ; BC therefore has to BG the dupli- 
cate ratio of that which BC has to EF : But as BC to BG, fo 
g 1. d. is « the triangle ABG to the triangle ABG. Therefore the tri- 
angle ABC has to the triangle ABG the duplicate ratio of that 
which BC has to EF : But the triangle ABG is equal to the 
triangle DEF 5 wherefore alfo the triangle ABC hajs to the tri- 
angle DEF the duplicate ratio of that which BC has to EF. 
Therefore fimilar triangles, &c. Q^E. D. 

CoR. From this it is manifeft, that if three flraight lines be 
proportionals, as the firft is to the third, fo is any triangle upon 
the firft to a fimilar, and fimilarly defcribed triangle upon 
the fecond. 



PROP. 
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PROP. XX. THEOR. Book^ VI. 

SIMILAR polygons may be divided into the fi^me 
number of fimilar triangles, having the fame 
ratio to one another that the polygons have j and the 
polygons have to one another the duplicate ratio of 
that which their homologous fides have^ 

Let ABODE, FGHKL be fimilar polygons, and let AB be 
the homologous fide to FG : The poljgons ABODE, FGHKL 
may be divided into the fame number of fimilar triangles^ 
ivhereof each to each has the fame ratio ^hich the polygons 
have ; and the polygon ABODE has to the polygon FGHKL 
the duplicate ratio of that which the fide AB has to the fide FG. 

Join BE, EO, GL, LH : And becaufe the polygon ABODE 
is fimilar to FGHKL, the angle BAE is equal to GFL *, andai.Dcf.tf. 
BA is to AE, as GF to FL * : Wherefore, becaufe the triangles 
ABE, FGL have an angle in one equal to an angle in the other, 
snd their fides about thefe angles proportionals, the triangle 
ABE is equiangular \ and therefore fimilar to FGL ^ ; where, b 6. 6. 
fore the angle ABE is equal to FGL-: And, becaufe the poly- ^ 4» <^« 
gons are fimilar, the whole angle ABO is equal * to FGH ; 
tiierefore the remaining angle EBO is equal to LGH : And be- 
caufe the triangles ABE, FGL are fimilar, EB is to BA, as LG 
to GF * ; and alfo, becaufe the polygons are fimilar, AB is to 
BO, as FG to GH * ; therefore, by equality ^, EB is to BO, as ^ .^ , . 
LG toGH ; that is, the fides about the equal angles EBO, LGH 
are proportionals) therefore ^ the triangle EBC is equiangu* 
lar to LGH, and 
fioodlar to it ^« 
for the fame rea- 
fon,. the triangle 
ECD is fimilar to 
LHK: Therefore 
the fimilar poly- 
gons ABODE, 
FGHKL are di- 
vided into the 
fame number of fimilar triangles. 

Alfo thefe triangles have, each to each, the fame ratio which 
the polygons have to one another, the antecedents being 
ABE, EBO, EOD, and the confeauents FGL, LGH, LHK: 
And the polygon ABODE has to the polygon FGHKL the du- 
plicate ratio of that which the fide AB has to the homologous 
fid« FG. 

U Becaufe 
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Book VI. Becanfe the triangle ABE is fimilar to FGL, ABE has to 
^^^v^<^ FGL the duplicate ratio « of that which the fide BE has to 

c ly. 6. GL : For the fame reafon, the triangle BEC has to GLH 
the duplicate ratio of that which BE has to GL : Therefore, 

f "• 5* as the triangle ABE to FGL, fo ^ is the triangle BEC to 
GLH. Again, becaufe the triangle EBC is fimilar to LGH, 
EBG has to LGH the duplicate ratio of that which EC has 
to LH : For the fame reafon, the triangle ECD has to LHK 
the duplicate ratio of that which EC has to LH : As, there- 

f II. 5- fore, the triangle EBC to LGH, fo is ^ ECD to LHK: But 
it has been proved, that the triangle EBC is to LGH, as 
ABE to FGL ; therefore, as ABE to FGL, fo is EBC to 
LGH, and ECD to LHK: and as one of the antecedents to 

!► '*• 5* its confequent, fo are all the antecedents to all the confequents *. 
Wherefore, as the triangle ABE to FGL, fo is the polygon 
ABCDE to FGHKL : But the triangle ABE has to FGL the 
duplicate ratio of that which the fide AB has to the homolo- 
gous fide FG. Therefore alfo the polygon ABCDE has to 
the polygon FGHKL the duplicate ratio of that which AB 
has to the homologous fide FG» Wherefore, fimilar polygons, 
fitc. Ci: E. D. 

Cor. I. In like manner, it may be proved, that fimilar four- 
fided figures, or of any number of fides, are one to another in 
the duplicate ratio of their homologous fides ; and it has alreadj 
been proved in triangles. Therefore, univerfally fimilar redli-. 
lineal figures are to one another in the duplicate ratio of their 
homologous fides. 

Cor. 2. And if to AB, FG, two of the homologous fides, 

tiio.Def.5. a third proportional M be taken, AB has ^ to M the duplicate 
ratio of that which AB has to FG : But the four-fided figure or 
polygon upon AB has to the four-fided figure or polygon upon 
FG likewife the dupticate ratio of that which AB has to FG ; 
Therefore, as AB is to M, fo is the figure upon AB to the 

tCoMp.tf. figure upon FG; which was alfo proVed in triangles K There- 
fore, univerfally, it is manifeft, that if three ftraight lines be 
proportionals, as the firft is to the third, fo is any re6lilineal 
figure upon the firfi, to a fimilar and fimilarly defcribed figure 
upon the fecond* 



PROP. XXL THEOR. 

REdTiLiNEAL figures which are fimilar to the 
fame reftilineal figure, arc alfo fimilar to one 
another, 
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. Lcl each of the reailfneal figures A, B be fimSar to the fee Book VL 
tilineal figure C : The figure A is fimiiar to the figure B. \m^y^\J 

Becaufe A is fimiiar to C, they are equiangular, and alfo 
have their fides about the equal angles proportionals •. Again, a x.Dcf.^. 
becaufe B is fimiiar to C, thej 
are equiangular, and have th^ir 
fides about the equal angles pro- 
portionals * : Therefore the fi- 
gures A, B are each of them 
equiangular to C, and have the 
fides about the equal angles of each of them and of C propor- 
tionals. Wherefore the redilineal figures A and B are equian- 
gular ^ and have their fides about the equal angles propor-bi.Ax. t. 
tionals *^. Therefore A is fimiiar * to B, Q^ E, D. c xi. 5. 



PROP. XXII. THEOR. 

IF four ftraight lines be proportionals, the fimiiar 
redilineal figures fimilarly defcribed upon them, 
fliall alfo be proportionals ; and if the fimiiar rec- 
tilineal figures fimilarly defcribed upon four fl:raight 
lines be proportionals, thofe ftraight lines ihall be 
proportionals. 

Let the four ftraight lines AB, CD, EF, GH be propor- 
tionals, viz. AB to CD, as EF to GH, and upon AB, CD let 
the fimiiar reftilineal figures KAB, LCD be fimilarly defcri- 
bed ; and upon EF, GH the fimiiar reftilineal figures MF, NH, 
in like manner : The reftilineal figure KAB is to LCD, as MF 
toNH. 

,To AB, CD take a third proportional • X ; and to EF, GH a 11. tf* 
a third proportional O : And becaufe AB is to CD, as EF to 
GH, ana that CD is ^ to X, as GH to O 5 wherefore, bj equa«> 
lity «, as AB to X, fo EF to O : But as AB to X, fo is * the 
Teailineal KAB to the reftilineal LCD, and as EF to O, fo is * 
the reailineal MF to the rcailineal NH : Therefore, as KAB 
to LCD, fo * is MF to NH. 

And if the reftilineal KAB be to LCD, as MF to NH j the 
ftraight line AB is to CD, as EF to GH. 

Make « as AB to CD, fo EF to PR, and upon PR defcribe * 
the reftilineal figure SR fimiiar and fimilarly fituated to either 
of the figures MF, NH : Then, becaufe as AB to CD, fo is 
EF to PR, and that upon AB, CD are defcribed the fimiiar and 
fimilarly fituated reftilineals KAB, LCD, and upon EF, PR, 
in like manner^ the fimiiar redilineals MF, SR ; KAB is to 

U 2 LCD, 



b 11.5, 


c 22. 5» 


d a. Cor. 


20. 6. 


d 2. Cor* 


so. d. 


b 11. 5. 


e 12, 60 


£ i%.€. 
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Book VT. LCD, as MF to SR ; but, by hypothefis, KAB is to LCD, 

^^-^'VN^ as MF to NH ; and therefore the rcftilmeal MF having the 

g 9* 5. fame ratio to each of the two NH, SR, thefe are equal ' to one 




another : They are alfo fimilar, and fimilarly fituated ; there- 
fore GH is equal to PR : And becaufe as AB to CD, fo is EF 
to PR, and that PR is equal to GH ; AB is to CD, as EF t9 
GH. If therefore four ftraight lines, &c. Q^E. D. 

Plop. XXIII. THEOR. 

EQuiANCtJLAR parallelograms have to one another 
the ratio which is compounded of the ratios of 
their fides* 

Let AC, CF be equiangular parallelograms, having the angle 
BCD equal to the angle ECG : The ratio of the parallelograuA 
AC to the parallelogram CF, is the fame with the ratio which 
is compounded of the ratios of their fides. 

Let BC, CG be placed in a flraight line ; therefore DC and 
a 3. Cor. CE are alfo in a ftraight line ^ ; and complete the parallelogram 
15-1. DG; and, taking any ftraight line K, make ^ as BC to CG, 
^ "• ^* fo K to L ; and as DC to CE, fo make ^ L to M : Therefore 
the ratios of K to L, and L to M, are the fame with the ratios 
of the fides, viz. of BC to CG, and DC to CE. But the ra- 
t A«Def.5 tio of K to M is that which is faid to be compounded ^ of the 
ratios of K to L, and L to M : Wherefore alfo K has to M, 
the ratio compounded of the ratios of the fides : And becaufe 
as BC to CG, fo is the parallelogram AC to the parallelogram 
d X. 6. CH * ; but as BC to CG, fo is K to L ; therefore K is * to L, 
«»«*5' as the parallelogram AC to the parallelogram CH : Again, 
becaule as DC to CE, fo is the parallelogram CH to the 
parallelogram CF ; but as DC to CE, fo is L to M ; where- 
fore L is * to M, as the parallelogram CH to the parallelogram 

CF: 
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CF: Therefore, fince it has been proved, that as K to L, fo is Book.VI. 
the parallelogram AC to the pa. 
rallelogram CH ; and as L to M, 
fo the parallelogram CH to the 
parallelogram CF ; by equality ^, 
K is to My as the parallelogram 
AC to the parallelogram CF: 
But K has to M the ratio ^vhich 
is compounded of the ratios of 
die fides ; therefore alfo the pa- 
rallelogram AC has to the pa- 
rallelogram CF the ratio which is compounded of the ratios 
of the fides. Wherefore, equiangular parallelograms, &c. 
<^ E. D. 



PROP. XXIV. THEOR. 

THE parallelograms about the diameter of any 
parallelogram, are fimilar to the whole, and to 
one another. 

Let ABCD be a parallelogram, of which the diameter is 
AC ; and EG, HK the parallelograms about the diameter : The 
parallelograms EG, HK are fimilar both to the whole parallelo- 
gram ABCD, and to one another. 

Becaufe DC, GF are parallels, the angle ADC is equal ^ to 
the angle AGF : For the fame reafon, becaufe BC, EF are pa- 
rallels, the angle ABC is equal to the angle AEF: And each 
of the angles BCD, EFG is equal to the oppofite angle DAB ^, 
and therefore are equal to one another ; wherefore the paral- 
lelograms ABCD, AEFG are equiangular : And becaufe the 
angle ABC is equal to the angle AEF, and the angle BAC 
common to the two triangles BAC, EAF, they are equiangular 
to one another; therefore, ^ as AB to 
BC, fo is AE to EF: And becaufe the 
oppofite fides of parallelograms are equal 
to one another **, AB is ^ to AD, as AE 
to AG; and DC to CB, as GF to FE ; 
and alfo CD to DA, as FG to GA: 
Therefore the fides of the parallelograms 
ABCD, AEFG about the equal angles 
are proportionals ; and they are therefore 
fimilar to one another * : For the fame 
reafon, the parallelogram ABCD is fimilar to the parallelogram 
FHCK. Wherefore each of the parallelograms GE, KH is 
fimilar to DB : But redilineal figures which are fimilar to the 

fame 
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Bpon VI. fame rfftUineal figure, arc alfo fimilar to pne another ^ j there- 
<i<y>^ fovQ the parallelogram GE is fimilar to KH. Wherefore the 
f ai. 6. parallelograms, &c, Q^E. D. 



PROP. XXV. PROB. 

TO defcribe a reftiline.il figure which Ihall be fi- 
railar to one, and equal to another given redlili- 
neal figure. 

Let ABC be the given reftilineal figure, to which the figure 

to be defcribed is required to be fimilar, and D that to which it 

muft be equal ; it is required to defcribe a reftilineal figure 

fimilar to ABC, and equal to D. 

aCor.45.1. Upon the ftraight line BC defcribe * the parallelogram BE 

equal to the figure ABC ; and produce BC to F, and to CE 

apply * the parallelogram CM equal to D, and having FCE for 

one of its angles : Therefore LE and EM are in a ftraight 

b \ *^' '[iine ^ : Between BC and CF find ^ a mean proportional GH, 

c 13. 6. ' and upon GH defcribe * the reftilineal figure KGH fimilar an4 

d 18. 6. fimilarly fituated to the figure ABC : And becaufe BC is to 

GH, as GH to CF, and if three ftraight lines be proportionals, 

e 3. Cor. as the firll is to the third, fo is ^ the figure upon the firfl to the 

ao. 6. fiqiilar and fimilarlj defcribed figure upon the fecond ; therefore, 

as BC to CF, fo is the reftilineal figure ABC to KGH : But as 




f I. ^. BC to CF, fo is ^ the parallelogram BE to the parallelogram 
EF : Therefore, as the reftilineal figure ABC is to KGH, fo is 

g II. 5. the parallelogram BE to the parallelogram EF ^ : And the refti- 
lineal figure ABC is equal to the parallelogram BE ; therefore 

h 14. 5. the reftilineal figure KGH is equal ^ to the parallelogram EF : 
But EF is equal to the figure D ; wherefore alfo KGH is equal 
to D ; and it is fimilar to ABC. Therefore the reftilineal fi- 
gure KGH has been defcribed fimilar to the figure ABC, and 
equal to D. Which was to be done, 

PROP. 
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PR^. XXVL THEOR. 

IF two fimilar and fimilarly placed parallelograms 
have a common angle ; they are about the fame 
diameter. 

Let the parallelograms ABCD^ AEFG be fimilar and fimilarly 
fituated^ and have the angle DAB common : They are about 
the fame diameter. 

Join AF,. FC, and produce GF to H : and becaufe the paral« . 
lelograms BD, G£ are fimilar, DA is to 

AB, as * GAtoAE: therefore there- AG J> ax.Def.5. 
xnainder DG is to the remainder BE, as 
GA to AE »» : But DG is equal to HC «, ^. I \ /„ / bCor.ip.s, 

BE to HF, and AE to GF ; therefore CH / ^kf / "" ^^' "* 

is to HF, as AG to GF : and the angle 
CHF is equal to AGF * ; therefore the 
triangles CHF, AGF are equiangular * ; 
and the angle CFH is therefore equal to 
AFG : and GFH is a ftraight line ; there- 
fore AF and FC are in the fame ftraight line ^ Wherefore, f 3- Cor. 
etc. Q^E. D, '5«- 

PROP. XXVII. THEOR. 

OF all equiangular parallelograms contained by SceN, 
fegments of the fame ftraight line, and ftraight , 
Hnes which have to the remaining fegments the fame 
ratio, the greateft is that which is defcribed upon the 
half of the line. 

Let AB be a ftraight line divided into two equal parts in C ; 
and upon AC let the parallelogram AD be defcribed, and join 
BD : and let AK be any other part of AB ; and draw * KF a 3»« «• 
parallel to CD, and FG parallel to AB : and becaufe the angles 
DCB, ¥KB are equal, and DBC common to the triangles DCB, 
FKB, therefore DC is to CB, as ^ FK to b 4. €. 

KB : The equiangular parallelograms AD, 
AF are therefore contained by the fegments 

AC, AK, and by DC, KF which have the 
fame ratio to the remaining fegments CB, 
KB : The parallelogram AD is greater 
than AF. Complete the parallelogram 
CE, arid produce GF to meet BE in H, 
and let KF meet D£ ia L. 

Firft, 
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Book VI Firft, Let AK be greater than AC : and becaufe the comple* 

V.^V^ ment CF is equal *^ to FJE ; the whole DH is greater than CF : 

^ 43. I. Bat DH IS equal ^ to DG, for HM is equal to MG. becaufe 
d35. I. • ,*^. . .* ' ^ 



c 43. >. 
d 3(S. 1. 



BC is equal to CA; therefore DG is 
greater than CF : to each of thefe add 
CG ; then the whole AD is greater than 
the whole AF. 

Next, Let AK be lefs than AF : and be- 
caufe the complement DK is equal c to 
DH ; and that DH is equal ^ to DG, for 
HM is equal to MG, becaufe BC is equal 
to CA ; therefore DK is equal to DG ; 
DK is therefore greater than LG : to each 
of thefe add AL ; then the whole AD is 
greater than the whole AF. Wherefore, Stc. 




Q^E.D. 



SecN. 



a ic. I. 
b «3. I. 

c 12. 6. 



PROP, XXVni. PROB. 

To divide a given ftraight line into two parts, 
fo that the parallelogram having a given angle 
contained by one of the parts, and the ftraight line 
which has a given ratio to the other part, fhall be 
equal to a given redlilineal figure : But this figure 
muft not be greater than the parallelogram upon 
half of the line, having the given angle contained 
by fides in the given ratio. 

Let AB be the given ftraight line, and C the given reAilineal 
figure, and KDL the given angle contained by the fides KD, 
DL, which have a given ratio to one 
another : and let C not be greater than 
the parallelogram upon the half of AB, 
having an angle equal to KDL contained 
by fides which are to one another as KD 
to DL. It is required to divide AB 
into two parts, fo that the parallelogram 
having an angle equal to KDL contained 
by one of thefe parts, and the ftraight 
line, which is to the other part as LD to 
DK, fliall be equal to C. 

Bifea * AB in E, and at B make ^ 
the angle EBF equal to KDL, and as 

KD is to DL, fo make c EB to BF, and complete the parallelo- 
gram EF : Then, if EF be equal to C, what was required is 
done I for EF has the angle EBF equal to KDL contained by 

BC 
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BE one of the parts of AB, and BF, which is to the other part Book VI. 
AE, as LD to DK. V^-nT^ 

But, if EF be not equal to C, it is greater than it. To BF 
apply ** the parallelogram MF equal to C, and having EBF for dCor.45.i* 
one of its angles : and find * ES a mean proportional between c 13. 6. 
BE and EM ; and join BG, and draw ' SP parallel to GE or f 31, i. 
BF, meeting BG in P, and complete the parallelogram AP ; it 
is equal to C. Becaufe EB is to ES, as ES to EM, by conver- 
fion ^, EB is to BS, as ES to SM : and as one of the antece* g E. 5. 
dents to its confequent, fo are all the antecedents to all the con- 
fequents ^ ; therefore, as EB to BS, fo is AS to BM : But as EB h la. 5. 
to BS, fo J^ is EG or BF » to SP : therefore, as AS to BM, fo k 4. 6. 
"* is FB to SP ; that is, the fides of the parallelograms AP, MF ^34- '• 
about their equal angles are reciprocally proportional ; therefore 
the parallelogram AP is equal " to\FM : but FM is equal to C ; " ^^' ^' 
therefore AP is equal to C. Wherefore AB is cut in S, fo that 
the par^lelogram AP, having the angle ASP equal to KDL, 
contained by AS, and SP, which is to SB^^ as LD to DK, is 
equal to C» Which was to bt done. 

PROP. XXIX. PROS. 

TO produce a given ftraight line, fo that the pa- 
rallelogram having a given angle contained by 
the whole produced line, and the ftraight line which 
has a given ratio to the produced part, fliall be equal 
to a given redlilineal figure. 

Let AB be the given ftraight line, and C the given reftilineal 
figure, and GDH the given angle of which the fides have a 
given ratio to one another : it is required to produce AB bejond 
B, fo that the parallelogram having an angle equal to GDH, . 
contained by the whole produced line, and the ftraight lioe^ which 
is to the produced part as HD to DG, fhall be equal to C. 

Bifea * AB in E, and ^ a 10. x. 

produce it to K, and at B F L M 

make ^ the angle LBK equal Nv ••• \ \ b 13. i. 

to GDH, and as GD to \ \. \ A 

DH, fo "^ make EB to BL, A \K x\B O \ c it. 4 

and complete the parallelo- \ \. \ ^ 

gram EL; and to BL ap- \ -^"X, 

plj ^ the parallelogram LK ^T dCor.4S.i. 

equal to C, haviog LBK for y/x. * 

one of its angles ; and be- X \. \ 

twecn EB and EK find * a / G \. jS & ^ '^' ^* 

mean proportional EO ; and ^/_ ^s^ ^ 

X join 
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BboKL VI. join FB, and draw ^ OX parallel to EF or BL, tiieeting FB 

^^-^v-*^ produced in X, and complete the parallelogram AX ; it is equal 

i 31- I. to C. 

g 17, 5. Becaufe KE is to EO, as EO to EB ; by divifion s, KO is to 
OE9 as OB to BE or E A : and as one of the antecedents to its 

h iz. 5. confequcnt, fo are all the antecedents to all the confequents ** ; 

therefore, as BK is to AQ, fo is OB to BE : but as QB to BE^ 

I 2. 6. fo ? is OX to 5F or BL ; therefore "* KB is to OA, as OX to 

mil. 5. BL; that is, the fides of the parallelograms LK, AX, about 
their equal angles LBK, AOX, are reciprocally proportional ; 

n 14, 6. ^erefore AX is equal to LK ° : and LK is equal to C ; there- 
fore AX is equal to C Wherefore, the ftraight line AB is 
produced to O, fo that the parallelogpram AX having the angle 
AOX equal to GDH contained by the whole AO, and the fide 
OX, which is to the produced part OB, as HD to DG, is equal 
to the given reftilinesd figure C. Which was to be done. 



PROP. XXX. PROB. 

'O cut a given ftraight line in extreme and meai^ 
ratio. 

. Let AB be the given ftraight line ; it is required to cut it in 

extreme and mean ratio, 
a 46. X. * Upon AB defcribe * the fquare BC ; and produce ^ CA to 
b 29. 6» G, fo that the reftangle contained by CG, and GD, equal to 

GA, be equal to BC : And becaufe AG is 

equal to GD, the figure AD is a fquare : and 

becaufe BC is equal to CD, by taking the 

common part CE from each, the remainder 

BF is equal to the remainder AD : and thefe 

figures are equiangular ; therefore their fides 

about the equal angles are reciprocally pro- 
c 14. ^. portional * : wherefore, as FE to ED, fo is 
d 34. I. AE to EB : But FE is equal to AC ^ that Jr 

is, to AB ; and ED is equal to AE ; there- 

fore, as BA to AE, fo is AE to EB : but AB is greater than 
c 14* 5« AE ; wherefore AE is greater than EB *. 

Therefore the ftraight line AB is cut in extreme and mean 
f 3.Def.5. ratio inE ^. Which was to be done. 

Otherwifc, 
Let AB be the given ftraight line j . it is required to cut it in 
extreme and mean ratio, 

^ : Divide 
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. Divide AB in the point C, fo that the re&angle conUuned Book VI. 
bj AB, BC be equal to the fquare of AC »• __^__^ K^^y^^ 

Then, becaufe the re&angle AB, BC is equal ^ C ^5 g "• a. 
to the fqaare of AC, as BA to AC, fo is AC 

to CB * : Therefore AB is cut in extreme and mean ratio in C '• h 17- ^. 
Which was to be done. ^ 3« D«f. ^. 



PROP. XXXI. THEOR. 

IN right angled triangles, the reftilineal figure de- 
fcribed upon the fide oppofite to the right angle, 
is equal to the fimilar, and fimilariy defcribed figures 
upon the fides containing the right angle. 

Let ABC be a right angled triangle^ having the right angle 
BAC : The re&ilineal figure defcribed upon BC is equal to the 
fimilar and fimilarlj defcribed figures upon BA> AC. 

Draw * the perpendicular AD ; therefore, becaufe in the a ii. i. 
right angled triangle ABC, AD is drawn from the right angle 
at A perpendicular to the bafe BC, the triangles ABD, ADC 
are fimilar to the whole triangle ABC, and to one another ^ : b 8, d. 
and becaufe the triangle ABC is fi. 
milar to ADB, as CB to BA, fo is 
AB to BD «; and becaufe thefe 
three ftraight lines are proportio- 
nals, as the firft to the thirds fo is 
the figure upon the firfl to the fi- 
milar and fimilarlj defcribed fi. 
gure upon the fecoud ^ j therefore, 
as CB to BDy fo is the figure upon 

CB to the fimilar and fimilariy defcribed figure upon BA: 
and inverfelj *, as DB to BC, fo is the figure upon BA to c B. 5. 
that upon BC : For the fame reafon, as DC to CB, fo is 
the figure upon CA to that upon CB. Wherefore, as BD 
and DC together to BC, fo are the figures upon BA, AC 
to that upon BC ^ : But BD and DC together arc equal to f a4- 5. 
BC ; therefore the figure defcribed on BC is equal « to the g a. 5, 
fimilar and' fimilariy defcribed figures on BA, AC. Wherefore* 
&c. Q-^ E. D. * 
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Book: VH pROP. XXXII. THEOR. 

F tAyo triangles which have two fides of the one 
proportional to two fides of the other, be joined 
at one angle, fo as to have their homologous fides 
parallel to one another; the remaining fides fliall 
be in a fl:raight line. 

Let ABC, DCE be two triangles which have, the two fides 

BA, AC proportional to the two CD, DE, viz. BA to AC, as 

CD to DE ; and let AB be parallel to DC, and AC to DE, 

Be and CE are in a ftraight line, 
a 31- !• Draw * EF parallel to AB or CD, and let it meet AC pro- 
^ ^^' ^' duced in F ; therefore CDEF is a parallelogram \ and CD is 

therefore equal ^ to EF, and DE to 

CF : But BA is to AC, as CD to 

DE ; therefore BA is to AC, as EF 

to FC : and the alternate angles B AC, 
c ap. I. CFE are equal ^ ; therefore the tri- 
angles ABC, CFE are equiangular, 

and have the angle ACB equal to 

ECF : But ACF is a ftraight line ; 

therefore BC and CE are in the 

fame ftraight line. Wherefore, &c. 

Q^E. D. 

PROP. XXXIII. THEOR. 

IN equal circles, angles, whether at the centres or 
circumferences, have the fame ratio which the 
arches on which they fl:and have to one another: 
fo alfo have the fedlors. 

Let ABC, DEF be equal circles ; and at their centres the 
. angles BGC, EHF, and the angles BAC, £DF at their cir- 
cumferences; as the arch BC to the arch EF, fo is the angle 
BGC to the angle EHF, and the angle BAC to the angle EDF; 
and alfo the feftor BGC to the fcftor EHF. 

Take any number of arches CK, KL, each equal to BC, fo 
that BL be greater than EF ; and join GK, GL : And becaufe 
the arches BC, CK, KL are all equal, the angles BGC, CGK, 
a 37. 3. KGL are alfo all equal * ; therefore the arch BL is the fame 
multiple of the arch BC, that the angle BGL is of the angle 
BGC. Take, in like manner, the arch EM the Icaft multiple 

of 




OF EUCLID. 



j6s 




a 27. 3. 



of the arch EF, that is greater than the arch BL, and join Boo^ VI. 
HM ; and it may be proved as before, that the angle EHM Is Vi,^v^^ 
the fame multiple of the angle EHF : confequently the angle 
FHM contains EHF the Came number of times that the arch 
FM contains £F : and 

D 



if the arch BL be A^ 
equal to FM, the yj^ 
angle BGL is alfo / / \ 
equal* to FHM: If/ M 
not, the arch BL is 1 / 
greater than FM, but \ / > 
lefs than EM the \l/ 
next greater mul- 
tiple of EF ; and 
the angle BGL is 
greater than FHM, but lefs than EHM : therefore each of the 
arches BL, FM contains EF the fame number of times, and 
each of the angles BGL, FHM contains EHF the fame number 
of times : But the arch FM and the angle FHM contain EF 
and EHF equally ; therefore the arch BL and angle BGL con* 
tain EF and EHF equally : and BL and BGL are any equimul- 
tiples of BG and BGC ; as many times, therefore, as any mul- 
tiple of BC contains EF, fo many times does the fame multiple . 
of the angle BGC contain EHF ; therefore, as the arch BC is 
to the arch EF, fo ^ is the angle BGC to the angle EHF.- But bs.Dcf.5. 
as the angle BGC to the angle EHF, fo *^ is the angle BAC to ^ '5- 5- 
EDF, for each is double of each ** : Therefore, as the arch BC d «o. 3. 
to the arch EF, fo is the angle BGC to EHF, and the angle 
BAC to the angle EDF. 

' Alfo, as the arch BC to EF, fo is the fedor BGC to the 
feSor EHF. 

Join BC, CK, and in the arches BC, CK take any points 
X, O, and join BX, XC, CO, OK : Then, becaiife in the tri- 
angles GBC, GCK 
the two fides BG,GC 
are equal to the two 
CG, GK, and tbat 
they contain equal 
angles $ the bafe BC 
is equal * to CK, 
and the triangle BGC 
to CGK : and becaufe 
the arch BC is equal 
to CK ; if each of them be taken from the whole circumference, 
the remainder BAKG is equal to the remainder CBAK; there- 
fore the angle BXC is equal * to the angle COK j and the feg- a 37. 3» 

Dient 
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Book VI. ment BXC is therefore fimilir ' to the fegment COK : and thej^ 
K^>t^J are upon equal bafes BC, CK ; therefore they are equal ^ to one 
fii.Def.3. another: and the triangle BGC is equal to the triangle CGK ; 
S *4« 3« therefore the whole fedror BOG is equal to the whole fe£tor 
CGK. For the fame reafon, the fedor KGL is equal to each 
of the feaors BGC, CGK : Therefore the fedor BGL is the 
fame multiple of the fedor BGC, that the arch BL is of the 
arch BC. In the fame manner, it may be proved, that the 
feaor EHM is the fame multiple of the fedor EHF, that the 
arch EM is of the arch EF ; and that, if the arch BL be equal 
to the arch FM, the feftor BGL is equal to the feAor FHM ; 
and if BL be not equal to FM , it is greater than it, but lefs 
than EM j therefore the feftor BGL is greater than the fedor 
FHM, but lefs than the feftor EHM : Wherefore the arch BL 
and the feftor BGL contain the arch EF and feftor EHF the 
fame number of times that the arch FM and feftor FHM con4 
tain them, that is, equally: as many times, there&re, as- any 
multiple of the arch BC contains the arch EF, fo many times 
does the . fame multiple of the feftor BGC contain the feftoY 
b5.Dcf.s.EijF. therefore, as the arch BC to the arch EF, fo *» is the 
feftor BGC to the feftor EHF. Wherefore, Sec. Q^E. D* 



PROP. B. THEOR. 

IF an angle of a triangle be bifefted by a ftralght 
line, which alfo cuts the bafe ; the redangle 
contained by the fides of the triangle is equal to 
the reftangle contained by the fegments of the bafe, 
together with the fquare of the ftraight line bifefting 
the angle. 

Let ABC be a triangle, and let the angle BAC be bifcfted 

by the ftraight line AD ; the reftangle BA, AC is equal to the 

rcftangle BD, DC, together with 

the fquare of AD. ^^ ^ j^ 

a 5. 4. Defcribe * the circle ACB about 

the triangle, and produce AD to E, 

and join EC : Then, becaufc the ._ , 

angle BAD is equal to CAE, and ■*^[ 
bzi. 3. theangleABD to the angle AEC ^ 

for they are in the fame fegment 

ABEC; the triangles ABD, AEC 
, are equiangular : therefore, as BA 
c 4. 6. to AD, fo * is EA to AC ; and £ 

confequently the reftangle BA, AC 

is 
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U equal * to the reftangle EA, AD, that is % to the reftangle Book VI. 
ED, DA, together with the fquare of AD : But the reSangle V^^Vx-/ 
ED, DA is equal ' to the rcdangle BD, DC ; therefore die ^ ««• <^- 
reftangle BA, AC is equal to the reftangle BD, DC, together * ^' * 
with the fquare of AD. Wherefore, &c. Q^ E. D. ^^' 



t. 

.3- 



PROP. C. THEOR. 

IF from any angle of a triangle, a ftraight line 
be drawn perpendicular to the bafe ; the red- 
angle contained by the fides of the triangle, is equal 
to the redangle contained by the perpendicular and 
the diameter of the circle defcribed about the tri- 
angle. 

Let ABC be a triangle, and AD the perpendicular from the 
angle A to the bafe BC ; the reftangle BA, AC is equal to the 
reftangle contained by AD and the 
(diameter of the circle defcribed 
about the triangle. 

Defcribe ■ the circle ACB about / ^.^y""^ / \ Vv * 5« 4» 

the triangle, and draw its diameter 8 i 
AE, and join EC : Becaufe the 

angle BDA is equal ^ to the angle \ / ^y^ j b 31. 3. 

ECA in a femicircle, and the angle 
ABD to the angle AEC in the 

fame fegment ^ ; the triangles ABD, p^***-..—- -^^ c 21. 3., 

AEC are equiangular : Therefore, 
as ** BA to AD, fo is EA to AC ; and confequently the reSangle d 1. d. 
BA, AC is equal * to the reftangle EA, AD. If, therefore, t 16.6. 
Sec. Q^E. D. 

PROP. D. THEOR. 

THE redangle contained by the diagonals of a 
quadrilateral infcribed in a circle, is equal to 
both the redangles contained by its oppofite fides. 

Let ABCD be a quadrilateral infcribed in a circle, and draw 
the diagonals AC, BD ^ the redangle AC, BD is equal to the 
two reftangles AB, CD and AD, BC. 

If the angle ABD be equal to DBC, let AC, BD meet in E : 
But, if they be not equal, let ABD be the greater ; and make * a 23. x. 
the angle ABE equal to the angle DBC^ therefore, if the 

angle 
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Book VI. angle DBE be added to each of them, the angle ABI) is eqnal* 
K.yy^^ to EBC. 

Becaufe the angle ABD is equal 
to EBC, and the angle BDA to the 
angle BCE, for they are in the fame 
b 2T. 3. fegment BCD A ^ ; the triangles ABD, 
C4'<5» BCE are equiangular: Wherefore % 
as BD to DA, fo is BC to CE ; and 
confequentlj the reftangle BD, CE 
d i€.6. is equal * to the reftangle AD, BC. 
Again, becaufe the angle ABE is 
equal to the angle DBC, and the 
angle BAE to the angle ^ BDC ; the triangle ABE is equian- 
gular to BCD : as, therefore, B A to AE, fo *= is BD to DC ; 
wherefore the reftangle BA, DC is equal to the reftangle BD, 
AE : But the rcftangle BC, AD has been Ihown equal to the 
redangle BD, CE ; therefore the 
c 1, 3. whole reftangle AC, BD * is equal 
to the yeftangle AB, DC, together 
with the reftangle AD, BC. Where- 
fore, &c. Q^E.D. 

Cor. If ad be equal to DC, or 
the angle ABD equal to DBC, the 
reftangle AC, BD is equal to the 
reaangles AD, BC and AD, AB; 
that is, to the reftangle contained by 
AD and the fum of AB and BC. Confequently AB, BC toge- 
ther are to BD, as AC to AD, 



PROP. E. THEOR. 

IF two points be taken in the femidiameter of % 
circle, fuch that the redlangle contained by the 
fegments between them and the centre is equal to 
the fquare of the femidiameter : ftraight lines drawn 
from thefe points to any point of the circumference 
fliall have the fame ratio that the fegments of the 
diameter between them and the circumference have 
to one another. 

Let ABC be a circle, of which AC is the diameter, and D 
the centre ; and let E, F be two points in AC, on the fame fide 
of the centre, fo that the reftangle ED, DF is equal to the 
fquare of AD ; and draw EB, FB to any point B of the cir- 
cumference : EB is to FB, as EA to AF. 
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Join AB, BD; and becaufe the reSangle ED, DF is equal Book. VI. 
to the fquare of AD or DB^ FD is to DB, as » DB to DE; ' 
chat is, the fides of the tri- 

angles FBD, EBD, about |^ /^-^G 

their cooamon angle D, arc 
proportionals ; therefore the 
triangles are equiangular **, 
and have the angle FBD 
equal to BED: But IJED 
is equal ^ to the two EAB, 
ABE ; therefore the two 
EAB, ABE are equal to 

FBD : of which EAB is equal ^ to ABD, becaufe BD is equal 
to DA; therefore the remaining angle ABE is equal to the re- 
maining angle ABF ; that is, the angle FBE is bifeded by 
BA: Wherefore, as FB to BE, fo « is FA to AE. Therefore, 
&c. Q^E. D. 

Cor. Hence, AB bifefts the angle FBE. And if BC^ be 
joined, and FB produced to G: becaufe the angleABCma 
femicircle is a right angle *^, it is half the fum of the angles 
FBE and EBG s ; of which the angle ABE is the half of 
FBE ; therefore the remaining angle EBC is the half of the 
remaiijiDg angle EBG: Therefore BC bifefts the exterior angle 
EflG. 



ds. 



C3.<r. 
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DEFINITIONS. 

A I- 

Solid is that tKrl^icb hath lengthy breadth^ and tbickneFi^* 

That which bounds a folid is a fuperficies. 

Ill- 
A ftraight line is perpendicular, or at right angles to a plane, 
when it makes right angles with everj ftraight line meeting 
it in that plane. 

IV. 
A plane is perpendicular to a plane, when the ftraight lines 
drawn in one of the planes perpendicularly to the common 
fedtion of the two planes, are perpendicular to the other 
plane. 

V 
* The inclination of a ftraight line to a plane is the acute angle 
contained by that ftraight line, and another drawn from the 
point in which the firil line meets the plane, to the point in 
which a perpendicular to the plane drawn from any point of 
the fir ft line above the plane, meets the fame plane. 

VI. • 

See N. The inclination of a plane to a plane is the angle contained by 
two ftraight lines drawn from any the fame point of their 

common 
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icotiimon feftion at right angles to it, one upon one plane, and Book XI. 
the other upo^ the other phne. K,,XY^ 

VII. 

Two planes are faid to have the fame, or a like inclination to 
one another, which two other planes have, when the faid 
aneles of inclination are equal to one another. 
* Vlll. 

JParallel planes iM:e fuch a* do not meet one another though pr<^ 
duoed. 

IX. 
Similar folid figures are fuch as are contained by the fame num* See N. 
ber of fimilar plm^ bayij^ the fame indination to one an- 
other. 

X. Omitted. Sec N. 

XI. 
A folid angle is that which is made bj the meeting of more than ^ee N. 
two plane angles, which are not in the fame plane, in one 
point, the inclinations of all the planes being inwards. 

A. 
A parallelepiped is a folid figure contained by fix quadrilateral 
figures, whereof every oppofite two are parallel. 

XII. 
A pyramid is a folid figure contained by planes that are condi- 
tuted betwixt one plane and one point above it in which thej 
meet. 

XIII. 
A prifm is a folid figure contained by plane figures of whicl^. 
two that are oppofite are equal, fimilar, and parallel to one 
another ; and the others parallelograms. 

XIV. 
A fphere is a folid figure defcribed by the revolution of a femi- 
circle about its diameter, which remains unmoved. 

XV. 
The axis of a fphere is the fixed ftraight line about which the 
femicircle revolves. 

XVI. 
The centre of a fphere is the fame with that of the femicircle. 

XVII. 
The diameter of a fphere is any ftraight line which pafles 
through the centre, and is terminated both ways by the fuper- 
ficies of the fphere. 

XVJII. 
A cone is a folid figure defcribed by the revolution of a right 
angled triangle about one of the fides containing the right 
angle, which fide remains fixed. 

Y 2 XIX. 
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Book XI. XIX. 

VrfOi^-^ The axis of a. cone is the fired ftraight line about which the 
trianc'Ie revolves. 

, XX. 

-The bafe of- a cone is the circle defcribed by that fide contaifiing 
the right angle, which revolves. 

XXL 
-A cylinder is a foKd figure defcribed by the revolution of a rigl«: 
angled parallelogram about one of its fides, which ineinains 
fixed. 

XXIT. 
The axis of a cylinder is the fixdi ftraight line about which the 
parallelogram revolves. 

XXIII. 
The bafes of a cylinder are the circles defcribed by the two re- 
volving opp»fite fides of the parallelogram. 
XXIV. 
Similar cones and cylinders are thofe which have their axes and 
the diameters of their bafes proportionals. 



PROP. I. THEOR. 

ON.I£ part of a ftraight line cannot be in a plane, 
and another part above it. 

If it be poffible, let AB, part of the flraight line ABC, be in 
the plane, and the part BC above it : And fince the ftraight 
line AB is in the plane, it can 

be produced in that plane : Let ^-^^'^t 

it be produced to D : And let \ "~ _~,.r^ C' 



any plane pafs through the 



V 



flraight line AD, and be turned \J^ ^ I> \ 

about it until it pafs through ~ 

the point C ; and becaufe the points B, C, are in thi^ plane, 

a 7.Def.i. the ftraight line BC is in it * : Therefore there arc two ftraight 
lines ABC, ABD in the fame plane that have a common fcg. 

bi©;Ax.i.ment AB ; which is impoffiblc *. Therefore one part, &c. 
Q^E.D. 

PROP. XL THEOR. 

TWO fti-aight lines which cut one another are in 
one plane, and three ftraight bnes which meet 
one another are in one plane. 

L«t 
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' Let two flraight lines AB, CD cut one another in E ; AB, BooitXL 
XD are one plane : And three ftraight lines EC, CB, BE which V-OTV/ 
meet one another, are in one plane. 

Let any plane pafs through the flraight 
line EB, and let the plane be turned 
about EB, produced, if neceffary, until 
it pafs through the point C : Then, be- 
^aufe the points E, C are in this plane, 
the ftraight line EC is in it » : For the 
fame reafon^ the ftraight line BC is in 
the fame ; and, by the hvpothefis, EB 
is in it : Therefore the three ftraight 
lines EC, CB, BE are in one plane : 
But in the plane in which EC, EB are, in the fame are ^ CD, b i. ii. 
AB : Therefore AB, CD are in one plane. Wherefore two 
ftraight lines, &c. Q^E. D. 




a 7 Def.i. 



PROP. IIL THEOR. 

IF two planes cut one another, their common fedion 
is a ftraight line. 

Let two planes AB, BC, cut one another, and let the line 
DB be their common feftion : DB is a 
ftraight line : If it be not, from the point 
D to B, draw, in the plane AB, the 
ftrafght line DEB, and in the plane BC 
the ftraight line DFB : Then two ftraight 
lines DEB, DFB have the fame extremi* 
ties, and therefore include a fpacc be- 

twixt them ; which is impoflible * : There- N\/ a io,Xx*i, 

fore BD, the common fedion of the planes 
AB, BC, cannot but be a ftraight line. 
Wherefore, if two planes, &c. Q. E. D. 




PROP. IV, THEOR. 

IF a ftraight line ftand at right angles to each of 
two ftraight lines in the point of their inter- 
fed:ion, it ftiall alfo be at right angles to the plane 
which paffes through them, that is, to the plane in 
which they are. 

Let the ftraight line EF ftand at right angles to each of the 
ftraight lines AB, CD in E, the point of their interfeftion: EF 
IS alfo at right angles to the plane paftUng through AB^ CD. 

Take 
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Book. Xt Take the ftraight lines A£, EB, CE, ED all equal to ocie 

^-^VXi^ another ; and through E draw, in the plane in which arc ABj 
CD, any ftraight line GEH ; and join AD, CB ; then, from anj 
point F in EF, draw FA, FG, FD, FC, FH, FB : And becaufe 
the two ftraight lines, AE, ED are equal to the two BE, £C| 
and that they contain equal angles ^ AED, BEC> the bafe AD 
is equal ^ to BC, and the angle DAE to EBC : And the angle 
AEG is equal to BEH * ; therefore the triangles AEG, BEH 
have two angles equal to two, and the fides AE, £B, adjacent 
to equal angles, are equal ; the fide GE is therefore ^ equal to 
EH, and AG to BH : And becaufe AE is equal to EB, and 
FE common, and at right angles to them, the bafe AF is equal ^ 
to FB ; for the fame reafon, GF is equal to FD : And becaufe^ 
AD is equal to BC, and AF to FB, the two fides FA, AD are 
equal to FB, BC, each to each ; and 
tlie bafe DF was proved equal to FC ; 
d 8. 1, therefore the angle FAD is equal ** to 
FBC: Again, it was proved, that G A 
is equal to BH, and alfo AF to FB ; 
FA, then, and AG, are equal to FB 
and BH, and the angle FAG has been 
proved equal to FBH ; therefore the 
bafe GF is equal *> to FH : Again, 
becaufe it was proved, that GE is 
equal to EH, and EF is common ; GE, 
EE are equal to HE, EF ; and the bafe GF is equal to FH ; 
therefore the angle GEF is equal ^ to HEF; and confequenrly 

cio.Dcf.i. each of thefe angles is a right * angle ; therefore FE makes right 
angles with GH. In like manner, it may be proved, that FE 
makes right angles with every ftraight line which meets it in the 
plane pafiing through AB, CD. But a ftraight line is at right 
angles to a plane when it makes right angles with every ftraight 

f3.Dcf.11. line which meets it in that plane ^ : Therefore EF is at right 
angles to the plane in which are AB, CD. Wherefore, if a 
ftraight line, &lc. Q^ E. D. 




PROP. V. tHEOR* 

IF three ftraight lines meet all in one point, and a 
ftraight line ftands at right angles to each of them 
in that point ; thefe three ftraight lines are in one and 
the fame plane. 

let the ftraight line AB ftand at right angles to each of the 
ftraight lines BC, BD, BE, in B the point where they meet ; 
BC, BDy B£ ^re in ooie and the fame plane. 

If 
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If not, let, if it be poiCble, BD and BE be io one plane, and Book XL 
JBC be above it ; and let a plane paTs through AB, BC, the V^V^i^ 
common fe&ion of which, with the plane in which BD and BE 
are, ihall be a ftraight * line ; let this be BF : Therefore the 
|bree ftraight lines AB, BC, BF are all in one plane, vir. that 
which pa&s through AB, BC ; and becaufe AB ftands at righc 
angles to each of the ftraight lines BD, BE, it is alfo at right 
angles ^ to the plane pafling through them ; and therefore nl^k90 
right angles ^ with every ftraight line 
meeting it in that plane : But BF, which is 
in that plane, meets it; therefore the 
angle ABF is a right angle : but the 
jsmgle ABC, by the hjpothefis, is alfo a 
right angle ; therefore the angle ABF 
IS equal to the angle ABC, and they 
are both in the fame plane; which is 
impoffible : Therefore the ftraight line 
BC is not above the plane in which are 

BD and ££ : Wherefore the three ftraight lines BC, BD, BE 
are in one and the fame plane. Therefore, if three ftraight 
Jines, Sec. Q^E. D. 



I 



PROP. VI. THEOR. 

F two ftraight lines be at right angles to the fame 
plane, they fhall be parallel to one another. 

Let the ftraight lines AB, CD be at right angles to the fame 
plane ; AB is parallel to CD. 

Let them meet the plane in the points B, D, and draw the 
ftraight line BD, to which draw DE at right angleS; in the 
fame plane ; and make DE equal to AB, 
and join BE, AE, AD, Then, becaufe 
AB is perpendicular to the plane, it fliall 
make right * angles with every ftraight 
line which meets it, and is in that plane : 
But BD, BE, which are in that plane, 
do each of them meet AB ; therefore 
each of the angles ABD, ABE is a right 
angle : For the fanae reafon, each of the 
angles CDB, CDE is a right angle: 
And becaufe AB is equal to DE, and BD 
common, the two fides AB, BD, are equal 
to the two ED, DB ; and they contain 
right angles ; therefore the bafe AD is equal ^ to the bafe BE : 
Again, becaufe AB is equal to DE, and BE to AD ; AB, BE 
gre equal to ED, DA 5 and, in the triangles ABE^ EDA, the 

bafe 
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Book XI. bafc AE is common ; therefore the angle ABE is equal ^ to the 

v^vx-' angle EDA,: But ABE is a right angle ; therefore EDA is 

c 8. 1. alfo a right angle, and ED perpendicular to DA : But it is alfo 

perpendicular to each of the two BD, DC : Wherefore ED is 

at right angles to each of the three ftraight lines BD, DA, DC 

in the point in which thej meet : Therefore thefe three ftraight 

d 5. II. lines are all in the fame plane "^ : But AB is in the plane in 

which are BD, DA, becaufe any three ftraight lines which meet 

c 2. n. one another are in one plane ^ ; therefore AB, BD, DC are in 

one plane : And each of the angles ABD, BDC is a right angle ; 

f zs. I. therefoie x\B is parallel ' to CD.. Wherefore, if two ftraight 

lines, &c. Q^E. D. 



PROP. VII. THEOR. 

See N. TF two ijraight lines be parallel, the ftraight line 
X drawn from any point in the one to any point in 
the other, is in the fume plane with the parallels. 

ajs.Dcf.i. For the parallels are in the fame plane ': and a ftraight lini^ 
by.Def. I. joining two points in a plane lies wholly in that plane ^. 



PROP. VIII. THEOR... 

SceN. TF two fl:raight lines be parallel, and one of tlifem be 
i at right angles to a plane ; the other alfo fliall be 
at right angles to the fame plane. 

Let AB, CD be two parallel ftraight lines, and let one of 
them AB be at right angles to a plane ; the other CD is at right 
angles to the fanae plane. 

Let AB, CD meet the plane in the 

« 7. 1 1, points B, D, and join BD : Therefore * 

AB, CD, BD are in one plane. In the 

plane to which AB is at right angles, 

draw DE at right angles to BD, and 

make DE equal to AB, and join BE, 

AE, AD. And it may be demonftrated, 

as in the fixth propofition, that the angles 

ABD, ADE are right angles ; therefore 

DE is perpendicular to DA : But it is 

alfo perpendicular to £D j therefore ED 

b 4. u. ^^ perpendicular ^ to the plane which pafles 

C3.D^f.n. through BD, DA, and fliall ^ make right 

angles 
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angles vkh every ftraight line meeting it in that plane : But Book XI. 
DC is in the plane paffing through BD. DA, becaufe all three v-^v-n-/ 
are in the plane in which are the parallek \B, CD * : Where^ a 7. u. 
fore £D is at right angles to DC ; and therefore CD is at right 
angles to DE: But CD is alfo at right angles to DB, for the 
interior angles ABD, BDC being equal to two right angles ', d ig, u 
and ABD a right angle, CDB is alfo a right angle ; CD then is 
at right angles to the two Itraight lines D£, DB in the point of 
their interfe&ion D ; and therefore it is at right angles ^ to the b 4. ii» 
plane paffing through DE, DB, which is the fame plane to 
which AB is at right angles. Wherefore, &k. Q^E. D» 



PROP. IX. THEOR. 

TWO ftmight lines which are each of them parallel 
to the fame ftraight line, and not in the fame 
plane with it, are parallel to one another. 

Let AB, CD be each of them parallel to EF, and not in the 
fame plane with it ; AB fhall be parallel to CD. 

In EF take any point G, from which draw, in the plane 
paffiag through EF, AB, the ftraight line GH at right angles to 
£F ; and in the plane paffing tHrough EF, CD, draw GK at 
right angles to the fame EF. And 
becaufe EF is perpendicular both to ^^ ^^ __ 

GH and GK, it is perpendicular * to \ ""* a4« "• 

the plane HGK paffing through them : 

And EF is parallel to AB ; therefore 

AB is at right angles ** to the plane E ^G f b 8. ii. 

HGK. For the fame reafon, CD is 

likewife at right angles to the plane 

HGK. Therefore AB, CD are each 

of them at right angles to the plane 

HGK. But if two ftraight lines be at 

right angles to the fame plane, they are parallel *; therefore c 6. n« 

AB is parallel to CD. Wherefore two ftraight lines, &c. 

QiE. D. 

PROP. X. THEOR. 

IF two ftraight lin^ meeting ope another be parallel 
to two others that meet one another, and are not . 
in the fame plane with the firft two ; the firft two and 
the other two ihall contain equal angles. 

Z Let 
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Book XI. Jjtt tbe two ftraight lines AB, 6G which meet one motfief 
^^'V'^ be parallel to the two ftraight lines DE, EF that meet one an- 
other, and are not in the fame plane with AB^ BC ; the angle 
ABC 18 equal to tbe angle DEF. 

Take B A, BC, ED, EF all equal to one another ; and joii* 
AD, CF, BE, AC, DF : Becaufe BA is equal and paraBel to 
ED, therefore AD is * both equal and pa- 
rallel to BE. For the fame reafon, CF is 
equal and parallel to BE ; therefore AD 
and CF are each of them equal and parallel 
to BE. But ftraight lines that are parallel 
to the fame ftraight line» and not in the fame 
plane with it, are parallel ^ to one another ; 
therefore AD Is parallel to CF ; and it is 
€t. Ax. I. equal * to it, and AC, DF join them to- 
wards the fame parts ; and therefore * AC 
is equal and parallel to DF. And becaufe 
AB, BC are equal to DE, EF, and the bafe AC to the bafc 
DF ; the angle ABC is equal ^ to the angle DEF. Therefore, 
if two ftraight lines. Sec. Q^ E. D. 



b 9« II. 
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PROP. IX. PROB. 

^O draw a ftraight line perpendicular to a plane, 
from a given point above it. 

Let A be the given point above the plane BH ; it is required 
to draw from the point A a ftraight line perpendicular to the 
plane BH. 

In the plane draw any ftraight line BC, and from the point 
A draw * AD perpendicular to BC. If then AD be alfo per- 
pendicular to the plane BH, the thing required is already done i ■ 
but if it be not, from the point D 
draw *^, in the plane BH, the ftraight 
Kne DE at right angles to BC ; and 
from the point A draw AF perpendi- 
cular to DE ; and through F draw ^ 
GH parallel to BC : And becaufe 
BC b at right angles to ED and DA^ 
BC is at right angles ^ to the plane 
paffing through ED, DA. And GH 
IS paraHel to BC ; but, if two 
ftraight lines be parallel, one of which 
is at right angles to a plane, the other (hall be at right * angles 
f5.Def.1T. to the fame plane ; wherefore GH is at right angles to the pkne 
through ED, DA, and is perpendicular ^ to every ftraight liny 
meeting it in that plane. B*it AF, which is in the plane through 

ED, 



a IS. !• 



II. I. 



C31. 1. 
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£D, DA, meets it; therefore GH is perpendicular to AF| Boo&KI. 
and confequently AF is perpendicular to GH : and AF is per- ^^VX^ 
pendicular to D£ ; therefore AF is perpendicular to each of the 
ftraight lines GH, DE. But if a flraight line fiands at right 
angles to each of two ftraight lines in the point of their inter* 
feftion, it fhall alfo he at right angles to the plane paBing 
through them. But the plane paffing through ED, GH is the 
plane BH ; therefore AF is perpendicular to the plane BH. 
Therefore, from the given point A, abore the plane BH, the 
ftraight line AF is drawn perpendicular to that plane. Which 
ivas to be done. 

PROP. Xir. PROB. 

*0 ereft a ftraight line at right angles to a given 
plane, from a point given in the plane. 

Let A be the point given in the plane ; it is required to erefi 
a ftraight line from the point A at right 
angles to the plane. p ^^ 

From any point B above the plane draw * | a n. ii, 

BG perpendicular to it f and from A draw 

* AD parallel to BC. Becaufe, 'therefore, b 51, i. 

AD, CB are two parallel ftraight lines, . — 
and one of them BC is at right angles to / 
the given plane, the other AD is alfo at / * ^•. 
right angles to it *^. Therefore a ftraight / -A O 
line has been erefted at right angles to a ' "' 

given plane from a point given in it. Which was to be done. 



PROP. Xni. THEOR. 

THERE can be but one ftraight line perpendicular 
to a given plane, drawn from the lame point. 

For, if there could be two, thej would be parallel ^ to one a tf. xi. 
another ; which is abfurd. 



PROP. XIV. THEOR. 

I Lanes to which the fame ftraight line is perpendi- 
cular, are parallel to one another. 

Let the ftraight line AB be perpendicular to each of the planes 
CD^ EF ; theie ^aaes are parallel to o&e snother. 

Za • If 
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Book XI. If nbt; they fliall meet one another when prodaced ; let 

^•YV-^ them meet ; their common feftion fliall be a ftraight line GH, 
in which take any point K, and join 
AK, BK : Then, becaufe AB is per- 
pendicular to the plane EF, it is per- 

»3.Dcf.ii. piindicular * to the ftraight line BK 
which is in that plane ; therefore 
AftK is a right angle. For the fame 
reafon, BAK is a right angle ; where- 
fore the two angles ABK, BAK of 
the triangle ABK are equal to two 
b 17. I. right angles ; which is impoflSble ** : 
Therefore the planes CD, EF, though, 
produced, do not meet one another ; 

c8.Def.iz. that is, they are parallel *. Therefore planes. 




<i,E. 



PROP. XV. THEOR. 

IF two ftraight lines meeting one another, be parallel 
to two ftraight lines which meet one another, but 
are not in the fame plane with the firft two ; the plane 
which pafles through thefe is parallel to the plane 
pafling through the others. 

Let AB, BC, two ftraight lines meeting one another, be pa^ 
rallel to D£, EF that meet one another, but are not in the fame 
plane with AB, BC : The planes through AB, BC, and DE, 
EF Ihall not meet, though produced. 

From the point B draw BG perpendicular * to the plane 
which pafles through DE, EF, and let it meet that plane in G j 
and through G draw GH parallel ^ 
to ED, and GK parallel to EF: 
And becaufe BG is perpendicular 
to the plan? through DE, EF, it 
fliall make right angles with every 
ftraight line meeting it iif that 
c3.Dcf.11. plane ^ : But the ftraight lines GH, 
GK in that plane meet it; there- 
fore each of the angles BGH, BGK ^ 
is a right angle : And becaufe BA 

is parallel ^ to GH, for each of them is parallel to DE, and 
they are not both in the fame plane with it, the angles GBA, 
BGH arc together equal « to two right angles : And BGH is a 
right angle j therefore alfo GBA is a right angle, and GB per^- 

« pendicular 
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pendicular to BA : For the fame reafon, GB is perpendicular Book XI. 

to BC : Since, therefore, the ftraij^ht line GB ftands at right ^^y^J 

angles to the two ftraight lines BA, BG, that cut one another in 

B ; GB is perpendicular ^ to the plane through BA, BC : And f 4. u. 

it is D^rpendicular to the plane through D£, £F ; therefore B6 

is p^endicular to each of the planes through AB, BC, and D£, 

£F : But planes to which the fame ftraight line is perpendicular, 

are parallel ' to one another ; therefore the plane through AB, g 14. it, 

BC is parallel to the plane through DE, £F, Wherefore, if 

two ftraight lines, &c. Q^ £. J>» 



PROP. XVI. THEOR. 

IF two parallel planes be cut by another plane, their Sce N. 
common feftions with it are parallels. 

Let the parallel planes AB, CD be cut hj the plane EFHG, 
and let their common feftions with it be £F, GH : £F is paral- 
kl to GH. 

Becaufe the planes AB, CD are parallel, they do not meet %a8.Dcf.ii. 
though produced: and the ftraight 
lines EF, GH are wholly in thefe 
planes ^ ; therefore £F, GH do not 
meet, though produced either way : 
And they are in the fame plane EFGH: 
Bat ftraight lines which are in the 
fame plane, and do not meet though 
produced either way, are parallel * ; 

therefore EF is parallel to GH, ^^^|^ ] ^Nl^ cjs.Dcf.!. 

Wherefore, &c. Q^E. D. 
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PROP. XVII. THEOR. 

IF two fl:raight lines be cut by parallel planes, they 
Ihall be cut in the fame ratio. 



Let the ftraight lines AB, CD be cut by the parallel planes 
GH, KL, MN, in the points A, E, B j C, F, D : As AE is to 
EB, fo is CF to FD. 

Join AC, BD, AD, and let AD meet the plane KL in the 
point X ; and join EX, XF : Becaufe the two parallel planes 
KL, MN are cut by the plane EBDX, the common fedions 
£X, BD, are parallel '. For the fsuue reafon, becaufe the two 

parallel 
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Book XT. parallel planes GH, KL are ctit bj the plafie AXFC, thm 
VXWi^ common feflions AC, XF are pa* 

rallel : And 'becaufe £X is parallel 

to BD, a fide of 'the triangle ABD, 
¥ ». 6. as AE to EB, fo is ^ AX to XD. 

Afz:ainy becaufe XF is parallel to AC^ 

a fide of the triangle ADC, as AX 

to XD, fo is CF to FD : And it 

was proved, that AX is to XD, as 
<J "• 5. AE to EB; therefore % as A£ to 

EB, fo is CF to FD. Wherefore, 

if two ftraight lines, 6cc. Q^E. D. 
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PROP. XVIII. THEOR, 

IF a flraight line be at right angles to a plane, 
every plane which paffes through it fhall be at 
right angles to that plane. 

Let the ftraight line AB be at right angles to a plane CK ; 
every plane which paffes through AB fliall be at right angles to 
the plane CK. 

Let any plane DE pafs through AB, and let CE be the cofii- 
teon fedion of the planes DE, CK; take any point F iii GE, 
from which draw ¥Q in the 
plane DE at rigiit angles to CE : 
Atid becaufe AB is perpendicular 
to the: plane CK, therefore it 
is alfo perpendicular to every 
flraight line in that plane meet- 
ing it * ; and confequently it is 
perpendicular to CE ; where- 
fore ABP is a right angle ; but 
GFB is likewife a right angle j 

therefore AB is parallel ^ to FC And AB is at right angles to 
the plane CK ; therefore FC is alfo at right angles to the fame 
piane ^ ; that is, any flraight in the plane DE, at right angles 
to CE,^ the common fe£lion of .the planes, is at right angles to 
the other plane CK : But one plane is at right angles to another 
jdane, when the flraight lines drawn in one of the planes, at 
right angles to their common fe&ion, are alfo at right angles to 
#4.Def,ii,the other plane ^ ; therefore the jjane DE is at right angles ta 
the plane CK* In like manner, it may be proved, that all the 

planes 
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planes whidi pafs through AB are at right angles to the plane Book XI* 
CK. Therefore, if a ftraight line, &c. Q. E. D. V>nr>J 



PROP. XIX. THEOR. 

IF two planes cutting one another be each of them 
perpendicular to a third plane ; their common 
fedlion fhall be perpendicular to the fame plane. 

Let the two planes AB, BC be each of them perpendicular to 
a third plane, and let BD be the common fe^lion of the firft 
two ; BD is perpendicular to the third plane. 

If it be not, from the point D dravv, in the plane AB, the 
ftraight line DE at right angles to AD, the common fefiion of 
the plane AB, with the third plane ; and in the plane BG draw 
DF at right angles to CD, the common feftion of the plane BG, 
with the third plane. And becaufe the plane 
AB is perpendicular to the third plane, and 
DE is drawn in the plane AB at right angles 
to AD their common fedlion, DE is perpendi- 
cular to the third plane ^. In the fame man« 
aer, it maj be proved, that DF is perpendicu- 
lar to the third plane. Wherefore, from the 
point D two ftraight lines ftand at right angles 
to the third plane, upon the fame fide of it ; 
which is impoffible ^ : Therefore, from the 
point D there cannot be anj ftraight line at ^ 
right angles to the third plane, except BD, the common fedtion 
of the planes AB, BC. BD, therefore, is perpendicular to the 
third plane. Wherefore, if two planes, &c. Q^ E. D. 
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PROP. XX. THEOR. 

F a folid angle be contained by three plane angles, 
any two of them are greater than the third. 



Let the folid angle at A be contained by the three plane angles 
BAG, CAD, DAB. Any two of. them are greater than the 
third. 

If the angles BAG, CAD, DAB be all equal, it is evident 
that any two of them are greater than the third. But if they 
are not, let BAG be that angle which is not lefs than either of 
the other two, and is greater than one of them DAB ; and 
at the point A in the ftraight line AB, make, in the plane 
which paffes through BA, AC, the angle BAE equal * to the 

angle 
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Book XL angle. DAB ; and make AE equal to AD, and through E 
K^y^sJ draw BEC, cutting AB,. AC in the points B, C, and join DB> 
DC. And becaufe DA is equal to AE, and AB is common, 
the two DA, AB are equal to the two EA, AB, and the angle 
DAB is equal to the angle EAB ; 
b 4' «• therefore the bafe DB is equal ^ to 
the bafe BE. And becaufe BD, 
cao. I. DC are greater ^ than CB, and 
one of them BD has been proved 
equal to BE a part of CB ; there- 
fore the other DC is greater than 
the remaining part EC. And be- 
caufe DA is equal to AE, and AC 
common, but the bafe DC greater than the bafe EC ; therefore 
d as. I. the angle DAC is greater ** than the angle EAC ; and, by the 
conftru6lion, the angle DAB is equal to the angle B AE ; where- 
fore the angles DAB, DAC are together greater than BAE, 
EAC, that is, than the angle BAC. But BAC is not lefs than 
either of the angles DAB, DAC ; therefore BAC, with either 
of them, is greater than the other. Wherefore, if a folid angle, 
Stc. (^E. D. 

PROP. XXI. THEOR. 

Sec N. XT' VERY folid angle is contained by plane angles, 
r J which together are lefs than four right angles. 

Let the folid angle at A be contained by any number of plane 
angles BAC, CAD, DAE, EAB. Thefc together arc lefs than 
four right angles. 

Let the planes in which the angles are be cut by a plane, and 
let their common fedtions with it be BC, CD, DE, EB : Then, 
becaufe the folid angle at B is contained by the three plane 
angles CBA, ABE, EBC, any two of them are greater than the 
third ; therefore the angles CBA, ABE are greater than the 
angle EBC : For the fame reafon, the two plane angles BCA; 
ACD are greater than BCD, and the two CDA, ADE greater 
than CDE ; and DE A, AEB greater than DEB : Therefore all 
the angles at the bafes of. the triangles ABC, ACD, ADE, 
ABE, which have their common vertex at A, are together 
greater than all the angles of the reAilineal figure BCDE : and 
becaufe the three angles of a triangle are equal to two right 
angles, all the angles of the triangles ABC, ACD, ADE, AEB 
are equal to twice as many right angles as there are triangles ; 
that is, as there are fides of the figure BCDE; and all the 

angles 
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an^s of the figure BCDE, together with four right angles. Book XI, ^ 
are alfo equal to twice as many right angles as there are fides of ^ ^^ ^ 
4he figure ; there&re all the angles of the 
triangles ABC, ACD, ADE, AEB are 

eqaal to all the angles of the figure, to- 
gether with four right angles : But it 
has been proved, that all the angles at 
the bafes of the triangles are greater 
than all the angles of the figure ; where- 
fore the remaining angles at the vertex 
A of the triangles, are lefs than four 
right angles. Wherefore every folid 
angle, &c. Q^ E. D. 




PROP, XXII. THEOR- 

IF three ifofceles triangles have their fides equal, 
and aiiy two of the vertical angles greater than 
the third ; a triangle may be made of their bafes. 

Let ABC, DEF, GHK be three ifofceles triangles, having 
their fides AB, BC, DE, EF, GH, HK all equal, and any two 
of the angles at B, £, H greater than the third ; any two of tha 
bafes AC, DF, GK are alfo greater than the third. 

If two of the angles at B, E, H be equal, and not lefs thaa 
the third, it is evident that two of the bafes are equal ^ and not 
lefs ** than the third 5 and therefore any two of the bafes are 
greater than the third, 
be greater than either 

J5 ^ 



In any other cafe, let the angle ABC 




of the other angles at 
E, H, therefore AC is 
greater ^ than either 
DF or GK. At B, in 
AB, make ^ the angle 
ABL equal to DEF, 
and BL equal to one 
of the equal fidesj and 
join AL, LC : and becaufe the two fides AB, BL are equal to the 
two DE, EF, and they contain equal angles ; therefore the bafe 
AL is equal ^ to DF : and becaufe the angles at E, H are greater 
than ABC, and that E is equal to ABL, the remaining angle at 
H is greater than the remaining angle CBL : and becaufe the 
two fides LB, BC are equal to the two GH, HK, hut the angle 
LBC lefs than GHK ; therefore the bafe LC is lefs ^ than GK ; 
and it was proved, that AL is equal to DF ; therefore DF, GK. 
are greater than AL, LC : but AL, LC are greater * than AC ; 

A a therefore 
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4t Book Xl.therefore DF, GK aire greater than AC : and it is evident, that 
^<'^">r\J AC with either of the two DF, GK are greater than the other j 
f 21. I. therefore a triangle maybe made ^, the fides of which {hall be 
equal to AC, DF, GK. Q^ E. D. 

PROP. XXIII. PROB. 

See N. npiQ make a folid angle which ftiall be contained 
^1 by thVee given plane angles, any two of them 
being greater than the third, and all three together 
lefs than four right angles. 

Let the three giv^n plane angles be ABC, DEF, GHK, any 
two of which are greater than the third, and all of them toge» 
ther lefs than four right angles. It is required to make a folid 
angle contained by three plane angles equal to ABC, DEF, 
GHK, each to each. 

From the fides of the angles cut off AB, BC, DE, EF, GH, 
HK all equal to one another j and join AC, DF, GK : and let 




a 4, 

24. 

h 23. 



or 
I. 



C4' z* 



the angle GHK not be lefs than either of the other two ; there- 
fore GK is not lefs * than either AC or DF. At the point B 
make ^ the angle CBP equal to DEF, and make BP equal to 
one of the equal fides, and join CP : and becaufe the two fides 
CB, BP are equal to the two DE, EF, and the angle CBP is 
equal to the angle DEF ; the bafe CP is equal « to DF. If AB 




and K?1je in the fame ftraight line ; AP is equal to GH, HK to*i 
4 20. %• gether ; and GH> HK are greater ^ than GK i therefore AP is 



greater 
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gream^ *« GK- But, if AB and BP be not in a ftralght line. Book XI. 

join AP : and if the point B be without the triangle ACP ; be- V»^y^^ 

caufe the two angles ABC, DEF are greater than GHK ; and 

CBP is equal to DEF ; therefore the two ABC, CBP, that is, 

the angle ABP is greater than GHK : and the two fides AB, BP 

are equal to the twoGH, HK; therefore the bafe AP is greater * c 24. r. 

than the bafe GK. But if the point B be within the triangle 

ACP, the three angles ABC, CBP, ABP are equal ^ to four f «• Cor. 

right angles : and the three angles ABC, CBP, GHK are lefs '^' "' 

than four right angles ; therefore the angle ABP is' greater than 

GHK : and the fides AB, BP are equal to GH, HK ; therefore 

the bafe AP is greater * than GK. Wherefore in every cafe AP 

is greater than GK. 




And becaufe every two of the angles ABC, DEF, GHK are 
greater than the third, a triangle may be made of the three bafes 
AC, DF, GK: let this be the triangle LMN f, fo that LM be g la. n. 
equal to AC, MN to DF or CP, and LN to GK : and becaufe 
the two fides AC, CP are equal to the two LM, MN, but the 
bafe AP greater than the bafe LN ; therefore the angle ACP is 
greater ^ than the angle LMN. About the triangle LMN de- h 15. i. 
fcribe ^ a circle, and find ' its centre X, and join XL, XM, XN : ^ S* 4- 
AB is greater than XL : For if AB be equal to XL, BC is equal ** ^' 
to XM : and becaufe BC, C A are equal to XM, ML, and AB 
equal to XL ; the angle ACB is equal to LMX ^ : For the fame m 8. i . 
reafon, the angle BCP is equal to XMN ; therefore the whole 
angle ACP is equal to the whole LMN : and it was down to be 
greater than it ; which is impoflible ; therefore AB is not equal 
to LX : Neither is it lefe, for, if it be, make the triangle LOM 
on the fame fide of LM with the triangle LXM, fo that LO, OM 
be equal to AB, BC ; therefore LO, OM are lefs than LX, 
XM ; and therefore the triangle LOM falls within " the triangle n 41. !• 
LXM. Confequently the angle LMO is lefs than LMX : but 
LMO is equal <> to ACB ; therefore ACB is lefs than LMX. o $. i. 
For the fame reafon, the angle BCP is lefs than XMN ; there- 
fore the whole angle ACP is lefs than the whole LMN5 and it 

A a 2 is 
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Book XL Is Jfo greater than it ; which is impoffible : Therefore AB is 

V-^Vx^ not lefs than LX : and it has been proved, that it is not equal 
to it ; therefore AB is greater than LX, 

p II. II. From the point X ereft p XR at 
right angles to the plane of the circle 
LMN : and find a fquare equal to the 
excefs of the fquare of AB above the 
fquare ef LX, and make RX equal to 
its fide, and join RL, RM, RN. Be- 
caufe RX is perpendicular to the plane 

q3.Dcf.x1. LMN, it is perpendicular ** to each of 

the flraight lines LX, MX, NX. 

And bec^fe LX is equal to MX, 

and RX common, and at right angles 

m 4. I. to each of them, the bafe RL is equal ** to RM. 

For the fame reafon, RN is equal to each of the two RL, RM. 
And becaufe the fquare of RX is equal to the excefs of the 
fquare of AB above that of LX ; the fquare of AB is equal to 
^ 47* !• the fquares of LX, XR : But the fquare of LR is equal ' to the 
fame fquares, becaufe LXR is a right angle ; therefore the 
fquare of AB is equal to the fquare of LR, and the ftraight line 
AB to LR ; But each of the ftraight lines BC, DE, DF, GH, 
HK is equal to AB, and each of^ the two RM, RN is equal to 
B-L ; therefore each of the former is equal to each of the latter : 
and becaufe RL, RM, are equal to AB, BC, and the bafe LM 
m S . I. to the bafe AC ; the angle LRM is equal ^ to ihe angle ABC. 
For the fame reafan, the angle MRN is equal to DEF, and 
NRL to GHK. Therefore there is made a folid aiigle at R, 
which is contained by three plane angles LRM, MRN, NRL, 
which are equal to the three given plane angles ABC, P£F| 
pHK, each to each. Which was to be done. 



PROP, A. THEOR. 

5ce N. T F each of two folid angles be contained by three 
A plane angles equal to one another, each to each ; 
the planes in which the equal angles are, have the 
fame inclination to one another. 

Let the folid anple at A be contained by the three plane angles 
CAD, C AE, E AD ; and the folid angle at B by the three plane 
angles FBG, FBH, GBH ; cf which the angle CAD is equal to 
the angle FBG, and C AE to FBH, and EAD to HBG : The 
planes in which the equal angles are, have the fame inclination 
to one another. 

Make 
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Make the ftraight lines AC, AD, AE ; BF, BG, BH all equal Book XI. 
to one another, and join CD, CE, ED ; FG, FH, HG : and be* \y\^ 
caufe the triangles are all ifofceles, each of their angles at the 
points C, D, E, F, G, H, is lefs ■ than a right angle. In AC a 17. 1. 
take any point K, and from it draw ^ KL in the plane CAD, b 11. i. 
and KM in the plane C AE, each of them at right angles to AC ; 
therefore the angle LKM is the inclination *^ of the plane CADc6.Dcf.ii. 
to the plane C AE. In FB take FN equal to CK ; and from N 
draw ^ NO in the plane FBG, and NP in the plane FBH, each 
of them at right angles to FB ; therefore the angle ONP is the 
inclination ^ of the plane FBG to the plane FBH : join LM, OF: 
and becaufe in the triangles CAD, FBG, CA, AD are equal to 
FB, BG; and the angle CAD equal to FBG; the bafc CD ia 
equal '^ to FG, and the other angles to the other angles. For ^ 4* <• 
the fame reafon, 

CEisequaltoFH, A B 

and ED to GH : 
and becaufe DC, 
CE are equal to 
GF, FH, as alfo 
the bafe DE to 
thebafeGH; the 
angle DCE is c- 

qual * to GFH ; ^ g ,^ 

and becaufe in the triangles CKL, FNO, the angles KCL, NFO 
are equal, as alfo the right angles CKL, FNO; and that the 
fides CK, FN, adjacent to the equal angles, are alfo equal ; the 
fide KL is equal ^ to NO, and CL to FO : For the fame reafon, f a5 i 
in the triangles CKM, FNP, KM is equal to NP, and M& to 
FP : and in the triangles MCL, PFO, the fides MC, CL are 
equal to PF, FO, and the angle MCL to the angle PFO ; there- 
fore the bafe LM is equal ^ to OP. Laftly, in the triangles KML, 
NPO, the fides MK, KL are equal to PN, NO, and the bafeLM 
to the bafe OP ; therefore the angle LKM is equal * to the angle 
ONP ; that is, the inclination of the planes CAD, CAE is the 
fame with the inclination of the planes FBG, FBH to one ano- 
ther. In the fame manner, it may be demonftrated, that the 
other planes in which the equal angles are, have the fame incli- 
nation to one another. Therefore, &c. Q^ E. D. 

Cor. Likewifc, if two folid angles be each contained by three 
plane angles, and have two angles of the one equal to two angles 
of the other, and thefe angles be in planes which have the Came 
inclination to one another ; the third angle of the one is equal 
to the third angle of the other. 

Let CAD, CAE two of the three plane angles which contain 
the folid angle at A, be equal to FBG, FBH two of the plane 

angles 
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Book XI. angles which contain the folid angle at B ; and let the. inclination 
^^*y^>r>J of the plane CAD to the plane CAE, be the fan^e with that of 
the plane FBG to the plane FBH ; the third plane angle EAD 
is equal to the third plane angle GBH. 

For the fame cohftruftion being made as in the propofition^ it 
may be proved as before, that the ftraight lines DC, CE, KL, 
LC, KM, MC, are equal to GF, FH, NO, OF, NP, PF, each to 
each. And becaufe LK, KM are equal to ON, NP, and the angle 
LKM to the angle ONP ; the bafe LM is equal ^ to OP : and be- 
caufe LC, CM are equal to OF, FP, and the bafe LM to OP ; 
therefore the angle LCM is equal ^ to OFP : and becaufe DC, 
CE are equal to GF, FH, and the angle DCE to GFH ; the 
bafe DE is equal ^ to GH : and becaufe the two fides PA, AE 
are equal to GB, BH, and the bafe DE alfo equal to the bafe 
GH ; therefore the angle DAE is equal * to the angle GBH* 



6 4. f . 
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PROP. B. THEOR. 

SceN. OOLID figures contained by the fame number of 
|[3 equal and fimilar planes, alike lituated, and 
having the fame inclination to one another, are equal 
to one another. 

Let AG, KQJbe two folid figures contained by the fame num- 
ber of fimilar and equal planes, having the fame inclination to 
one another ; and let thefe fimilar planes have the fame fituation 
and order in each of the folids, viz. let the plane AC be fimilar 
and equal to the plane KM ; the plane AF to KP ; BG to LQ; 
GD to QN; DE to NO5 and FH to PR: The folid AG is 
equal to the folid KQ. 

For, if the plane AC be applied to the plane KM, fo that the 
fide AB may coincide with the homologous fide KL, and A with 
K ; the point B coincides with L, becaufe AB is equal to KL : 
and the plane figure 

AC coincides with K G^ R q 

the figure KM, be- 
caufe they are equal 
?.nd fimilar ; there- 
fore the ftraight lines d [ I r^ js^r 
AD, DC, CB coin- 
cide with KN, NM, 
ML ; and the point C A J3 
with M, and D with 
N : and the planes AF, KP are, by the hypothefis, on the fame 
fide of the planes AC, KM, and have the fame inclination tp 

them , 
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them ; therefcre the plane AF coincides with the plane KP, and Book. XL 
the points E, F with O, P, becaufe the figures AF, KP are fimi- v^-^^VN^ 
lar and equal. In the fame manner, it may be proved, that the 
other pl^ne figures of the folid AG coincide with the plane 
figures fimilar to them of the folid KP. Wherefore the folid 
AG coincides every way with the folid KP^ and is therefore 
equal * to It. Wherefore, &lc. Qi.E. D, a 8, Ax. u 



• 34. I. 



PROP. C. THEOR. 

IF two triangular prifms have one of the fides of See N. 
their parallelograms common to both, and the 
fides oppofite to it in the fame ftraight lines; the 
prifms are equal to one another. 

Let ABCDEF and BGH-EKL be two prifms, of which 
the bafes are the triangles ABC, GBH, and the oppofite triangles 
EDF, KEL ; and let the two parallelograms AE, EC of the 
firft, and the two KB, BL of the other, have the fide BE com- 
mon to them, and their oppofite fides in the flraight lines AK, 
CL ; the prifm ABC-DEF is equal to the prifm GBH-KEL. 

Becaufe AE, EG are parallelograms ; AD, GK are each equal 
to BE ^, and to one another : and DG is common ; therefore 
AG is equal to DK. For the fame reafon, 
CH is equal to FL : and AC is equal and 
parallel to DF * ; andGHtoKL; there- 
fore the figure AH is equal and fimilar to 
DL. For the fame reafon, ABG is equal E 
and fimilar to EDK; and CBH to FEL : 
and the triangles ABC, GBH are equal and 
fimilar to DEF, KEL: and becaufe the 
plane angles BAC, BAG, GAC are equal 
to the angles EDF, EDK, KDF ; the planes 
about the folid angles at A, D have the 
fame inclination to one another ^. For the 
fame reafon, the other planes have the 
fame inclination to one another: and all 
thefe planes arc oA the fame fide of the -^- C 

common plane AL, and are in the fame 
order. Therefore the folid ACHG-B is equal 
DFLK-E ^ : Take thefe equals from the 
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to the folid 
whole folid. 
ABC-EKL ; and the remainmg prifm GBH-KEL is equal to 
Oie remaining prifm ABC-DEF. Wherefore, &c. (^ E. D. 
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PROP. XXIV. THEOR. 



IF a folid be contained by fix planes, two and two of 
which are parallel ; the oppofite planes are fimilar 
and equal parallelograms. 

Let the folid CDGH be contained hy the parallel planes AC^ 
GF; BG, CE; FB, AE; its oppofite planes are fimilar and 
equal parallelograms. 

Becaufe the parallel planes BG, CE are cut by the plane AC, 

a i€. II. x}xQix common feftions AB, CD are parallels *. Again, becaufe 
the parallel planes BF, AE arc cut by 
the plane AC, their common feftions 
AD, BC are parallel *; therefore AC 
is a parallelogram. In the fame man- 
ner, it may be proved, that each of 
the figures CE, FG, GB, BF, AE is a 
parallelogram : Join AH, DF ; and be- ^ * 
caufe AB is pardlel to CD, and BH to 
CF, and AB, BH are not in the fame 
plane with DC, CF; therefore the 

b 10. 11, angle ABH is equal *» to the angle DCF : And becaufe AB, BH 
are equal to DC, CF, and the angle ABH to DCF; therefore 
the bafe AH is equal *^ to DF, and the triangle ABH to DCF : 
and the parallelogram BG is double * of the triangle ABH, and 
CE of DCF ; therefore the parallelogram BG is equal and fimi« 
lar to CE. In the fame manner, it may be proved, that the 
parallelogram AC is equal and fimilar to GF, and AE t;o BF* 
Therefore, if a folid, &c. Q^E. D. 




c 4. I. 



PROP. XXV. THEOR. 

TF a folid parallelopiped be cut by a plane parallel 
-»• to two of its oppofite planes ; it divides the 
whole into two folids, the bafe of one of which 
Ihall be to the bafe of the other, as the one folid 
is to the other. 

Let the folid parallelopiped ABCD be cut by the plane EV, 
which is parallel to the oppofite planes AR, HD, and divides 
the whole into the two folids ABFV, EGCD ; as the baf^ 
AEFY of the firft is to the bafe EHCF of the other, fo is the 
foHd ABFV to the folid EGCD. 

produce 
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Produce AH both ways, and take any number of flraightBooK XI. 
lines AK, KL' each equal to EA, and complete the parallelo- v-^^^vv^ 
grams LO, KY, and the folids LP, KR: Then, becaufe the 
ftraight lines LK, KA, AE are all equal, as alfo KO, AY, EF 
are equal » and parallel ; the parallelograms LO, KY, AF arc 
equal and fimilar ^ : For the fame reafon, the parallelograms 
.KX, KB, AG are equal and fimilar ; as alfo the parallelograms 
LZ, KP, AR : Therefore three planes of the folid LP, are equal 
and fimilar to three planes of the folid KR, as alfo to three planes 
of the folid AV : But the three planes oppofite to thefe three 
are equal and fimilar to them in the feveral folids « : and becaufe 
the folid angles at A, K, L are contained by three plane angles 
equal to one another, each to each, the planes in which they arc, 
have the fame inclination to one another * : For the fame reafon, d A. ii» 
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the other planes have the fame inclination : Therefore the folids 
LP, KR, AV are equal to one another *. What multiple foever, c B. ii# 
therefore, the bafe LF is of the bafe AF, the fame multiple is 
the folid LV of the folid AV. Take, in like manner, EN the 
leaft multiple of EH, that is greater than EL,' and complete the 
parallelogram HS, and the folid HT ; and it may be proved, as 
before, that the folid ET is the fame multiple of the folid ED, 
that the bafe ES is of the bafe EC ; confequently the bafe HS 
and the folid HT contain the bafe EC and the folid ED the fame 
number of times. And if the bafe LF be equal to the bafe HS, 
the folid LV is equal * to the folid HT ; and if LF be not equal 
to HS, it is greater than HS, but lefs than ES ; and the folid 
LV is greater than the folid HT, but lefs than ET : Therefore 
the bafes LF, HS contain the bafe EC the fame number of times ', f Dcf.A. 5, 
and the folids LV, HT contain the folid ED the fame number of 
times : and the bafe HS and folid HT contain the bafe EC and 
folid ED equally ; therefore the bafe LF and folid LV contain 
them equally : and the bafe LF and folid LV are any equimul- 
tiples of the bafe AF and the folid AV ; as many times, there- 
fore, as any multiple of the bafe AF contains the bafe EC, fo 
many times does the fame multiple of the folid A V contain the 

B b folid 
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Book XL (olid Ef) : Therefore «, as the bafe AF is to the bafe EC, (o is 
V^n^^O the folid AV to the folid ED. Wherefore, &c. Q^ E. D. • 

PROP. XXVL PROB. 

See N. A T a given point in a given ftraight line, to make 
jCjI^ a folid angle contained by three plane angles 
equal, each to each, to the three plane angles which 
contain a given folid angle. 

Let AB be a given ftraight line, A a given point in it, and D 
a given folid angle contained by the three plane angles EDC, 
EDF, FDC ; it is required to make, at the point A in the 
ftraight line AB, a folid an^le contained by three plane angles 
equal to the angles EDC, EDF, FDC. 

a 11, XI. In the ftraight line DF take ahy point F, from which draw * 
FG perpendicular to the plane EDC, meeting that plane in G ; 

baj. I. join DG, and at the point A in the ftraight line AB, make** 
the angle BAL equal to the angle EDC, and in the plane BAL 
make ^ the angle B AK equal to the angle EDG ; then make AK 

c 12. XI. equal to DG, and from the point K ereft ^ KH at right angles 
to .the plane BAL ; and make KH equal to GF, and join AH : 
Then the folid angle at A is contained by the three plane angles 
BAL, BAH, HAL, which are equal, each to each, to the three 
plane angles EDG, EDF, FDC, which contain the folid angle 
at D. 

Becaufe the angle BAL is 
equal to EDC, and the angle 
B AK to EDG, the angle KAL 
is alfo equal to GDC : and 
becaufe FG is perpendicular 
to the plane EDC, the angle 
d3.Dcf.11.FGD is a right angle ** ; and 
the plane FGD is perpendi- 

c 18. IT. cular to the plane EDC ^. 

For the fame reafon, the angle HKA is a right angle, and the 

plane HAK perpendicular to the plane BAL : and becaufe AK, 

KH are equal to DG, GF, and they contain right angles ; the 

f 4. I. bafe AH is equal ^ to FD, and the angle HAK to the angle to 

GDF : and tecaufe the two plane angles BAk, K AH are equal 

to the two EDG, GDF ; and that they are in planes which 

have the fame inclination to one another ; therefore the third 

Cor. Ar angle B AH is equal « to the third angle EDF. For the fame 

«!• reafon, the angle HAL is equal to the angle FDC. Wherefore, 

at the point A in the ftraight line AB a folid angle has beea 

made. 
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made, contained by the three plane angles BAL, BAH, HAL, Book XI. 
'^vhich are equal to the three plane angles which contain the folid Vi^VK^ 
angle at D, each to each. Which was to be done. 



PROP. XXVn. PROB. 

TO defcribe from a given ftraight line a folid pa- 
rallelopiped, fimilar and (imilarly iituated to one 
given. 

Let AB be the given ftraight line, and CD the j|;ive!i parallelo- 
piped ; it is required from AB to defcribe a parallelopiped, fimi- 
lar and iimilarlj fituated to CD. 

At the point A of the given ftraight line AB, make * a folid 
angle contained by the plane angles BAK, KAH, HAB equal to 
the angles ECG, GCF, FCE, each to each ; fo that BAK be 
equal to the angle ECG, and KAH to GCF, and HAB to FCE : 
and as EC to CG, fo 

1 4 
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make ** B A to AK ; and 
as GC to CF, fo make * 
KA to AH ; wherefore, 
by equality ^, as EC to 
CF, fo is BA to AH : 
Complete the parallelo- 
gram BH, and the folid 
AL : and becaufe, as EC 
to CG, fo BA to AK, 
the fides about the equal angles ECG, BAK are proportionals ; 
therefore the parallelogram BK is fimilar to EG. For the 
fame reafon, the parallelogram KH is fimilar to GF, and HB 
to FE: wherefore three parallelograms of the folid AL are 
fimilar to three of the folid CD ; and the three oppofite ones in 
each folid are equal ** and fimilar to thefe, each to each, and the d 24. 11. 
iimilar planes have the fiame inclination to one another % be- cA. u, 
caufe the folid angles are contained by three plane angles equal 
to one another, each to each ; therefore the folid AL is fimilar ^ fp.Def.ii- 
to the folid CD. Wherefore, from a given ftraight line AB, 
a folid parallelopiped AL has been defcribed fimilar and fimilarly 
fituated to the given one CD. Which was to be done. 
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PROP. XXVIIL THEOR. 
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IF a parallelopiped be cut by a plane paffing through 
the diagonals of two of the o.ppofite planes, it 
Ihall be cut in two equal parts. 

Let AB be a parallelopipedj^ and DE, CF the diagonals which 
join equal angles of the oppofite parallelograms AH, GB ; they, 
are in the fame plane, becaufe CD, EF are parallel *, each of 
them being parallel to AG : the plane CDEF (hall cut the folitj 
AB into two equal parts. 

Firft, Let the ftraight lines AG, DC, EF, HB be at right 
angles to the planes BG, AH : and becaufe the triangle GCF i^ 
equal and fimilar to CBF % and the tri- 
angle DAE to DHE ; as alfo the red- 
angle GD to FH S and GE to CH: 
and they have the fa^ie inclination to 
one another ^, becaufe the folid angles 
at G, B arp contained by equal plane 
angles ; and they are iituated in the fame 
order ; therefore the prifm GCF-ADE 
is equal ^ to the prifm BFC-HED, 

But, let the ftraight lines AG, DC, 
EF, HB not be at right angles to the planes BG, AH : At the 
point G, in AG, make ^ in the plane GD the angle AGK equal 
to HBF, and in the plane GE the angle AGL equal to HBC ; 
and make KM, LN each equal to AG, and join KL, AM, AN, 
MN : and becaufe the angles AGK, AGL are equal to HBF, 
HBC ; and their planes have the fame inclination **, for the folia 
angles at A, B are contained by equal plane angles ; therefore 
the third angle KGL is equal ^ to the third angle CBF ; and be? 
caufe the angle AGL is equal to 
HBC. And the angle GLF is 
equal * to AGL, and GFL to 
HBC ^ ; the angle GLF is equal 
to GFL; and therefore the fide 
GL is equal 1 to GF or CB. For 
the fame reafon, GK is equ^ to 
BF: and the angle KGL is equal 
to CBF ; therefore the triangle 
KGL is equal and fimilar to 
FBC% andAMN to HED ; and 
the parallelograms GM, GN, NK 
are equal and fimilar to BE, BD, 
DF : and they are alike fituated, 

and 
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and have the fame inclinatiot; to one another ; therefore the priTm Book XL 

KGL.MAN is equal « to the prifm FBC-EHD : But the prifm ^^-<vO 
_ - .- --.«- . - . . c B. II. 



CGF-D AE is equal * to the prifm KGL-MAN, becaufe their 
parallelograms have the fide AG common, and their fides oppo* 
fite to it in the ftraight lines CM, FN : Therefore alfo the 
prifm CGF-DAE is equal to the prifm FBCEHD. Wher^^ 
fore, &c, Qi E. D- 



a C. IB. 



PROP. XXIX;. THEOR. 

SOLID parallelopipeds upon the fame bafc, and of See N. 
the fame altitude, the fides of which betwixt 
the bafe ^nd oppofite plane are terminated in the fame 
ftraight lines, are equal to one another. 

Let the parallelopipeds AH, AK be upon the fame bafe AB, 
and of the fame altitude, and let the ftraight lines AF, AG, 
LM, LN be termmated in the fame ftraight line FN, and CD, 
CE, BH, BK be terminated in the fame ftraight line DK : the 
folid AH is equal to the folid AK. 

Becaufe GH, CK are parallelograms, DC is equal and paral- 
lel to HB * ; and CE to BK ; therefore the angle DCE is equal 
to HBK ^ : and becaufe the two fides DC, CE are equal to the 
two HB, BK, and the angle DCE to HBK ; therefore the bafe 
DE is equal ^ to the bafe HK, and the triangle DCE equal and 
fimilar to the triangle HBK j and the parallelogram DG to the 
parallelogram HN **. For 



the fame reafon, the triangle 
AFG is equal and fimilar to 
LMN: and the parallelo- 
gram CF is equal and fimilar 
to BM % and CG to BN, 
becaufe they are oppofite : 
Therefore tlie prifm AFG- 
DCE is equal ' to the prifm 
LMN-BHK. 

. Take thefe equals from 
the whole folid ACBL-FDKN, and the remaining parallelopiped 
AK is therefore equal to the remaining parallelopiped AH. 
Wlierefore, &c. Q^E. D. 
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Book XI, 



PROP. XXX. THEOR. 



SOLID parallelopipeds upon the fame bafe, and of 
the fame altitude, the infifting ftraight lines * of 
which are not terminated in the fame ftraight lines, 
are equal to one another. 

Let the parallelopipeds CM, CN be upon the fame bafe AB, 
and of the fame altitude ; but their infilling ftraight lines AF, 
AG, LM, LN, CD, CE, BH, BK not terminated in the fame 
flraight lines ; the folids CM, CN are e^ual. 




Produce FD, MH, and NG, KE, and let them meet one ano- 
ther in the points O, P, QtR ; and join AO, LP, BC^ CR: and 
becaufe the plane LBHM is parallel to the oppofite plane 
ACDF, and that the plane LBHM is that in which are the 
parallels LB, MPHQ», in which alfo is the figure BLPQ; and 
the plane ACDF is that in which are the parallels AC, TODR, 
in which alfo is the figure CAOR ; therefore the figures BLP(^ 
C AOR are in parallel planes : In like manner, it may be fliewn, 
that the figures ALPO, CBQR are in parallel planes : and the 
planes ACBL, ORQP are parallel ; therefore the folid CP is a 
parallelopiped : But the folid CM, of which the bafe is ACBL, 
a 2p. II. to which FDHM is the oppofite parallelogram is equal * to the 
folid CP, of which the bafe is the parsdlelogram ACBL, to 

which 

* The infifting ftraight lines arc the fides of the parallelograms be- 
twixt the bafe and the oppofite plane* 



OF EUCLID. 



199 



which ORQ^ is the one oppofite, becaufe they are upon the Book XI. 
lame bafe, and their infifting ftraight lines AF, AO, CD, CR ; V^VX^ 
LM, LP, BH, BCLare in the fame ftraight lines FR, MQj and 
the folid CP is equal * to the folid CN ; for they are upon the a 29. ix. 
fame bafe ACBL, and their infifting ftraight lines AO, AG, LP, 
LN ; CR, CE, BQ^BK are in the fame ftraight lines ON, RK ; 
therefore the folid CM is equal to the folid CN. Wherefore, 
folid parallelopipeds, &c. Q^ £. D. 



PROP. XXXI. THEOR. 

SOLID parallelopipeds which are upon equal bafes, 
and of the Tame altitude, are equal. 

Let the folid parallelopipeds A£, CF be upon equal bafes AB, 
CD, and be of the fame altitude ; the folid AE is equal to the 
folid CF. 

Firft, Let the infifting ftraight lines be at right angles to the 
bafes AB, CD, and let the bafes be equiangular, having the 
, angle ALB equal to CLD, and let them be placed in the fame 
plane, and fo as that CL, LB be in a ftraight line ; therefore AL, 
LD are in a ftraight line * ; and the ftraight line LM, which is 
at right angles to the plane in which the bafes are in the point 
L, is common ** to the 
two folids AE, CF ; let 
the other infifting lines 
of the folids be AG, HK, 
BE; DF, OP, CN. Pro- 

duce OD, HB, and let n r^ ^T tZ I ^Iv. 

them meet in Q^ and 
complete the parallelo- 
piped LR, of which the 

bafe is the parallelogram /\ ^ 

LQ^ and LM is one of 

its infiftmg lines : TTherefore, becaufe the parallelogram AB is 
equal to CD, as AB to LQ^ fo is CD to LQJ : and becaufe the 
parallelopiped AR is cut by the plane LMEB, which is parallel 
to the oppofite planes AK, DR; as the bafe AB to the bafe LQ:, 
fo is ** the folid AE to the folid LR : and becaufe the parallelo- 
piped CR is cut by the plane LMFD parallel to the oppofite 
planes CP, BR ; as the bafe CD to the bafe LQ^fo is «* the folid 
CF to the folid LR: But as AB to LQj^ fo is CD to LQ^ as 
before was proved ; therefore as the folid AE to the folid LR, 
fo is « the folid CF to the folid LR ; and therefore the folid AE 
is equal ^ to the folid CF. 

Next, 
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Boor XL Next, Let the infixing lines be at right angles to the bafes^ 

y^'V^J but the bafes AB, CD not be equiangular. At the point L in 

S <3* !• the ftraight line LB, make ' the angle BLS equal to CLD, and 

let LS meet HA in S, and complete the parallelogram BS> and 

the parallelopiped S£, of which the bafe is SB, and one of the 

infifting lines is LM : Then, the folid SE is equal to the folid 

bip. n. AE 'j becaufe thej are upon the fame bafe LE, and of the 

fame altitude, and their inMing lines LS, LA, BT, BH ; MV^ 
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MG, EX, EK are in the fame ftraight lines SH, VK : and be- 
k 35. i» caufc the parallelogram AB is equal ^ to SB, for they are upon 
the fame bafe LB, and between the fame parallels LB, AT ; and 
that the bafe AB is equal to the bafe CD ; therefore SB is equal 
to CD ; and the angle SLB is equal to the angle CLD : there- 
fore, by the firft cafe, the folid SE is equal to the folid CF : but 
the folid SE is equal to the folid AE, as was demonftrated ; 
therefore the folid AE is equal to the folid CF. 

But, if the infifting lines AG, HK^ BE, LM ; CN, RS, DF, 
OP be not at right angles to the bafes AB, CD : From the 




1 1 1. 1 1. points G, K, E, M ; N, S, F, P draw » GQ^^KT, EV, MX ; 
NY, SZ, FI, PU perpendiculars to the plane in which are the 
bafes AB, CD, and let them meet it in the points Q» T, V, X ; 
Y, Z, I, U, and join QT, TV, VX, XQj YZ, Zl, lU, UY : 
Then, becaufe QG, KT are at right angles to the fame plane, 
m tf. II. they are parallels °* : and MG, EK are parallels ; therefore the 
» i5« "• planes MQ^ET paffing through them are parallel "" to one ano- 
thcr: For the fame reafon, the planes MV, GT are parallel ; 

therefore 
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therefore the folld QE is a parallelopiped. In like mannor^ ix Booi^ XI. 
maj be proved, that the folid YF is a parallelopiped : But, from V,^VS^ 
what has been demondrated, the fohd EQJis equal to the folid 
FY, becaufe thej are upon equal bafes MK, PS, and of the fame . 
altitude, and have their infilling lines at right angles to the 
bafes : and the folid EQ^is equal • to the folid A£ ; and the o ag, or 
folid FY to the folid CF, becaufe they are upon the fame bafes, 3o« « '• 
and of the fame altitude : Therefore the folid A£ is equal to 
the folid CF. Wherefore folid parallelopipeds, &.c. Q^E. D. 



PROP. XXXII, THEOR. 

[^OLID parallelopipeds which have the fame alti- 
tude, are to one another as their bafes. 

Let AB, CD be folid parallelopipeds of the fame altitude ; 
thcj are to one another as their bafes ; that is, as the bafe AE 
to the bafe CF, fo is the folid AB to the folid CD. 

Produce CG to H ; and to FG apply the parallelogram FH 
equal • to AE, having FGH for one of its angles ; and complete aCor.45.1. 
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the parallelopiped GK upon the bafe FH, and having FD for 

one of its infilling lines ; therefore the fdids CD, GK are of the 

fame altitude ; therefore the folid AB is equal * to the folid GK, b 3x. 11. 

becaufe they are upon equal bafes AE, FH, and are of the fame 

altitude : and becaufe the foljd CK is cut by the plane DG, 

which is parallel to its oppofiie planes, the bafe HF is to the 

bafe FC, as « the folid HD to the folid DC ; But the bafe HF 

18 equal to the bafe AE, and jhe folid GK to the folid AB ; 

therefore, as the bafe AE to the bafe CF, fp \§ the folid AB to 

the folid CD. Wherefore, &c. Q. E. D. 

CoR. I . From this it is manifeft, that prifms upon triangular 
bafes, of the fame altitude, are to one another as their bafes. 
^ Let the prifms AEM-NBO and CFG-PDQJiave the fame al- 
titude ; and complete the parallelograms AE, CF, and the pa- 
rallelopipeds AB, CD^ of which the infixing Uoes are MO, GQj 

C c smd 
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Book xr. atid beeaufe tlie parallelopipeds have the lame altitude, AB is to 
V^-Orx^ CD, as the bafe AE to CF ; wherefore the pi ifms, which arc 
4 »8. II. their halves ^, are to one another, as AE to CFj that is, as the 
triangle AEM to CFG- 

CoR. 2. Alfo, anj prifms of the fame altitude are to one 
another as their bafes : For prifms upon any other figures may 
be divided into prifms having triangular bafes : And each tri- 
angle is to each triangle, as the prifm upon the firft to the prifm 
eCor,i4,5. upon the other ; therefore the whole prifm is to the whole as * 
the bafe of the firft to the bafe of the other* 



PROP. XXXIII. THEOR. 

SIMILAR folid parallelopipeds are one to another io 
the triplicate ratio of their homologous fides. 

Let AB, CD be fimilar parallelopipeds, and the fide AE ho. 

mologous to the fide CE : The folid AB has to the folid CD, 

the triplicate ratio of that which AE has to CE. 

Let the bafes AG, CN be in the fame plane, and the folids 

AB, CD on different fides of it, and let AE, EC be in a ftraight 

line ; therefore, becaufe the angles AEG, CEN are equal, GE, 

a 3. Cor. EN are in a ftraight line * : And if the plane ED be produced 

>S« '• beyond GN, it fliall coincide with the plane GH, becaufe thefe 

pknes have the fame inclination 

to the common plane ; therefore, 

becaufe the angle GEH is equal 

to REN, RE is in the fame 

ftraight line with EH * : complete 

the parallelogram GC and the pa- 

rallelopipeds EX, NP upon the 

bafes GC, CN, fo that EH be an 

infilling, line in each of them, 

whereby they muft be of the fame 

altitude with the folid AB : and 

becaufe the folids AB, CD are fi,- 

milar, as AEto EG, fo is CE to 

EN ; and, by alternation, as AE to EC, fo is GE to EN: For 

the fame reafon, as AE to EC^ fo is HE to ER: But as AE to 

b I. 6. EG, fo ^ is the parallelogram AG to GC^ and the folid AB to 

- . the folid EX *^, becaufe they have the fame altitude ; and asGE 

^ ' to EN, fo ^ is the bafe GC to the bafe CN, and the folid EX to 

the Jolid NP « : and as HE' to ER, fo «> is the bafe HC to the 

bafe CR, and the folid NP to the folid CD « : But as AE to EC, 

fo is GE to EN, and HE to ER ; therefore, as the folid AB to 
411.5. the folid EX,- fo'^^is EX to NP, and NJP to CD : But if fomt 

^ « w magmtudes 
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xnftgDitudes be continual proportionals, the firft is faid to ha^re to Book XL 
the fourth the triplicate ratio of that which it has to the fecond • ; Si^V^^ 
therefore the folid AB has to the folid CD, the triplicate ratio •"•^*^*.^* 
of that which AB has to EX : But as AB is to EX, fo is A£ 
to EC ; therefore, the folid AB has to the folid CD, the tripli- 
cate ratio of that which the fide AE has to the homologous fide 
EC. Wherefore, fimilar folids, &.c. Q^ E. D. 

CoR. From this it is manifefl, that, if four ftraight lines be 
continual proportionals, as the firfl is to the fourth, fo is the 
folid parallel opiped defcribed from the firft to the fimilar folid 
fimilarlj defcribed from the fecond ; becaufe the firft ftraight 
line has to the fourth the triplicate ratio of that which it has to 
the fecond. 



PROP. D. THEOR. 

SOLID parallelopipeds contained by parallelograms 
equiangular to one another, each to each, have 
to one another the ratio which is compounded of the 
ratios of their fides. 

Let AB, CD be parallelopipeds, of which AB is contained by 
the parallelograms AF, FH, AH equiangular, each to each, to 
the parallelograms CG, GK, CK. which contain the folid CD : 
The ratio which the folid AB has to the folid CD is the fame 
with that which is compounded of the ratios of the fides AE to 
EC, EF to EG, and EH ro EK. 

Let the folids AB, CD be placed on different fides of the fame 
' plane, fo that the bafes AF, CG be in the fame plane, and AE, 
£C in the fame ftraight line ; and 
becaufe the planes FH, GK have 
the fame * inclination to the com« 
mon plane, they coincide with one 
another ; therefore, becaufe the 
angles AEP, AEH are equal to 
CEG, CEK, the ftraight line EG 
is in the fame ftraight line with 
EF, and KE with EH : Complete 
the parallelogram GC and the 
folid parallel opiped GL, of which 
the bafe is GC and HE one of its 
infifting lines. Take any ftraight 
line a, and as AE to EC, fo ^ 
make a to b ; and as F£ to EG, fo make b to c ; and as JIE to 
EK, fo make c to d : Then, becaufe the parallelogram AF is 
equiangular tq CG, AF is to CG, as %M Q \i but as AF to CG, 

G c a fo 
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Book XI. fo * is the folid AB, to the folid GL, becaufe they are of the 

^^^V'^^ fame altitude ; therefore the folid AB is to the foh'd GL, as a to 

d 3%. n. c : and the folid GL is to the folid CD, as <* the bafe GH is to 

the bafe GK ; that is, as the ftraight line £H to EK, or as c to 

c 12. s. d; therefore, by equality *, the folid AB is to the folid CD, as 

the ftraight line a is to d. But the ratio of a to d is faid to be 

f Def.A.5. compounded ' of the ratios of a to b, b to c, and c to d, which 

are the fame with the ratios of the fides AE to EC, FE to EG, 

and HE to EK : Therefore the folid AB has to the folid CD the 

. ratio which is the fame with that which is compounded of the 

ratios of the fides AE to EC, FE to EG, and HE to EK. 

Wherefore, &c. Q^ E. D. 

Cor. I. Hence it is manifeft, that equiangular parallelepipeds 
have to one another the ratio which is compounded of the ratios 
of their bafes, and of their infiflihg lines. For the ratio of AB 
to CD is compounded of the ratios of AB to GL, and GL to 
CD ; that is, of the ratios of the bafe AF to the bafe GC, and 
of the infiftiiig line HE to the infiding line EK. 

CoR. 1. Hence alfo, any parallelopipeds have to one another 
the ratio which is compounded of the ratios of their bafes and 
of their altitudes. For if they be contained by redlangles, they 
are equiangular, and their infifting lines are the fame with their 
altitudes : and if they be contained by any other parallelograms, 
they have the fame ratio with thofe contained by reAangles, 
which are upon equal bafes^ and of the fame altitudes with 



them* 
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See N. 'TPHE bafes and altitudes of equal folid parallelo- 
JL pipeds, are recmmcally proportional ; and if the 
bafes and altitudes'^K reciprocally proportional, the 
^folid parallelopipeds are equal. 

Let AB, CD be equal parallelopipeds j their bafes are reci- 
procally proportional to their iJtitudes ; that is, as the bafe EH 
is to the bafe NP, fo is the altitude of the folid CD to the aki* 
tudeof the folid AB.' • 

If the altitudes be equal, the folids are to one another as 
a 3a. II. their bafes ■ : and the folids are equal ; therefore the bafes arc 
b A. 3. equal ^ 

But let the altitudes not be equal, and let the altitude of 

CD be the greater : and if MP be at right angles to the bafe 

PN, it is the altitude of CD : make FT equal to the ahitudc of 

AB. But, if PM^ be not at right angles to^c bafe FN, from 

G II. II. tbe poiflt M draw MO perpendicular to the plane FN % and let 

it 
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it meet that plane in O ; then MO is the altitude of the folid Book XL 

CD : make OQ^ equal to the akitude of AB ; and join OP, and ^->'V-v^ 

draw QT parallel to OP * : Therefore MP is to PT, as MO to d 31. i. 

OQ^* ; that is, as the altitude of CD to the altitude AB. Draw e 2. 6. 

TV parallel to PC ^ ; and let the plane QTV cut the planes of 

the folid CD in the ftraight lines T W, WX, VX : and bccaufe 

QT, TV are parallel to OP, PC, the plane TX is parallel to the 

plane PN ^ ; therefore CW is a parallclopiped ^ : and it is of ^ '5- "• 

the fame altitude with the gDcf.4-ii. 

folid AB ; therefore, as the 

folid AB to the folid CW, 

fo is the bafe £H to the 

bafe PN *: and becaufe 

the folid CD is cut by the 

t>lane TX, which is paral- 

lei to its oppofite planes, 

as the folid DT is to the 

folid CW, fo * is the bafe 
MV to the bafe VP, and 

the llraight line MT to 

the llraight line TP *; and, by compofition ', as the folid CD 
to the folid CW, fo is MP to PT, that is, the altitude of CD 
to the altitude of AB : But the folid AB is to the folid C W, as 
the folid CD to the folid CW, becaufe the folids AB, CD are 
equal : Wherefore, as the bafe HE to the bafe PN, fo " is the 
altitude of the folid CD to the altitude of the folid AB. 

Next, Let the bafes of the folids AB, CD be reciprocally 
proportional to their altitudes ; that is, as the bafe EH to the 
bafe NP, fo is the altitude of the folid CD to the altitude of the 
folid AB : the folid AB is equal to the folid CD. 

If the altitudes be equal, the bafes are alfo equal ^ ; and there- 
fore the folids are equal "*. But, if the altitudes be not equal, ™ 3« 
let CD have the greater altitude : and the fame conftru^ion 
being made, it may be demonftrated, as before, that the folid 
AB is to the folid CW, as the bafe HE to the bafe PN ; and 
that the folid CD is to the folid CW, as the altitude of the 
folid CD to the altitude of the folid AB : But as the bafe HE 
to the bafe PN, fo is the altitude of the folid CD to the altitude 
of the folid AB ; therefore, as the folid AB to the folid CW, 
fo « is the folid CD to the folid CW. Wherefore the folid AB 
is equal ^ to the folid CD. Therefore, &c. Q^ E. D. 
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Book XL PROP. XXXV. THEOR. 



StcN. TF from the vertices rf two equal plane angles* 
J[ equal ftraight lines be elevated above their planes, 
making equal angles with their fides, each to each ; 
the perpendiculars drawn from the extremities of the 
equal lines to the planes of the firft angles, fhall be 
equal to one another. 

Let BAC, £DF be equal plane angles, and AG, DH equal 
ftraight lines elevated above the planes BAG, EDF, making the 
angle BAG equal to EDH, and GAG to HDF ; and fromG, 
H let GK, HL be drawn perpendicular to the planes BAC, 
EDF, meeting them in K, L : the perpendicular GK is equal 
to HL. 
a 12. I. From the points K, L draw * KB, LE perpendiculars to AB, 
DE ; and join BG, AK; EH, DL:- and becaufe GK is per- 
pendicular to the plane BAG ; it makes right angles with AK, 

b3.Dcf.11. KB ^ ; and the plane GKB paffing through it is perpendicular 

c 18. II, jQ jjjg plane BAC ^ ; therefore AB, which is at right angles to 
their common fedion BK, is at right angles to the plane BKG **; 

d4.Def.i I. and ABG is therefore, a right angle **. 

For the fame reafons, the angles HLD, HLE, HED are right 
angles : and becaufe the angle BAG is equal ta EDH, and 
ABG, DEH are right angles ; 
the two triangles ABG, DEH 
have two angles equal to two j 
and the fides AG, DH oppofite 
to equal angles, are alfo equal, 
therefore the other fides AB, 
e t6. u BG are equal « to DE, EH : 
and becaufe the folid angles at 
A, D are contained by three 
plane angles equal to one another, each to each ; the planes in 
f A. 5. which they are have the fame inclination to one another ^ : 

g5.Def.i I. and the angle GBK is the inclination ^ of the planes BAG, BAG, 
becaufe BG, BK are at right angles to their common feftion 
AB : and, for the fame reafon, th^ angle HEL is the inclina^ 
tion of the planes EDH, EDF; therefore the angle GBK is 
equal to HEL : and BKG, ELH are right angles ; therefore, in 
the triangles GBK,, HEL, there are two angles equal to two 5 
and the fides BG, EH oppofite to equal angles, are equal ; there- 
fore the other fides are equal •, each to each i Whcrtforc the 
perpendicular GK is equal to the perpendicular HL* There- 
fore, &c. Q^E. D. 
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Cor. Likewifcy if frQm the vertices of two equal plane angles, Book XL 
ftraight lines be elevated, making equal angles with their fides ; ^s^)r\J 
they (hall have the fame indtnatioa to the planes of the firft 
angles. 

Lee the ftraight lines AG, DH be elevated above the planas 
of the equal angles BAG, £DF, and making the angle BAG 
equal to EDH, and the angle GAG to HDF. And take AG 
equal to DH, and draw GK, HL perpendiculars to the planes 
BAG, EDF, and join AK, DL: the angles GAK, HDL are the 
inclination ^ of the ftraight lines AG, DH to th^ planes BAC,m 
EDF : The angle GAK is equal to the angle HDL. 

Draw ^ KB, LE perpendiculars to AB, D]^ j and join BG» 
EH : and it may be proved, as in the propofition, that AB, BK 
are equal to DE, EL : and they contain right angles ; therefore 
the bafe AK is equal ^ to DL : and AG is alfo equal to DH ; 
therefore the two fides GA, AK are equal to the two HD, DL: 
and the bafe GK is alfo equal to the bafe HL ; therefore the 
Wglc GAK b equal ^ to the angle HDL. Q;, E. D. ,^ , , 



II. 
a 12. s* 



h4. 



PROP. XXXVI. THEOIL 

IF three ftraight lines be proportionals, the folid 
parallelopiped defcribed from all three as its 
fides, is equal to the equilateral parallelopiped de- 
fcribed from the mean proportional, equiangular to 
the other, 

liCt A, B, C be three proportionals ; that is, A to B, as B to 
C : The folid defcribed from A, B, C is equal to the equilateral 
folid defcribed fronfi B, contained bj parallelograms equiangular 
to thofe of the other figure. 
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Take a folid angle D contabed by three plane angles EDF, 
FPG, GDE I and make each of the ftraight lines ED, DF, 

DG 
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Book XT DG equal to B^ and complete the parallelopiped DH : Make 

y^^^y^ LK qqual to A, and at K, in LK, make * a folid angle contained 

a 2«. II. bv three plane angles LKM, MKN, NKL equal to the angles 

EDF, FDG, GDE, each to each ; and make KN equal to B, 

and KM equal to C, and complete the parallelopiped KO : and 

becaufe, as A is to B» fo is B to C, and that A is equal to KL, 

and B to each of the ftraight lines DE, DF, and C to KM ; 

therefore LK is to DE, as DF to KM ; that is, the fides about 

the equal angles are reciprocally proportional ; therefore the 

h 14. 6. parallelogram, LM is equal ^ to EF : and becaufe EDF, LKM 

are two equal plane angles, and the equal linea DG, KN arc 

drawn from their vertices above their planes, and containing^ 

equal angles with their (ides ; therefore the perpendiculars frona 

c 3S« "• G, N to the planes EDF, LKM are equal * ; and the folids KO, 

DH are therefore of the fame altitude ; and they arc upon equal 

4 31. II. bafes LM, EF; therefore they are equal ** to one another : But 

the folid KO is defcribed from the three ftraight lines A, B, C, 

and the folid DH from the ftraight line B^ If, therefore, three 

ftraight lines, &c, Q^ E. D, 



PROP, iSXXVIL THEOR. 

IF four ftraight lines be proportionals, the fimilar 
fblid parallelopipeds firailarly defcribed from them 
fliall alfo be proportionals. And if the fimilar pa- 
rallelopipeds fimilarly defcribed from four ftraight 
lines be proportionals, the ftraight lines ftiall be pro- 
portionals. 

Let the four ftraight lines AB, CD, EF, GH be propor- 
tionals, viz. AB to CD, as EF to GH ; and let the fimilar paral- 
lelopipeds AK, CL, EM, GN be fimilarly defcribed from them ; 
AK ftiaU be to CL, as EM to GN. 
a II, 6. Make * AB, CD, O, P continual proportionals, as alfo EF, 
GH, Qj R : and becaufe AB is to CD, as EF to GH ; and that 
b II- S- CD is toO, as ^ GH to Q^ and O to P, as Q^to R; therefore, 
c 2 2. 5. by equality ^, AB is to P, as EF to R : But as AB to P, fo * is 
4 Cor. 33. jjjg folid AK to the folid CL ; and as EF to R, fo ^ is the folid 
"• EM to the folid GN ;. therefore *», as the folid AK to the folid 
CL, fo is the folid EM to the folid GN. 

But let the folid AK be to the folid CL, as the folid EM to 
the folid GN ; the'ftraight line AB is to CD, as EF to GH. 
c u. 5. Take AB to CD, as * EF to ST, and from ST defcribe ^ the 
i a;. II. parallelepiped SV fimilar and fimilarly fituated to EM or GN : 

«od 
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aod htemk AB is to CD, as KF to ST, and that from Afi, CD Book XL 

the fimilar paralldopipeds AK, CL are fimilarlj defcribed ; and V ^ ^^ ^ 

in like manner, the folids EM, ^V from £F, ST ; therefore A£ 

i$ to CLy as EM to SV : But^ bj Che hypothefis, AK is to CL, 

U ISM to GN i tb^reforfi GN is equal < to SV : But it is lik^^ g 9. $. 
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wife fimilar and fimilarlj fituated to SV ; therefore the planes 
which contain the folids are fimilar and equa}, and their homo*- 
logous fides GRf ST are equal to one another : a^d bccaiaile, as 
AB to CD, fo is EF to ST, and that ST is equal to GHj AB 
is to CD, as EF to GH* Therefore, if fou;r ftraight lines, &Cr 
Q^E.D. 

PROP. XXXVIIL THEOIL 

IF a plane be perpendicular to another plane, a See N. 
ftraight line drawn from a point in one of them 
perpendicular to the other, IhaU fall on the common 
fedion of the planes* 

For a ftraight line drawn from that point perpendicular to th^ 
common fedion of the planes is perpendicular to the other 
plane * ; and onlj one ftraight line can be drawn from that point a4.Dcf.1r, 
perpendicular to that ot)ier planp \ -^ b 13, n. 



PROP, XXXIX. TEIEOR. 

IN a folid parallelepiped, if the fides of two of the 
oppofite planes be bifefted, the comrtion fedion 
of the planes paifing through the points of divifion, 
and the diameter of the parallelopiped bifed each 
other. ^ 
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Let the fides of the oppofile planes CF, AH of the parallelo- 
piped AF be bifefted in the points K, L, M, N ; X, O, P, R, 
and join KL, MN, XO, PR : and becaufe DK, CL are equal 
and parallel, KL is parallel * to DC : For the fame reafon, MN 
is parallel to BA : But BA is parallel to CD ; therefore MN is 
parallel ^ to CD ; and therefore alfo to KL. In like manner, it 
may be proved, that XO is parallel to PR. Let the planes 
paffing through the parallels cut one another in the ftraight 
lines YS ; and let DG be the diameter of the parallelopiped 
AF : YS and DG do meet and bifeQ: one another. 

Join DE, BGiand becaufe DF, DC are doubles of DK, 
DX, the parallelograms CF, XK are fimilar and fimilarlj fitua- 
ted, and having the 

angle at D common (j j^ 

to both, they are a- 
bout the fame dia- 

C26,€. meter ®; therefore 
the diameter DE 
paffes through the 
point Y: and becaufe 
DK is equal to KF, 

du6,U DYis equal <* to YE. 
9' S« For the fame reafon, 
BG pafTes through 
S, and BS is equal 
to SG : and becaufe 
DB is equal and pa- 
rallel to CA, and C A to EG ; therefore DB is equal and parallel 
* to EG : and DE, BG join their extremities 5 therefore DE 
is equal and parallel * to BG : and DG, YS are in the fame 
plane with them ; therefore they muft meet one another ; let 
them meet in T: and becaufe DE is parallel to BG, the alter- 
nate angles EDT, BGT are equal ^ ; and the angle DTY is 
equal ^ to GTS : fherefore the triangles DTY, GTS have two 
angles of the one equal to two of the other, and the fide DY 
equal to GS, which are oppofite to equal angles ; therefore the 
other fides are equal 5, each to each. Wherefore DT is equal 
toTG, and YT equal to TS. Therefore, &c. Q^ E. D. 




e 19* T. 

f .5. 1. 



f t$. t< 



PROP, 



OF EUCLID. 



%n 



PROP. XL. THEOR. g^^^ XL 

IF there be two triangular prifms of the fame altU ^*^Vw 
tude, the bafe of one of which is a parallelogram, 
and the bale of the other a triangle ; if the parallelo- 
gram be double of the triangle, the prifms fliall be 
equal to one another. 

Let the prifm AEB-CFD (landing upon the parallelogram 
AF, and contained by the planes AEB, CFD, AD, DE, be of 
the fame altitude with the prifm GHK-LMN ftanding upon th^ 
triangle GHK, and contained by the planes GM, MK, KL, 
MLN: and let the parallelogram AF be double of the triangle 
GHK, the prifm AEB.CFD is e^ual to the prifm GHK-LMN. 



D 




Complete the folids AX, GO ; and becaufe the parallelogram 
AF is double of the triangle GHK ; and the parallelogram HK 
is double * of the fame triangle ; therefore the parallelogram AF a 34. u 
is equal to HK. But parallelopipeds upon equal bafts, and of 
the fame altitude, are equal ^ to one another ; therefore the folid b 31. 11. 
AX is equal to the folid GO : and the prifm AEB-CFD is the 
half « of the folid AX, and the prifm GHK-LMN the half « of c zZ. 11. 
the folid GO; therefore the prifm AEB-CFD is equal to the 
prifm GHK-LMN. Wherefore, &c. Q^ E. D. 
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arch of a circle is greater than Its chord ; but it is lefsBooxXII. 
than two ftraight lines drawn from the fame point, to touch W^Wi^ 
the circle in the extr<emities of tht arch* 



PROP. I. THEOR ♦. 

IF from the greater of two unequal magnitudes, 
there be taken more than its half, and from the 
remainder more than its half; and fo on : There fhall 
at length remain a magnitude lefs than the leail of 
the propofed magnitudes. 

Let AB and C be two unequal magnitudes, of which AB is 
the greater. If from AB there be taken more than its half, 
and from the remainder more than its hal^ and fo on ; there 
Ihall ac length remain a magnitude lefs than Cf. 

For C majr be multiplied fo, as at length to become greater 
than AB j let it be fo multiplied^ and let D£ its multiple be 

greater - 

* This is Prop. L Book X. of Euclid. 
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BookXII. greater than AB, and let DE be divided into DF, FG, GE, 
^-"^VN^ each equal to C. Frona AB take BH greater than its hal^ and 

from the remainder AH take HK greater than 

its half, and fo on, until there be as many di- A j_> 

vifions in AB as there are in DE : and let 

the divifions in AB be AK, KH, HB j and the 

divifions in DE be DF, FG, GEi and be- 

caufe DE is greater than AB, and that EG 

taken from DE is not greater than its half, 

but BH taken from AB is greater than its 

half ; therefore the remainder GD is greater 

than the remainder HA : Again, becaufe GD 

is greater than HA, aud thatGF is not greater 

than the half of GD, but HK is greater than 

the half of HA ; therefore the remainder FD 

is greater than the remainder AK ; and FD ^ C E • 

is equal to C ; therefore C is greater than AK ; that is AK is 

lefsthanC. Q^E. D. , i^ « 

And if only the halves be taken away, the fame thing may in 

the fame way be demonftrated. 
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EVERY circle is equal to the redangle containjcd 
. by its rad.ius,. and a ftraight line .equal to ^e 
half of its circurhFer^nce. * - — ^ , . .t,. ,,. 

Let ABCD be a circle, of which the diameter is AC, and the 
centre E ; and in AC produced, let EF be taken equal to the 
half of the circumference, and draw * the diameter BD at right 
angles to AC, and complete the redbngle DF ; the refiangle DF 
is equal to the circle ABCD. 

If not, it is either greater or Icfs than the circle. FirfL let 
pF be greater than the citcle ; then fome reaarigle lefs than DF 
is equal to the circle ; let this be the re£bngle DH : and divide 
BE into fuch equal parts EK, KL, LM, MB, that each of them 
C I. T«. inay be lefs than the fourth part of HF *> ; and draw « KN, LO 
1 5^. 6. MP parallel to AC, meeting the circumference in N, O, P • and 

- • complete the reattngle^KC, EN, NL^KO,^^, LP, PB:' arid 
becaufe KE is equal to. KH, the reftangle EN i> equal * to'lvIL- * 
For the fame Teafon, KO is ^qual to OM, and LP to PB ; there* 
fore the redangles NL, OM, PB are equc^ to the reftangles EN 
KO, LP in the circle ; and the redangle KC is therefore the exl 
cefs of the reftangles about the circle above thofe within if; and 
if the fcme conftrufiion be made in the other three feftors it 

mttj 
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maybe proved in the fame way, that all the circumfcribcd reft- Book XII. 
ati^^les exceed all the infer ibed ones by four times the reft angle Vi^V^i^ 
KG : but becaufe FH is greater than four times EK, the rect- 
angle HG is greater than four times KG ; and HD being equal to 
the circle, is greater than the infcribed reftangles ; therefore DF 
is greater than the infcribed reftangles, together with four times 
KG ; that is, greater than the circumfcribed reftangles. Draw « e 17. 3. 
PY touching the circle ; and join PE j then the triangles EPY, 
EBY together are equal ^ to £ 4'» «• 

half the reftangle contained 
byEB and BY, YP toge- 
ther : But BY, YP are great- 
er ' than the arch BP ; there- g Ax. 
fore the figure EBYP, ancl ' 
inuch more EBXP, is greater 
than the redtangle contained 
by EB and the half of the 
«rch BP : In the fame man- 
ner, it may be proved, that 
the quadrilateral EOVP is 
greater than the rectangle 
contained by EB and the half 
of the arch PO, and fo on : 
Therefore all the circumfcri- 
bed reftanglcs together are 
greater than the reftangle 
contained by the radius and 
the half of the circumfe- 
rence ; that is, greater than 
the re6langle DF : and it has 
been proved, that they are 
alfo lefs ; which is impoflible : 
Therefore the rcftangle DF 
is not greater than the circle. 
Neither is it lefs ; For, if 
poffible, let the circle be e- 
qual to fome reAangle DZ 
greater thanDF: Then, if 
the fame conftruftion be made, 
it may be proved, as before, that the excefs of the circumfcri- 
bed redangles above the infcribed ones is lefs than GZ : and the 
circumfcribed redlangles are greater than the circle ; that is, 
than DZ ; therefore the infcribed reftangles are greater than 
DF: Join BP; and the triangle EBP is lefs ' than the redangle f 41. i. 
contained by EB and the half of BP ; and BP is lefs ^ than the g Ax. 11. 
arch BP ; and the triangle EMP is lefs than EBP ; therefore 

much 
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Book XII. much more is the triangle £MP lefs than the reftangle cootainej 
^m^Y>^ by EB and the half of the arch BP. In the fame manner, it 
may be proved, that the quadrilateral EPWO is lefs than the 
redangle contained bj EP and the half of the arch PO } and fo 
on : Therefore all the infcribed redangles are lefs than the 
re£langle contained by the radius and the half of the circamfe« 
rence ; that is, lefs than DF : and they were proved to be 
greater than it ; which is impoflible ; therefore the reftangle 
JDF is not lefs than the circle : and it was before proved, not 
to be greater than it; therefore DF is equal to the circle, 
Q^ E. D. 

CoR. I. Hence it is manifeft, that if a fpace be lefs than 4 
circle, red angles can be infcribed in the circle, which together 
are greater than that fpace : and that if a fpaoe be greater than 
a circle, re&angles can be defcribed about the circle, which are 
together lefs than that fpace. 

Cor. 2. And confequently, if a figure be greater than as j 
feries of redangles in a circle, bu( lefs than any feries of red* 
angles about it ; that figure is equal to the circle. 



PROP. III. THEOR ». 

IIrcles are to one another as the fquares of theijr 
diameters. 

Let ABCD, EFGH be two circles, and BD, FH their diame. 
ters : as the fquare of BD to the fquare of FH, fo is the circle 
ARCD to the circle EFGH. 

Let the fquare of BD be to the fquare of FH, as the circle 
ABCD to fome fpace Z ; this fpace is equal to the circle EFGH. 

a II. I. Draw * the diameters AC, EG at right angles to BD, FH ; and 

b p. 6. divide * AK into any number of equal parts in M, N, O, and 
EL into as many in P, Qj R ; and complete the reftangles M, 
MT, N V ; LW, PX, QY in the circles ; and let the fame con* 
ftruftion be made in the reft of the feftors : and becaufe AO, 

c 15. 5- ER are the fame parts of OC, RG ; AO is to ER, as « OC to 
RG ; therefore the fimilar reSilineal figures upon them are pro- 

d la. 6. portionals ** : and the fquares of AO, ER are fimilar figures • on 

ei.Def.6. ^.jjej^. a„^ ^j^^ redangles AO,. OC and ER, RG are fimilar 

figures * on OC, RG ; therefore the fquare of AO is to the 

fquare of ER, as the reftangle AO, OC to the reSangle ER, 

KG : and AO is equal to ON, and ER to R<^; and the reft- 

f 35- 3« angle AO, OC is equal ^ to the fquare of OV, and the reftanglc 
ER, RG to the fquare of RY ; therefore the fquare of ON is to 

that 
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that of RQ^ as the fquarc of O V to tbirt of RY ; therefore NO BootXII. 
is to RQ^ as OV to RY ; and, hy alternation », NO is to OV, ^y^TSJ 
as QR to RY ; therefore the reaangle NV is fimilar « to QY ; « '^' 5- 
therefore NV is toYQj as * the fquare of NO to the fquare of « * '•^^^' ^' 
RQj that is, as the fquare of BD to the fquare of FH ^, be- c 15. 5. 
caufe ON, RQ^ arc the fame parts of BD, FH. In the fame 
manner, it may be proved, that the other rcftangles are to one 
another as the fquare of BD to that of FH : Wherefore all the 
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redangles in the circle ABCD are to all the redangles in the 
circle EFGH as ^ the fquare of BD to the fquare of FH : But 
as the fquare of BD to the fquare of FH, fo is the circle ABCD 
to the fpace Z ; therefore, as the circle ABCD is to the fpace Z, 
fo ^ are the redangles in the circle ABCD to the rectangles 10 
the circle EFGH : and the circle ABCD is greater than the red* 
angles in it ; therefore the fpace Z is greater ^ than the redangles 
in the circle EFGH. In the fame manner, it may be proved, 
that the fpace Z is lefs than any feries of re&angles about the 
circle EFGH : Therefore the fpace Z is equal * to the circle 
EFGH; But the fquare of BD is to the fquare of FH, as the 
circle ABCD to the fpace Z ; therefore the fquare of BD is to 
that of FH, as the circle ABCD to the circle EFGH, Q^ E. D. 

CoR. Hence, the circumferences of circles are to one anotheir 
as their diameters. 

For a circle is equal ^ to the reftangle contained by the radius 
and half the circumference ; therefore the re&angle contained by 
BK and half the circumference ABCD is to the rectangle con* 
tained by FL and half the circuniference EFGH, as ° the circle 
ABCD to the circle EFGH ; that is, as ° the fquare of BD to 
that of FH, or as ^ the fquare of BK. to that of FL ; and, alter- 
nately ', as the reAangle contained by BK and half the circum- 
ference ABCD is to the fquare of BK, fo is the re£tangle con- 
tained by FL and half the circumference EFGH to the fquare of 
FL : and parallelograms of the fame altitude are as their bafes p ; 
therefore the half of the circumference ABCD is to BK^ as half 
the circuodference EFGH to FL ; and, alternately s, as half the 
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Book XlLcircumferencc ABCD to half the circumferwiCe EFGH, fo is 
^•^"V^^BK ro FL ; and taking their doubles, as the circumference ABCD 
a 4* S* to the circumference EFGH, fo ^ is BD to FH. 

PROP. IV. THEOR. 

•T^Ri ANGULAR pyramids upon equal bafes, and of 
1 the fame altitude, are equal to one another. 

Let ABC-G, DEF-H be two pyranaids of the fame altitude, 
and having the equal triangles ABC, DEF for their bafes ; the 
pyramid ABC-G is equal to the pyramid DEF-H. 

If not, one of them is greater than the other : let £he pyra- 
mid ABC-G be greater than the other pyramid by the folid Z : 
and complete the prifm,^ of which ABC is the bafe, and AG one 
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of its infifting lines : Then, if AG be bifeSed by a plane parallel 

a Cor. 32. to ABC, that plane will bifeft * the prifm ; for AG and the per- 

II- pendicular from G to the plane ABC, are cut in the fame ratio 

b 17* II. by that parallel plane ^ ; therefore the parts are prifms on the 

fame bafe, and having equal altitudes, and are therefore equal *. 

In the fame manner, may the half of the remaining prifin be 

cut off; and fo on : Therefore, if this be done continually, there 
c I. II. fliall at length remain a prifm lefs ^ than the folid Z : let this 

be the prifm ABC-LNO, and let LN, LO meet GB, GC in P, 

d 3T. I. Qj and draw ** PR, QS parallel to AG, and join PQj, RS-; 

t 13. Def. therefore ARSLPQ^is a prifm * in the pyramid ABC-G : Let 

II. ttlQ 



OF EUCLID. ti9 

the other parts of AG equal to AL, be LK, KM, MG, and com-B^oK xn. 
plete pri-fms in the pyramid between the planes through L, K, •^''^^^**"^ 
M : and let the fame conftrudion be made in the pyramid 
DEF-H : and becaufe LP is parallel « to AB, AG is to GL, as o ^^' ' »• 
^ AB to LP or AR : For the fame reafon, AG is to GL, as AC ^ 4- ^. 
to AS ; therefore BA is to AR, as « CA to AS ; and the tri- g ii. 5. 
angle ABC is fimilar *" to ARS ; In the fame manner, it may be h 5. 6. 
proved, that the triangle DEF is fimilar to DXY : and becaufe 
AG, DH are equimultiples of AL, DT ; as are alfo GL, HT ; 
therefore AG is to GL, as k DH to HT ; wherefore B A is to AR, ^ 4. 5- 
as ED to DX ', and confequently the triangle ABC is to ARS, 
as * DEF to DXY : and the triangle ABC is equal to DEF ; ^ "• ^• 
therefore the triangle ARS is equal " to DXY ; and therefore m 14. 5. 
the prifm LRS is equal ^ to the prifm TX Y, for they are upon ^ C°^' 3»« 
equal bafes, and have the fame part of the altitude of the pyra- **" 
mids for their altitude. In the fame manner, may the other 
prifms in the two pyramids be proved to be equal, each to 
each ; therefore all the prifms in the pyramid ABC-G together 
are equal to all the prifms in the pyramid DEF-H. Produce 
RP> SQ^to a, b, and join ab ; therefore LPQ^Kab is a prifm; 
and it is equal " to the prifm ASR-LPQj becaufe they are upon 
the fame bafe, and have equal altitudes : In the fame manner, 
it may be proved, that the other infcribed prifms are equal to 
the circumfcribed prifms ftanding upon them : therefore all the 
infcribed prifms, together with the prifm ABC-LNO, are equal 
to all the circumfcribed prifms ; that is, they are greater than 
the pyramid ABC-G : But the prifms in the pyramid ABC-G 
are equal to thofe in the pyramid DEF-H, and the folid Z is 
greater than the prifm ABC-LNO ; therefore the prifms in the 
pyramid DEF-H, together with the folid Z, are greater than 
the pyramid ABC-G ; that is, than the pyramid DEF-H, toge- 
ther with the folid Z : take away the common folid Z, and the 
prifms in the pyramid DEF-H are greater than the pyramid 
itfelf, and they are alfo lefs ; which is impoffible : Therefore the 
pyramid ABC-G is not unequal to the pyramid DEF-H, that is, 
it is equal to it. Q^E. D, 

PROP. V. THEOR ♦. 

EVERY triangular prifm may be divided into three 
equal triangular pyramids. 

Let ABC-DEF be a triangular prifm, of which the bafe is 
the triangle ABC, and DEF the triangle oppofite to it : It may 
be divided into three equal triangular pyramids* 

£ e 2 Join 

* This is Prop. VII. Book XII. of Euclid. 
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Boo&XII. Join AF, FB, BD : and becaofe BD is the diameter of Ab 
Vn^^V^i^ parallelogram AE, the triangle ABD is equal * to EBD ; and 
* 34- !• therefore the pyramid ABD-F is equal * to the 
^ 4« *a- pyramid EBD-F, for they are upon equal 
bafesy and of the fame altitude : For the fame 
reafony the pyramid ADF-B is equal to the 
pyramid ACF-B : But the pyramid ABD-F 
is the fame with the pyramid ADF-B: Where- 
fore the pyramid ACF-B is equal to the pyra- 
mid EBD-F; therefore the prifm ABCDEF ^ 
is divided into three equal pyramids ABD-F, B 
EBD-F, ACF-B. Wherefore, &c. Q^E. D. 

CoR. I. From this it is manifeft, that every pyranoid is the 
third part of a prifm which has the fame bafe, and is of an equal 
altitude with it ; for if the bafe of the prifm be any other figure 
than a triangle, it may be divided into prifms having triangular 
bafes. 

CoR. 2. * Pyramids of equal altitudes are to one another as 
their bafes ; becaufe the prifms upon the fame bafes, and of the 
^-V ??^* f*°^® altitude, are * to one another as their bafes. 

* Tlis tj the sth and 6tb Propqfition o/BookXIL of Euclid. 



PROP. VI. THEOR. 

IF a cylinder and a parallelepiped be upon equal 
bafes, and of the fame altitude, they are equal to 
one another. 

Let ABCD be a cylinder, and EF a paralleloptped of the fame 
altitude ; and let the circle ABG, which is the bafe of the cylin- 
der, be equal to the bafe EH of the parallelopiped ; the cylinder 
ABCD is equal to the parallelopiped EF. 

If not, it is either greater or lefs than the parallelopiped : 
Firft, let it be lefs, and let it be equal to the parallelopiped EK 
of the fame altitude with FF, but having the bafe EL lefs thaa 
EH : and in the circle AGB let redangles be made as in the fe- 
cond propofition, which together (hall be greater than EL ; and 
let the fame be done in the oppofite bafe CTD j and let NOPQ^ 
RSTV be correfponding redangles in them ; therefore, becaufe 
the circles are equal, the reftangle PN is equal to RT, as wa» 
ihown in Propoficion III ; join NR, OS, PT, QV ; and becaufe 
NQ^is equal and parallel to RV, NR is equal and parallel to 
a 35' »• Oy • : For the fame reafon, PT, OS are equal and parallel to 
b-a4. ti. Nk or QV ; therefore NT is a parallelopiped * : conftruft, in 
the^ lame manner, parallelopipeds upon the other rectangles in 

the 
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the circle AGB : and becaufe the paniUelopipeds NT, £K are of BookXIL 
the fame altitude, NT is to EK^ as ^ the bafc NP to the bafe O^vO 
EL: For the fame reafon, the parallelopipeds upon the other C3a»«'» 
reftangles in the circle AGB are each of them to £K as the red- 
angle upon which it (lands to the bafe £L ; therefore a]] the pa« 
rallelopipeds together are to £K as ^ all the redangles in the d «. Cor* 
circle AGB to the bafe £L : But the re^langles in the circle ^4* 5- 
AGB are greater than EL ; therefore the parallelopipeds upon 
them are together greater than £K * : and £K is equal to the ^ A. 5. 
cylinder ABGD ; therefore the parallelopipeds upon the red- 
angles are greater than the cylinder ; and they are alfo lefs, be* 
caufe they are contained in it ; which is impoffible : Th'fre* 
fore the cylinder ABCD is not lefs than the parallelepiped EF. 
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Neither is it greater ; for, if poffible, let the cylinder ABCD 

be equal to the parallelopipcd £W of the fame altitude with £F, 

but upon a bafe £X greater than £H ; that is, than the circle 

AGB : and becaufe EX. is greater than the circle AGB, reft- 

angles can be made about the circle, which together are lefs than 

EX ^ : and, if upon thefe reftangles be made parallelopipeds in g i. Cor. 

the way that NT was made, it may be proved, as before, that «• !»• 

they are together lefs than the parallelopiped £ W ; that is, than 

the cylinder ABCD : and they are alfo greater, becaufe they 

contain the cylinder; which is impoffible ; therefore the cylinder 

is not greater than the parallelopiped EF : and it has been fhown, 

that it is not lefs than it ; therefore the cylinder is equal to the 

parallelopiped. Wherefore, &c. Q. E. D. 

Cor, 1 . * Hence cylinders of the fame altitude are to one ano* 
ther as their bafes, for the parallelopipeds upon bafes equal to 
them, and of the fame altitude, are to one another as their 
bafes ^ 

Coa. t. Cylinders have to one another the ratio which is 
|:ompounded of the ratios of their bafes, and of their altitudes. 
For this is the ratio of the parallelopipeds, which are upon equal 
bafei^ with them, and have the fame altitudes '• 

4» Tbt'j it tht wth Propo/ition of Book XU, 0/ Euclid, 

PROP. 
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BookXIL prop. Vir. THEOR. 

TF'a cone and a pyramid be upon equal bafes, and 
-*- of the fame altitude ; they are equal to one 
another. 

Let the cone of which the bafe is the circle ABC, and the 
vertex D, be of the fame ahitude with the pyramid of which 
the bafe is the figure EFG, and the vertex H ; and let the circle 
ABC be equal to the figure EFG: the cone ABC-D is equal ta 
the pyramid EFG-H. 

If not, let them be Unequal ; and, fir ft, let the cone be lefs 

than the pyramid; that is, let it be equal to fome pyramid 

FGK-H of which the bafe FGK is lefs than FGE, or than the 

circle ABC; therefore, in the circle there can rectangles be 

a I. Cor. made, which together are greater than FGK * : let LMNO be 

4. 14. one of them, and join DL, DM, DN, DO : and becaufe the 

pyramids LMNO-D and FGK-H are of the fame altitude, the 
b 1. Cor. pyramid LMNO-D is to the pyramid FGK-H, as *» the bafe 

5. xz. LMNO to the bafe FGK : In the fame manner, if pyramids be 

erefted on all the other reftangles in the circle ABC, it may be 
proved, that each of them is to the pyramid FGK-H, as the 




reaangle on which it ftands to the bafe FGK : wherefore aU the 
c 1. Cor. pyramids upon the reftangles are to the pyramid FGK^H as « all 
a4. 5. the reftangles to the bafe FGK : But the reftangles together are 
greater than the bafe FGK; therefore the pyramids upon Chem 
are together greater than the pyramid FGK^H ; that is, than 
the cone ABCD : and they are alfo lefs, for they are contained 
m It; which IS impoffible; therefore the cone ABC-D is not left 

than 
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than the pyramid EFG-H. Neither is it greater; for, if poffible, BookXII. 
let it be equal to fomc pyramid PFG-H^ of which the bafc PFG ^^/y^sJ 
19 greater than EFG : and becaufe PFG is greater than the circle 
ABC, redangles can be made about the circle which together 
are lefs * than PFG : and, if pyramids be eredied upon thefe a x. Cor. 
redlanglesy having their common vertex at D, it may be proved, *• '•• 
as before, that they are together lefs than the pyramid PFG-H ; 
that is, than the cone ABC-D : and thej are alfo greater, be- 
caufe they contain the cone ; which is impoffible ; therefore the 
cone ABC-D is not greater than the pyramid EFG-H : and it 
has been proved not to be lefs than it ; therefore the cone ABC-D 
is equal to the pyramid EFG-H. Wherefore, &c. Q^ E. D. 

CfoR. I. * Hence, a cone is the third part of a cylinder of the 
fame altitude, and upon the fame bafe with it ; for the pyramid 
EFG-H is the third part of a prifm on the bafe EFG, and of the 
fame altitude with it ^ : and this prifm is equal to a cylinder 4 j, Cor« 
upon the bafe ABC and of the fame altitude with the cone 5. ii« 
ABC-D * ; therefore the cone is the third part of the cylinder. * ^- »»• 

CoR. 2, Hence, cones of the fame alcitude, are to one another 
as their bafes. 

* Tlis'istbe lotb Propqfition of Book XIL of Euclid. 



PROP. VIII. THEOR. 

TT ET ABCD be a fquare, and join BD, and from the centre B, 
\ ^ at the diftance BA, defcribe the arch AC ; and let any num- 
ber of ftraight lines EF, GH, IK be drawn parallel to BC, meeting 
the arch AC in L, M, N, and BD, in O, P, Qj and complete the 
reftangles BL, EM, GN in the circle, and the reftangles BO, 
EP, GQjabout the triangle ABD : If, then, the figure thus con- 
ftruSed revolve about AB as an axis, the cylinders defcribed 
by the reftangles in the feftor ABC, together with thofe defcri- 
bed by the reftangles about the triangle ABD, are equal to the 
cylinder defcribed by the fquare ABCD. 

Join BL : and becaufe EO is parallel to AD, the angle EOB 
is equal * ADB, that is, to ABD * ; therefore EB is equal ^ to a 19. i, 
EO : and becaufe BEL is a right angle, the fquares of BE, EL b 5. 1.* 
are equal ^ to the fquare of BL : and BL is equal to BC orEF; c 6. t, 
and BE to EO ; therefore the fquares of OE, EL are equal to ^ 47- '• 
the fquare of EF ; and becaufe the cylinders defcribed by the 
revolution of BF and BL about the axis BE have the fame alti- 
tude BE, they are to one another as * the circles defcribed by e 1. Cor. 
the revolution of EF and EL about the point E : and thefe ^.11/ 

circles 
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Book XII. circles are as the fquares ' of their diameters or radii ; therefore 
^^•^^y^^^ the cylinder defcribed by BL is to the cylinder defcribcd by BF, 
f 3- "• as the fquare of EL to that of EF: For the fame rcafon, the 
cylinder defcribed by BO is to the cylinder defcribed by BF, as 
the fquare of £0 to that of EF ; therefore the cylbders de- 
fcribed by BL, BO together are to the cylinder defcribed by BF, 
g 24. 1, as * the fquares of EL, EO to the fquare of EF : but the fquares 
of EL, EO together are equal to the fquare 
of EF ; therefore the cylinders defcribed by 
h A, 5. BL, BO are equal * to the cylinder defcri- 
bed by BF. In the fame manner, it may 
be demonft rated, that the cylinders defcri- 
bed by EM, EP are equal to that defcribed 
by EH, and the cylinders defcribed by GN, 
GQ^ equal to that defcribed by GK : 
Wherefore all the cylinders defcribed by 
the re6tangles BL, EM, GN in the circle, 
and by BO, EP, GQj ID about the triangle ABD, are together 
equal to the whole cylinder defcribed by the fquare ABGD« 
(^ E. D. 

CoR. Hence, becaufe the hemifphere defcribed by the fedor 
ABC is greater than the cylinders in it, and the c6ae defcribed 
by the triangle ABD lefs than the cylinders about it ; it is mani- 
feft, that the hemifphere, together with any feries of cylinders 
about the cone, is greater than the cylinder defcribed by the 
fquare AC : and that the cone, together with any feries of cy- 
Unders in the hemifphere, is lefk than the faid cylinder defcribe4 
tyAC. 
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PROP. IX. THEOR. 

VERY fphere is two thirds of its circuznfcribing 

cylinder. 

Let ACR be the femicircle by the revolution of which about 
AR the fphere is defcribed ; and from the centre B draw BC at 
right angles to AR, and complete the fquare ABCD, and join 
BD : Then, if the whole revolve about AB, the feSor ABC 
Ihall defcribe a hemifphere, the fquare AC a cylinder about the 
hemifphere, and the triangle ABD a cone : The hemifphere is 
two thirds of the cylinder defcribed by AC ; that is, becaufe 
a I. Cor. the cone defcribed by ABD is the third part » of the cylinder 
7- 12. defcribed by AC, the hemifphere and the cone together are 

equal to the cylinder. 
b 10. X. If not, let them, firil, be lefs than it by fome folid X : and 
c 31. X. bifea '^ AB in G, and dt^vf ^ GH parallel to AD : Then, if AH, 

HB 
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HB revolve about AB, the, cylinders defcribed by them (hatt hfi BookXII. 
equal * ; therefore the cylinder defcribed by BH is the half of V-^VX^ 
that defcribed by AC : lo the fame manner, may the half of the d Cor* tf. 
cylinder defcribed by AH be. cut off from it; and fo on: There* *** 
fore, if this be done continually, there ihall at length remain a 
cylinder lefs • than the folid X* : let this be the cylinder defcribed 
by AK ; and let the other parts of AB equal to AI, be IG, G£» 
£B ; and let the reftangles BO, £P, GQ^be completed about 
the triangle ABD; and produce SO to T : andbecaufe ES is 
equal to £T, the cylinders defcribed by them are equal ^ : For 
the fame reafon, if the ,reftangles IP, AQ^be completed, the 
cylinders defcribed by them in the cone are equal to thofe defcri- 
bed' about it byJEP, GQj confequently, 
the cylmder defcribed by AK is the ex- 
cefs of the cylinders about the cone above 
thofe within it : But the cone is greater 
than the cylinders in it, and the lolid X 
is greater than the cylinder defcribed by 
AK ; therefore the cone and X are greater 
than the cylinders about the cone ; To 
thefe uneauals, add the bemifphere, and 
the faemifphere and cone, with X^ are 
greater than the hemifphere and the cy- 
linders about the cone : But the hemi- 
fphere and cone, with X, are equal to 
the cylinder defcribed by AC ; therefore 
the cylinder defcribed by AC is greater 
than the hemifphere and the cylinders 
about the cone : and it is alfo lefs than them ^ ; which is im- ^ Coi4.t2. 
poifible : Therefore the cylinder defcribed by AC is not greater 
than the hemifphere and the cone* 

Neither is it lefs ; for, if pofTible, let it be lefs than them by 
fome folid Z * : Then, as before, a reftangle may be cut off from 
AC, which Ihall defcribe a cylinder lefs than the folid Z : let 
this be the reftiangle EC : and, as before, conftruft in the fe£kor 
ABC the redangles BL> EM, ON : and it may be proved, as in 
the former cafe, that the cylinders defcribed by thefe reAangles 
in the hemifphere, together with Z, are greater than the cylin- 
ders about the hemifphere, and therefore much more are they 
TTteater than the hemifphere : To thefe unequals, add the cone ; 
jid the cylinders in the hemifphere, together with the cone and 
I, are greater tftan the hemifphere and C9ne ; that is, greater 
[lan the cylinder defcribed by AC, together with Z : Take 
iway the folid Z, and the cylbders in the hemifphere, together 
^ith the cone, are greater thaA the cylinder defcribed by AC : 
md they are alfo lefs ^; which is impoffible: Therefore the cylin- 

F f der 

• The folids X and Z are not reprcfcnted io the figure of this propofition. 
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ipooKXII.^r dcfcribcd bj AC is not Icfs than the hemifpbcre and the 

K^y^^ cone : and it has been fliown, that it is not greater than them ; 

therefore the cylinder is equal to the henaifphere and the cone : 

t J. Cor. 7. But the cone defcribed by ABD is the third part • of the cylin- 

*»• der ; therefore the hemifphere defcribed by the fe&or ABC is 

two thirds of the cylinder defcribed by AC : Wherefore the 

whole fphere is two thirds of the cylinder defcribed about it by 

the redangle AV, Therefore, Sec. Q^ E. J). 

PROP. X. THEOR*. 

^Pheres have to one another the triplicate ratio of 
that which their diameters have. 

Let A be the diameter of the greater fphere, and B the dia- 
a IT. (?. meter of the lefler ; and as A is to B, fo nnake * B to C, and C 
bxiJDcf.5. to D ; then the ratio of A to D is triplicate ** of that of A to B; 
as A is to D, fo is the greater fphere to the leffer. 

Let cylinders be defcribed about the fpheres ; then, the alti- 
tudes of the cylinders, and Jikewife the diameters of their bafes, 
are equal to A and B : and becaufe A is to B, as B to C, the 

c I. Cor. fquare of A is to that of B % as A to G : ^^ 

20. 6. and circles are as the fquares ^ of their ^ " 

^ 3? '*• diameters ; therefore, as A is to G, fo is ^_ 

the bafe of the greater cylinder to that of j^ ^_^^ 

the lefler ; and the altitude of the greater 

is to that of the lefler as G to D : Wherefore the greater cy- 

t iu Cot. linder has to the lefler the ratio * which is compounded of the 

f Dc/a ^^^^^^ °f ^ ^° ^» ^"^ of C to D 5 that is, the ratio ^ of AtoD: 

and each of the fpheres is two thirds of its circumfcribing cy- 

h $, II. linder * ; therefore, as A is to D, (o ^ is the greater fphere to the 

S ^- S* lefler fphere. Wherefore, &c. (^ E. D. 

♦ This is Prop. XVIII. Book XII. pf Euclid. 
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L E M M A L 

AN angle at the centre of a circle is to four right pi. Trig, 
angles, as the arch on which it ftands to the ^^-^^vXi^ 
whole circumference. 

Let ABC be an angle at the centre B of the circle AC©, 
ftanding on the arch AC. Draw BE at right angles to AB s 
and produce AB, £B to D, F : and 
becaufe the right angles at B are 
equal, the arches AE, ED, DF, FA 
are aU equal * ; therefore the circum- 
ference is four times the arch AE : 
and becaufe the angles ABC, ABE 
are at the centre, the angle ABC i$ 
to the right angle ABE, as ^ the arch 
AC to the arch AE : and quadru- 
pling the confequents, the angle 

ABC is to four right angles, as « cCoiai 

the arch AC to four times the arch AE j that is, to the whol^ ****• 
circumfisrence. 




a«7.> 



b 3S* ^* 



Ff* 



LEMMA 



isS 



PLANE 



I 



P/. Trig. LEMMA 11. 

N unequal circles, the arches, upon which equal 
angles at the centre (land, have the fame ratio to 
the circumferences of the circles. 

Let ABC, GBH be equal angles at the centre of the 
circles ACD, GHK, (landing upon the arches AG, GH : and 

becaufe ABC is an angle at the 

centre, it is to four right angles^ ^^ ^"^C 

aLxM. 1. as ■ the arch AC to the circunafe- 
rence ACD. For the fame reafon, 
the angle GBH or ABC is to four 

right angles, as the arch GH to in |K rS ^ (A 

the circumference GHK: There* ^ ^ R //:• 1^ 

fore the arch AC is to the circum- 
htt. $. ference ACD, as ^ the arch GH to 
the circumference GHK 

Note. The arches AC, GH are 
faid to be (imilar, when thej have the fame ratio to the circuin-* 
fcrences ACD, GHK. 




LEMMA III, 

IF two magnitudes confift of parts each equal to the 
fame magnitude ; they have to one another the 
fame ratio which the numbers denoting the parts of 
which they confift, have^to one another. 

TL^t A, B^coufift joff p^rts c?ich equal to C : and let I be 
and M the .number of parts equal to C, in A ; and 
N th^ number of parts equal to C, in B : A is to B, 
asMi^N. 

Becaufe there 4tf^ as many parts equal to C, in A^ 
as there are anits I in the number M ; A, M are 
•A C. $. equimultiples of C, I ; therefore A is to G, as ^ M to t 
bCor.4.5.B9 N are equimultiples of C, I ; therefore A is to B ^, 
to N. 




asM 



L E M M A IV. 

HaLF the fum of two ^unequal magnitudes, to- 
gether with half their difference, is equal to 
the greater ; and half the difference taken from half 
the fum is equal to the lefe. . . ; 

Let 
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Let AB be the greater of two unequal magnitudes, and BC ^/. Trig. 
the le(s ; therefore AG is their fum : make AD equal to BG ; WvO 
therefore BD is their difference : and if BD be buefted in £, 
BE or ED is half their difference : and becaufe AD is equal to 

BC, and DE to EB; the whole ' « • . • 

AE is c^ual to EG; therefore AE A T> E B C 
or EC is the half of the fum AG. But the greater magnitude 
AB is equal to AE, EB together ; that is, to half the fum added 
to half the difference ; and the lefs BC is equal to the excefs of 
EG half the fum, above EB half the difference. 



DEFINITIONS. 

A I- 

N arch of a circle is called the meafure of the angle at 
the centre ftanding on that arch. TTius, the arch AC is the 
meafure of the angle ABC. 

11. 

The circumference of every circle is fuppofed to confift of 3^0 
equal parts, each of which is called a degree : and a degree is 
fuppofed to confift of 60 equal parts, called minutes ; and a 
minute of 60 equal parts, called feconds ; and fo on. Alfo, an 
angle at the centre is faid to be of as many degrees, minutes, 
8lc. as there are in the arch, which is the meafure of that 
angle. 

Cor. X. A right angle is an angle of 90 degrees. For the 
meafure of it is the fourth part of the circumference. 

Cor. 2* Arches of different circles, which meafure the fame 
angle, contain the fame number of degrees, and parts of ade« 
gree.. For the number of degrees and parts of a degree in 
each of them is to 360, as each of the arches to its circnm- 
.ference • ; that is, as the angle which they meafure to four a Lem. 3. 
right angles ^. b Lem. i. 

: IIL 

The fine of an arch is a flraight line drawn from one extremity 
of the arch perpendicular to the diameter paffing through the 
other extremity of it. Thus, CD drawn from C perpeudicu* 
lar to AF, is the fine of the arch AC. 

CoR. 1. The fine of AH, the fourth part of the circunaference, is 
BH equal to the radius. 

CoR. 2. The fine of an arch is the half of the chord of twice 
that arch. For CM is bifeaed in D S * c 1 3, 

IV. 

The verfed fine of an arch is the fegment of the diameter, to 
which the fine is perpendicular, between the fine and the ardu 
.Thus, AD is the verfed fine of the arch AG. 

V. 
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^•W^ The tangent of an arch is.a jlraigjit line touching the circle at 
one extremity, and meeting the diameter that pafles through 
the other e^^tremity. Thus, AE is the tangent of the arch 
AC. . . . 

Cor. The tangent of the eighth 
part of the circumference is 
equal to the radius. 
VI. 

The fecant oiF an arch is the 
ftraight line drawn from the ^ | 
centre to the fartheft extre- 
mity of the tangent of that 
arch. Thus, BE is the fe- 
cant of the arch AC. 
VIL 

The fine, verfed fine, tangent^ 

and fecant of an arch, are alfo called the fine, verfed fine, 
tangent, and fecant of the angle, of which that arch is the 
meafure. Thus, CD is the fine of the angle ABC ; AD is 
its verfed fine ; AE is its tangent ; and BE its fecant. 

CoR. The radius is equal to the fine, or verfed fine of a right 
angle \ or to the tangent of h&lf a right angle. 

Vill. 

The difference between an arch and the half of the circumference, 
or between an angle and two 1 Ight angles, is called the fup- 
plement of that arch, or of that angle. Thus, the arch CF 
is the fupplemcnt of the arch AC ; and the angle CBF is the 
fupplement of the angle ABC. . 

CoR. The fine, tangent, and fecant of any angle ABC, are alfo 
the fine, tangent, and fecant of its fupplement : For, by Dcf. 
4th, CD is the fine of the arch CF, that is, of the angle 
CJBF, by Def. 7 th : and if CB be produced to G, it is mani- 
feft,. from Def. 5th and 6th, that AE is the tangent^ and 
BE the fecant of the arch AG, that is, of the angle ABG or 
CBF, by Def. 7th. 

IX. 

The difference between an arch and the fourth part of the cir- 
cumference, or between an angle and a right angle, is called 
the complement of that arch, or of that angle. Thus, if 
BH be at right angles to AB, the arch CH is the comple- 
ment of the arch CA, and the angle CBH is the complement 

t c>f the angle ABC, or of CBF. 

X. 
The fine, tangent, or fecant of the complement of any angle, is 



called the cofine, cotangent, or cofecant of that angle. 



Thus, 
.if 



TRIGONOMETRY. iji 

if CL, HK be perpendiculars to BH ; CL is the cofinc of the J*'. ^'•*- 
angle ABC, and HK its cotangent, and BK its cofecant. V.^vO 

Cor. I. The fegment of the diameter to which the fine is per- ' 

pendicular, between the fine and the centre, is equal to the 
Cofi.ie. Thus, BD is equal to CL*, the cofine of the angle d 34. i. 
ABC. 

Coiu a. The cofine of any arch is to the fine, as the radius to 
the tangent of the fame arch. For the triangles BDC, BAE 

. are equiangular *, becaufe the angle ABE is common^ and * 32. i- 
BDC, BAE are right ahgles ; therefore BD is to DC, as BA 
to AE ^- f 4. tf. 

Cor. 3. The radius is a mean proportional between the cofine 
and the fecant of any angle. For BD is to BC or BA, as 
BA to BE. ^ 

CoK. 4. The radius is a mean proportional between the tangent 
and cotangent of any angle. For, the alternate angles ABE, 
BKH arc equal ^'; and BAE, BBKare right angles ; therefore ff ap. «• 
the triangles BAE, BHK are equiangular ; wherefore EA is 
to AB, as BH or BA to HK. 

Cor. 5. The tangent and cotangent of any angle are reciprocally 
proportional to the tangent and cotangent of any other angle. 
For the tangent of the prft angle is to the radius, as the 
radius to its cotangent ; and the fadius is to the tangent of 
the other angle, as the cotangent of that other angle to the 
radius t Therefore, by perturbate equality *, the tangent of h t». $• 
the firft angle is to the tangent of the other^ as the cotangent 
of the other to the cotangent pf the firil* 

PROP. I. 

IN a right angled triangle, if the hypotheniife, or 
fide oppofite to the right angle, be made the 
radius of a circle ; the other fides are the fines of the 
angles oppofite to them, or the colines of the angles 
adjacent to them. And if either of the fides about 
the right angle be made the radius, the other fide is 
the tangent of the angle oppofite to it, and the hypo- 
thenufe is the fecant of the fame angle. 

Let ABC be a triangle, having the right angle BAC : and 
from the centre B at the diftance BC, defcribe a circle meeting 
BA produced in "D : and becaufe AC is drawn from C the ex- 
tremity of the arch CD, perpendicular to the radius BD, 
which paiTes through the other extremity D > C A is the fine of 

the 
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a 3. Def. 
b 7. Det. 
c i.Cor, 
10* Def. 



f Cor. 16.3 
d 5- Def. 
c 6. Def. 



the arch CD », or of the ^ngle CBD ^ oppofite to C A ; wd 
BA the fegment of the diameter, to which CA is perpendicular, 
between 5ie fine CA and the centre , 

B, is the cofine of the angle ABC *^, 
In the fame manner^ if from the centre 

C, at the diftance CB, the arch BE be 
dcfcribcd, it may be proved, that BA 
is the fine, and AC the cofi^ie of the r> 
angle ACB. ^^ 
' Again, from the centre B, at the 
diftance BA, defcribe the, arch AF. 
And becaufe BAG is a right angle, 
AC touches the circle at A ^ ; and it 
meets the diameter paiBng through F, in C ; ther^oreACis 
the tangent * of the arch AF, or of the angle ABC : and BC, 
which is drawn from the centre to the extremity C of the tan- 
gent, is the: fecant * of the fame angle ABC* 
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IF two unequal arches meafure the /^me angle, the 
fine, verfed fine, tangent, and fecant of one of 
them, have to the radius of that arch, the fame ratios, 
which the fine, verfed fine, tangent, and fiK:ant of 
the other arch, have to the radius of it. 

"^ Let AB, DE be two unequal arches, which meafure the angk 
ACB : and draw » BF, AG, EH, DK at right angles to AC : 
Then, BF is the fine ^ AF the veifed fine «, AG the tangent *, 
and CG the fecant * of the arch AB : and EH is the fine \ HD 
Ae verfed fine «, DK the tangent <*, and CK the fecant * of t(e 
arch PE. And becaufe CFB, 

CHE are right angles, and FCB ^ 

common to the triangles CFB, 
CHE J -they are equiangular ^ ; jg- 

and therefore FB is to BC, as ^ 
HE to EC ; that is, the fine of 
the arch AB is to the radius BC, 
as the fine of the arch EP to the 
radius CE. Alfo CB or CA is 
to'^CF, as CE or CD to CH ; ^ H D 

and, bj converfion *, CA is to 

AF, as CD to DH ; that is, the radius CA is to the verfed fine 
AF, as the radius CD to the verfed fine DH. In the fame 
manner, it may be proved, Jhat the tangent AG is to the radius 

AC, 
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AC, as the tangent KD to the radius DC ; and that the fecant PJ* I'rig* 
CG is to the radius <]1A, as the fecant CK to the radius CD. ^•V^^ 

Cor. I. Hence, if the radius AC be divided into any number 
of equal parts, and the fine BF be a muhiple of one of them ; 
the number of parts in BF is to the number in AC, as ^ BF to k 3. Lkm. 
AC J that is, as EH to CD : Wherefore the numbers denoting 
the parts in BF and AC, exprefs the ratio, which the fine of 
the angle ACB, in any circle, has to the radius of that circle. 

In the fame manner, the ratios which the fines, verfed fines, 
.tangents, and fecants of any angles, have to the radius, may be 
exprefied in numbers, if they be multiples of any parts of the 
radius. 

In the Trigonometrical Tables, the radius is fuppofed to be 
divided into 1 0,000,00c, &c. equal parts : and the fines, tan- 
gents, fecants, and verfed fines, are reprefented by the numbers, 
which Ihew what multiples of one of thefe parts are moil nearly 
equal to them. 

Cor. 2. Hence, the fines of two arches in any circle are to 
one another, as the numerical eitpreiSons of the fines of the 
angles meafured by them, in the tables. For the fine of the 
firit arch is to the radius of the circle, as the numerical ex* 
preffion of the fine of the angle meafured by that arch to the 
radius of the tables \ and the radius of the circle is to the fine 
of the other arch, as the radius of the tables to the numerical 
expreffion of that other fine ; Therefore, by equality ^ the firft 1 aa. $« 
fine is to the other fine, as the numerical expreffion of the firil to 
the numerical expreffion of the other fine. 

In the fame manner, it may be proved, that ^he tangents, 
fecants, and verfed fines, of arches of the fame circle, are t^ 
one another, as their numerical exprtfiions. 

CoR. 3. From this and the preceding propofitions, it is mani« 
fei>, that in a right angled triangle, the hypothenufe is to a fide, 
as ths radius in the tables to the numercial exprtflion of the 
fine of the angle oppofite to that fide : and that one of the fides 
aHout the right angle is to the other, as the radius to the tan- 
gent of the angle oppofite to that other ; as alfo, that a fide is to 
the hypothenufe, as the radius to the fecant of the angle con* 
tained by the!n. 
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PI. Trig. SOLUTION of the Ca^es of Right-angled 

Triangles. 



GENERAL PROPOSITION. 

IN a right angled triangle, of the three fides, and 
either of the acute angles, any two being giyen,v 
the other two and the remaining acute angle may be 

found. * 

> . . '. ' * 

But when the two acute angles are given, the fi^es cannot be ^ 
found from them ; but only their ratios, which ; .ar^v the fame 
with thofe of the fines of their oppofite angles. 

When one of the acute angles is given, the other is alfo given^ 
for it is the complement of the former ; and therefore the fine^of : 
one of them is the cofine of the other. 

The fcveral cafes of this propofition may be , C 

refolved by the help of the firft and fecond 
propofitions, and their corollaries, as in the 
following table. Or, if two fides be given, 
the third may be found by the 47th of the ift 
of the Elem. For the fquare of BC is equal „ 
to the fquares of BA, AC ; and therefore the 
fquare of AB is equal to the excefs of the fquare of BC above the 
fquare of AG. 

In the Tables, R. fignifies the radius, fin. a fine, tan. atan-- 
gent, fee. a fecant, cos. a cofine, cot. a cotangent ; and R^. fig-^ 
nifies the fquare of the radius, fin *. the fquare of the fine, ^A 
the half of A. Alfo R : fin. B : : BC : C A : as radius to the fine 
of the angle at B, fo is the fide BC to the fide CAj and 38^ 42' 12" 
38 degrees, 42 minutes, 12 feconds. 




Cal'cs. 


Given. 


Sought. 


1 Solution. 


J. 4. 


BC and B, the hy. 
pot. and an angle. 


AC 
BA 


R : fm. B : : BC : CAv 
R : cos. B : : CB : BA. 


'2 

, 3 

C i 

> S 


ABandB, afide 

and an angle. 


AC 
BC 


R : tan. B ; : BA : AC. 
Rrfec. B:: A^*^BC. 


ieBandBA,thehy. 

ppt. arid a fide. - 

1. .* : 


C 
AC 


CB : BA : : R : fih. C. 
It : cos. C : : BC : C A, 


BA and AC, the . 




BA : AC : : R : tan. B. 
R:fec.-B; :Afi : BC. 
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PROP. III. P^> Trig. 

N any triangle, the fides are to one another, as the 
fines of the angles oppofite to them. 

If one of the angles ABC be a right angle; by making AC 
tKe radius, the fides AB, BC are the fines * of the angles at C, 
A oppofite to thena j and the radius AC is the fine ** of the riaht h Co. . 
angle AgC. ^^f- 

But, if none of them be a right angle; draw ^ CD, AE per- 
pendiculars to AB, BC : there- 
fore, in the right angled triangles 
ADC, AEC, if the hypothenufe 
AC be made the radius, the fide 
CD is the fine * of the angle 
BAC, and AE is the fine of the 
angle ACB: and becaufe the 
angles at D, E are right angles 
and ABC is common to the tri- 
angles ABE, CBD ; they arc equiangular ^ ; and therefore CB 
is to CD, as * B A to AE ; and, akernatelj, CB is to BA, ab ' 
CD to AE ; that is^ as the fine of the angle BAC to the fine of 
the angle ACB. 
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PROP. IV. 

IN any triangle, the fum of two fides is to their 
difference, as the tangent of half the fum of the 
angles at the bafe, to the tangent of half their diffe- 
rence. 

Let ABC be a triangle, of which the fides AC is greater thaa 
AB ; the fum of CA, AB is to their difference, as the tangent 
of half the fum of the angles ABC, ACB to the tangent of half 
their difference. 

From the centre A, at the diftance AB, defcribe the femicirde 
BBE, meeting AC in £, and CA produced in D ; therefore 
BC is the fum of CA, AB, and CE is their difference : join 
BD, JBE ; and through E draw * EF parallel to CB ; therefore a 31. 1. 
the angle FEB is equal ^ to EBC : and becaufe the angle BAD b 2^. il 
is equd ^ to the angles ABC, ACB, and that the angle BED at 032- x. 
the circumference is half ^ of the angle BAD ; the angle BED ^ »©• ?• 
is half the fum of the angles ABC, ACB : and becaufe AEB is 
equal. « to the angles EBC, ECB, and ABE is equal « to AEB, « ^* f ♦ 
for AE is .equal to AB; the angle ABE is equal to |he angles 
Gia_ _ . ECB, 



ajfi 






Fl "Trig. ECB, EBC : to each of thefe equals add the angle EBC ; and 
the whcle angle ABJpls eq^t-l.to AGE and twice EBC ; there- 
fore twice EBC is the difference 
between* tfte^ angles ABC, ACB ; 
and EBC or BEF is half their 
differcnge : but becaiife the angle 
EBTJ in a feihicircle is a right 
angle ' ; if BE be made the radius, 
BD 15 the tangent « of BED, and 
BF the -tangent of BEF : and.be-. 
caufc FE is parallel to BC ; CD 

is' to GE, as BD to BF »» : Wherefore, as the fum of tjie fides 
CA, AB to thcirdifference, fois the tangent of half the fum of 
the angles ABC, ACB to the tangent of half their diff;:rence. 
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PROP. V. 

IK any triangle, if a perpendicular be drawn to the 
bafe from the oppollre angle ; the bafe is to the 
fum of the fides, as the difference of the lides to the 
excefs of twice the greater fegment above the bafe. 

Let ABC be a ttian\>le, of which the fide AC is greater than 
AB ; and from A, draw * AD perpendicular to BC ; and frcra 
the centre A, at the diftance AC, defcribe the circle CEF, 
meeting AB produced in E, F, and CB pioduccd in G : and be- 
caufe AD, i^hich paffes through the ctnrre, cuts CG at right 
angles in D ; GD is equal to DC ; tlitreforc DC adjacent to the 
gr j'dter fide AC is the greater fegment : 
as the bale CB to the fum of the fidts 
CA, AB, fo is the difference of CA, AB 
to the cxcefs of twice CD above the 
bafe CB. 

Becaufe EA, AF are each of them 
equal to AC ; BE is the fum of CA, 
AB, and BF their difference : and be- 
caufe CG is double of CD, GB is the 
' cxcefs of twice CD above the bafe CB : 
But becaufe CC:», EF in the ciiclc, cut one another in B, the 
reftangle EB, BF is equal *> to the rtaangle CB, BG j wherefore 
CB is to BE, as « BF to BG. Therefore, &c. * 




PROP. 



* l^.B. The foregoing Propofitions a^'C [ufiident for folving the cafes j 
(ut \}^% following axe citcn yxki. 
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PROP. VI- 

IN any tFiangle, /if any angle be found foch, that 
the radius is to its tangent, as one of the fides to 
the other ; then th^ radius is to the tangent of ,the 
difference between this angle and half a right angle, 
as the tangent of ha^lf the fum of the angles at the 
bafe, to the tangent of half their difference. 

Let ABC be a triangle of which the fides AB, AC arc un- 
equal ; and draw * AD at right angles to AB, and make it equal 
to AC, and join BD j therefore, BA is to AD or AC, ^s ^ the 
radius to the tangent of the angle ABD. It is to be proved, 
that the radius is to the tangent of the difference between the. 
angle ABD and the half of a right angle, as the tangent of half 
the fum of the anglts AC^, ABC tg the tangent of half that 
difference. 

Make AE, AF each equal G 

to AB, and join BE, BF, and E Al h' 

draw <^ DG para lei to BE : \; js;^ ~'~^ D 

and becaule EA is equal to 
AB, the angle EBA is equal 
•» to BEA ; and EAB is a 
right angle ; theretore each 
of the angles BEA, ABE is 
half a right angle \, For 

the fame reafon, tach of the angles ABF, AFB is half of a 
light angle ; therefore EBF is a right angle : and becaufe DG 
is parallel to BE; the angle DGE is a right angle ^, and each 
of the angles GDF, GFD half of a right angle ; therefore DG 
is equal to GF: alfo, BG being the radius, DG is the tangent 
** of DBG, which is the difference between the angle DBA and 
FBA half a right angle : and DE is the fum of the fides C A, 
AB, and DF their difference : but becaufe DG is parallel to 
BF, BG is to GF or GD, as « ED to DF ; that is, as the tan- 
gent of half the fum of the angles ABC, ACB, to the tangent 
of half their difference \ Wherefore, &c. 






a XI. r. 

b 1. p. T. 




c 31. u 



d 5. I. 



c 3}. t. 



f 2p* X* 



gt.tf, 

h 3. >. Tt 
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PLTrif. PROP. VII. 

^^^^^("^^ T]JJ any triangle, as the reftangle contained by two 
•f fides, is to the redangle contained by half the 
fum, and half the difference of the bafe and the 
difference of the fides, fo is the fquare of the radius 
to the fquare of the fine of half the angle oppofite 
to the bafe. 

Let ABC be a triangle, of which the fide AC is greater than 
AB ; and make AD equal to AC ; therefore BD is the difference 
of the fides AC, AB : The redtangle B A, AC is to the rtftanglc 
contained by half the fum, and half the difference of CB, BD, 
as the fquare of the radius to the fquare of the fine of half the 
angle BAC. 

Join CD, and draw * AE, BF perpendicular to CD, and from 
the centre B, at xht di fiance BC, defcribe a circle, meeting AD 
in G, H, and CP in K : and becaufe 
AD is equal to AC, the angle ACD 
is equal ^ to ADC, and AED, AEC 
are right angles, and the fide AE is 
common to the triangles AED, AEC; 
therefore DE is equal ^ to EC, and 
the angle DAE to EAC : and becaufe 
RF drawn through th«5 centre cuts CK 
at rioht angles, it bifeds it ^ ; there- 
fore CK is double of CF: and CD 
is double of CE; therefore the re- 
mainder DK is double of the remain- 
der EF : and becaufe the ftraight lines CK, GH in the circle, 
«35« 3» cut one another, the redangle CD, DK is equal * to the reft- 
angle GD, DH ; and the reftangles contained by their halves 
are equal ; therefore the reftangle DE, EF is equal to the re6k- 
angle contained by half of DG, the fum of CB, BD, and half of 
DH their difference : but becaijfe BF is parallel to AE, DA is 
f 1. 6. to AB, as DE to EF ^ ; therefore the reftangles DA, AB, and 
g i.Def.5. j)£^ £p^ ^^g fimilar figures * upon AB, EF: and the fquarcs of 
AD, DE are fimilar ^ therefore the redangle DA, AB, or'CA, 
h aa. <J. AB^ is the re6langle DE, EF, as * the fquare of AD to the fquare 
of DE ; that is, as the fquare of the radius to the fquare of the 
k I. P. T. fine of DAE \ half of BAC. Therefore the redangle CA, 
AB is to the reftangle contained by half the fum, and half the 
difference of CB, BD as the fquare of the radius to the fquare of 
the fine of half the angle BAC. 

PROP. 



a 12. X. 



b5.i. 



C i6. 1. 
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PROP- VIIL 

IN any triangle, the redangle contained by two 
fides, is to the redlangle contained by half the' 
fum of the three fides, and its e^xcefs above the bafe, 
as the fqua,re of the radius to the fquare of the cofine 
of half the angle oppofite to the bafe. 

Let ABC be any triangle, the reftangle BA, AC is to the 
redangle contained by half the fum of the three fides and its 
excefs above the bafe BC« as the fquare of the radius to the 
fquare of the cofine of half the angle BAG. 

In BA produced, take AD equal to AC ; and join DC, and 
draw * AE, BF perpendicular to DC j and from the centre B, 
at the diilance BC, defcribe a circle, cutting DC again In K, 
and. BD in H, G : and bifeft »> DG in L : and becaufe AD is 
equal to AC, the angles ADC, ACD are equal ^ : ^d AED, 
A£C are right angles; therefore DE is equal ** to EC : and 
the angle BAC is equal ^ to ACD, ADC, it is therefore double 
of ADC : and becaufe BF, from the centre B, 
is at right angles to CK, it bifefts it ^; there- 
fore CK is double of CF; and CD is double of 
CE ; therefore the remainder DK is double of 
the remainder EF : For the fame reafon, DH is 
double of BL : and becaufe DG, Dt cut the „ 
circle, the reftan^le GD, DH is equal ^ to the ^ 
rectangle CD, DK ; and therefore the redbangies A 
contained by their halves are equal j^ that is, •^ 
the reSangle DE, EF is equal to the re6langle 
contained by DL half of DG the f^um of the ^^ 
three fides, and BL the excefs of LG that half 
fum above BG or BC the biife:- but becaufe 
AE is parallel to BF, DA is to AB, as DE to 
EF ^ J therefore the reftangle DA, AB is fiq[ii. 'G 
lar k to the redlangle DE, EF ; and the fquares 
of DA, DE are fimilar ; therefore t)ie redlangle DA, AB, or 
CA, AB, is tQ the.reaangle DE, EF, as the fquare of DA to 
the fquare of DE * ; that is, as the fquare of" the radius to the 
fquare of the cofine of ADC, half of the angle BAC °*. Where- 
fore, as the rcftangle contained by the fides BA, AC is to the 
redlangle contained by half the fum of the three fides, and its 
excefs above the bafe BC, fo Is the fquare of the radius to the 
fquare of the cofiae of half the angle BAG. 

CoR. 



Pi. "^rig. 



a iz* 1* ^ 

b lo. i« 

c *,. X. 

e 32. !• 




h i5. 6, 
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PI, Trig. Cor. Becaufe the reftangle contained by half the fum of the 

V^VN-' three fides, and its excefs above the bafe, is to the reftangle 

Bi!\, AC, as the fquare of the cotine of half BAG to the fquare 

fl 8. p. T. of the radius ^ : and that the reftangle BA, AC is to the red* 

angte contained by half the fum, and half the difference of the 

bafe and difference of the fides, as the fquare of the radius to 

o 7. F. T. the fquare of the fine of half BAC • ; therefore, by equality p, 

p «a. 5. ^he redan gle contained by half the fum of the three fides, and 

its excefs above the bafe, is to the redangle contained by half 

the fum, and half the difference of the bafe and difference of 

the fides, as the fquare of the cofine of half BAG to the fquare 

of its fine ; that is, as the fquare of the radius to the fquare 

q «-J^or. of the tangent * of half the angle BAG oppofite to the 
io.Dcf. ^j^f^^ 



SOLUTION of the Cases of Oblique-angled 
Triangles # 

GENERAL PROPOSITION. 

IN any triangle, of the three fides, and any two of 
the angles, any three being given, the other two 
and the remaining angle may be found. 

But if the three angles be given, the ratios only of t}\e fides 
are given, being the fame with thofe of the angles oppofite to 
them : and in this cafe, the fides cannot be found. 




If two angles of a triangle be given, the third is alfo given, 
being the fupplement of their fum : and, on the contrary, if one 
Qf the angles be given, the fum of the other two is alfo given. 

The 
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M« 



The four cafes of thisr propoficion maj be refolved by the help ^/« Th/. 
of fome of the precedmg propofitions ; as in the fonowiiig\^^'%/ 
Table. 



Caie», 



A,B and AB, two 
angles and a fide, 



Given. 



.Souj^ht. 



BC 
AC 



doiution. 



Sin. 
Sin. 



; fin. A ; 
fin.B: 



ABiBC.l,, 



:BA 



AB, AC and B, 

.twofides^andan 
angle oppofite 
to one of them 



The 
angles. 



AC : AB : : fin. B : fin. C. P. 3 
If AC be greater than AB, C 
is acute : otherwife it may be 
acute or obtufe, bj Cor. to 
Defc 8. 



AB, AC and A, The 
two fides and angles 
the included B & C 
angle. landBC 



The fum of B A, AC : diff of BA, 
AC : 1 tan. of ^ fum of B, C : 
tan. i diff. B,C. of P. 4. 

Otherwife, AB : AC : : R : tan 
£ ; and R : tan. diff. of E and 
43* : : tan. ^ fum of B, C : tan.. 
|diff.ofB,C. P. 6. 

Whence B and C are found, bj 

LEM. 4- 
Sin. B : fin. A : : AC : BC. 



AB,AC, BC,the 

three fides. 



AfByCt 

the 

three ^ 

angles. 



Let AD be perp. to BC. BC 
fum of BA, AC : diff. of BA, 
AC : F ; and BC, F together 
are double of the greater feg- 
mentBD. P. 3. 

If BD be greater than CB, C isj 

obtufe; if not, it is acute 

then AC ; CD : ; R ; cos. C. 

Otherwife, Let D be the diff. of 
AB, AC, the reft. AB, AC 
reft. 4 fum BC, D and ^ diff. 
BC, D:: Ri.fina.iBAC 

Otherwife, Let P be 4 fum of the 

three fides. The reft. BA; 

AC : reft, contained by P and 

thediff.ofP,BC::R3:cosa 

\ BAC. I 



nh 



TO 



Fl. Trig. 


a 30. 3. 
b 12. I. 


c 33- ^. 


d 20. 3. 


i 4* 6« 
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To conftru<a a Table of Sines, Tangents, &c. 

Let ABC be a circle, of which the diameter is AC, and 
the centre D : and let AB be any arch of it ; and bifeft AB in 
F » ; and join AB, BC, BD, DF : and let DF meet AB in E ; 
and draw ** BG perpendicular to AC: and becaufe the arch 
AB is double of AF, the angle ADB is 
double of ADF « : but ADB is double 
of ACB **, therefore the angle ADF is 
equal to ACB ; and DE is parallel to 
BC, or at right angles to AB * ; there- 
fore AC is to CB, as AD to DE ^ ; and 
AC is double of AD ; therefore CB is 
g 14* 5» double of DE ^ : and becaufe the tri- 
angles ADE, BCG are equiangular, AD is to DE, as BC to 
CG ^ ; therefore the reftangle AD, CG is equal to the redangle 
h 16. 6. BC, DE ^, that is, to double of the fquare of DE ^ : and DE is 
k T. 2. the cofme of AF *, and CG the fum of the radius CD, and DG 
^ '• ^^^' the cofine of AB. Therefore, the reSangle contained by the 
PI T°* r^^i^s, and the fum of the radius and the colipe of any arch, 
is double of the fquare of the cofine of half that arch. 

If AB be equal to the radius AD, it is the fide of a hexagon 

ni Cor.Ts. infcribed in a circle " ; and the arch AB is thefixth part of the 

4* circumference ; that is, it is an arch of 60*^ ; and becaufe then 

^ 47* '• the triangle ABD is equilateral, AG is equal to GD ° ; that is, 

it is the half of the radius AD. If, therefore, the radius be re- 

prefented by unity, and the decimal notation be ufed, the fum 

of the radius and the cofine DG is reprefented by 1.5, and the 

reftangle contained by the radius and this fum is alfo reprefented 

by 1.5, becaufe the radius is i ; therefore half of this reftangle 

is -75, v?hich is therefore the fquare of DE the cofine of AF; 

that is, of 30?. Wherefore the cofine of 30** is the fquare- root 

of .75 ; that is, .866025 4039344-f-. 

In the fame manner, if the radius i be added to this number, 
half the fum .93301^7019672+ is the fquare of the cofine of 
15**; and therefore its fquare-root .96592582632789+ is the 
cofine of 15**. In like manner, the fquare-root of half the fum 
of 1 and the cofiae of 13*^ is .99144485936634 + the cofine of 
7® 30'. In the fame manner are found the cofine of 3° 45', of 
1® 57' 30', and fo on : till at length, after twelve bife^ions of 
the arch of 60®, the cofine of 52" 44'" 03"" 45'"" is found to be 
,9999999673176965713. And if the fquare of the cofine be 
fubtrafted from i, which is the fquare of the radius ; the re- 
mainder is the fquare of the fiiie of the fame arch ". Thus, the 

fine 
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fine 



of 52^ 44'" 



o^"Uf" 



IS found to be .00025566346186138 '*'• ^f^S* 
32219. And becaufe the cofinc of an arch is to its fine, as the ^^^T"^ 
radius to the tangent of the fame arch^ ; therefore the tangent of o 1. Cor. 
52'' 44"' of 45'"" is .00015 S66347, which is nearly equal to ^«^-'-''- 
the fine of it : but the arch is greater than the fine, and lefs than 
the tangent ; therefore the arch is more nearly equal to the fine, 
Confequcntly, in fmall arches, the fines are to one another as the 
arches. Wherefore, as 52" 44"' 03"" 45""' to i\ fo is .0':025566 
34618, the fine of the firft, to .00029088820866572, the fine of 
1' ; and if the fquare of this fine be fubt rafted from 1, the 
fquarc-root of the remainder .999999957692025328 is the cofine 
of I minute. 

Again, becaufe the triangles ADE, ABG, have the angle at 
A common, andAED, AGB right angles, they are equiangular ^ ; 
therefore AD is to DE, as AB to BG ^ : and if AF be an arch of 
I'y AB is an arch of 2* ; therefore, as the radius to the cofine of 
I \\ fo is twice the fine of 1' to the fine of two minutes. 



P 3«. !• 

£4.6. 



The fines 
lowing. 



of all the other arches may be found by the fol«. 



ii>. 



PROPOSITlOfif 



} J. 



LET AB, AC, AD be three arches, fuch that BC is equal 
to CD ; as the radius to the cofine of DC the common 
difference, fo is twice the fine of AC the middle arch to the fum 
of the fines of AB, AD the extreme arches. 

Make the arch DE equal to AB : and let F be the centre, and 
join FC, FD, AE, BD ; and 
draw * AK, EL perpendicular 
to FD, and EM parallel *> to it j 
therefore MK is equal ^ to EL 
the fine of DE or AB r and 
AK is the fine of AD** ; there- 
fore AM is the fum of the 
fines of AB, AD : and be- 
caufe ED is equal to AB, and 
DC to CB, the whole EC is 
equal to CA ; and therefore 
FC bifefts AE, BD at right angles «; and AH, DG are the fines eCor.30.3. 
of AC, CD ; and FG is the cofine of DC : and becaufe the angle 
FDG is equal ' to FN A, that is, to MEA j and FGD, EMA 
are right angles ; the triangles FGD, A ME are equiangular * ; 
and therefore, as DF to FG, fo is EA to AM * ; that is, as the 
radius to the cofine of DC, fo is twice AH the fine of AC to the 
fum of the fines of AB, AD. 

Hh2 Let 




f 29. It 

g32. 1. 

h 4* 6* 
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Pi. Trig. Let DC^CB be arches of I^- then, if AC be 2\ R fs C^ 

as twice fin. a' to the fuxn of the fines of 3^ and i' : If, 

therefore, a fourth proportional be found to R, cos. i' and t^ce 

fin. 2\ the excefs of this fourth proportional above fin. 1' is the 

fiine of 3^ In the fame ndanner, if a fourth proportional be 

found to R, COS. 1' and twice fin. 3^, its exoefs above the fin. a' is 

the fine of 4' ; and fo on. 

In this manner, the table of fines may be computed : and froi» 

it the table of tangents may be calculated ; for the cofine of any 

k a. Cor. arch is to its fine, as the radius to the tangent of the fame arch K 

Def. p. T. As alfo the table of fecants, becaufe the fecant of any arch is a 

1 3. Cor. third proportional to its cofine and the radius ^. 
Pef.p.T« '^ '^ 

To find the Length of the Circumference. 

Becaufe the arch of s'^'^ 44^' ^3"" ^s'"" is the 24576 the part 
of the circumference ; and that the fine is lefs than the arch ; if 
the fine of 52" 44'^ 03"" ^f" ^ multiplied by 24576, the pro- 
du& 6.28318524 is lefs than the circumference of the circle, of 
v^hich the radius is t : and becaufe the tangent is greater thaiii 
t\Lt arch ; if th^^ingent of 52" 44'" 03"" 45^"' be multipUed by 
24576, the produft 6.28318544 is greater than the circumfi^- 
jrence. Confequently the circumference is neiarly 6.28318531 
when the radius is i ; or 3.1 41 59265 when the diameter is i« 

Hence the diameter of a circle is to its circumference^ nearly 
as I to 3-14159265 ; or as 7 to 22 f or as 113 to 355. 



TBE 



THE 



ELEMENTS 



or 



SPHERICAL TRIGONOMETRY. 



DEFINITIONS. 

AI. . 
Great cirde of the.fphere is the common fe&ion of the ^pi^» 7>v* 
fphere, with a plane pafling through its centre. v^nrv/ 

The pole of a great circle of the fphere is a point on the fuper« 

ficiea of the. fphere,. from which all ftraight lines drawn to the 

circumference of the circle are equal. 

III. 
A fpherical angle is that made by two arches of great circles^ 

and is the fame with the inclination of the planes of thefe 

circles. 

IV. 
A fpherical triangle is a figure on the fuperficies of the fphere, 

contained bj three arches of great circles, each of them lefs 

than a femicircle. 



PROP. I. 

IF a fphere be cut by a plane paffing through its 
centre, the common fedlion is a circle. 

For every ftraight line drawn from the centre to the fuper* 
fides of the fphere, is equal to the radius of the femicircle, by 
which the fphere is defcribed ; therefore all ftraight lines drawn 
from the centre of the fphere to the common feftion of its fuper- 

ficies 
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spb. Trig, ficles With the cutting plane, are equal : and therefore the com- 
^^W^ mon fedion of the plane and the fphere is a circle. 

Cor. I. The centre of a great circle is the fame with the 
centre of the fphere. 

Cor. 2. All great circles are equal to one another ; for their 
radii are equal to the radius of the circle, hj which the fphere 
is defcribed. 

Cor. 3. Great circles bifeft one another. For having the 
fame centre, their common feftion is a diameter of each of 
them. 

PROP. IL 

THE arch of a great circle between the pole and 
the circumference of another great circle, is the 
fourth part of the circumference. 

Let ABC be a great circle, and D its pole ; and let the great 
circle ADC pafs through D, and meet the circumference ABC, 
in C : the arch DC is the fourth part of the circumference. 

Let AC be the common feftion of 
the circles ABC, ADC 5 therefore 
a 3. Com. ADC is a fcmicircle *: join DA, 
^ '^' DC : and becaufe D is the pole of 
b «. Def. the great circle ABC, DA is equal ^ 
s-*^* to DC; therefore the arch AD is 
c ii8. i- equal to the arch DC ^ ; and the 
arch DC is the half of ADC: but 
the arch ADC is half of the circum- 
ference ; therefore the arch DC is the fourth part of the cir- 
cumference. 

PROP. in. 

A Spherical angle made at the pole of a great 
circle, is meafured by the arch of that great 
circle, intercepted between the circles, which contain 
the angle. 

Let AB, AC be arches of great circles, which pafs through 
A the pole of the great circle BC, the arch BC is the meafure 
of the fpherical angle BAC. 

Let the planes of the great cirdes cut one another in the 

flraight lines.AD, DB, DC: and becaufe the great circles AB, 

a f. Dcf. ^Q p3£j through the centre of the fphere •, their common 

*'^* feOioD 
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fedioa AD paflfcs through it. For the fame reafon, BD pafles sph. Trig. 

through it ; therefore D is the centre of the fphere : and becaufe '^-^Y^/ 

A is the pole of the great circle BC, AB is the fourth part of 

the circumference ^ ; therefore ADB is a right b i. s. t. 

angle. For the fame reafon, ADC is a right 

angle \ therefore the angle BDC is the incli* 

nation of the planes of the circles AB, AC ^ ; 

it is therefore the fame with the fpherical 

angle BAC ^ ; and the arch BC is the mea- 

fare ^ of the angle BDC ; therefore the arch 

BC is the meafure of the fpherical angle 

BAC. 

Cor. I. The ftraight line drawn from the 
pole A of a great circle BC to the centre of the fphere D, is 
perpendicular to the plane of that great circle. 

CoR. 2. The poles of a great circle are the extremities of the 
diameter of the fphere, which is perpendicular to the plane of 
that great circle. 




PROP. IV. 

TF two arches of different great circles be drawn 
-** from the fame point, and each of them be the 
fourth part of the circumference ; that point is the 
pole of the great circle, which pafles through the ex- 
tremities of the arches. 

Let AB, AC be arches of great circles not in the fame plane, 
and each of them the fourth part of its circumference: The 
point A, in which they meet, is the pole of the great circle 
BCE which pafles through their extremities. 

Let the planes of the great circles cut one 
another in AD, DB, DC 5 therefore D is 
the centre of the fphere. In the circumfe- 
rence BC take any point E ; and join DE, 
AE, AC: and becaufe each of the arches 
AB, AC is the fourth part of the circum- 
ference, the angles ADB, ADC are right 
angles ; therefore AD is perpendicular to 
the plane BDC *; and therefore A DE is 
a right nngle : and AD, DE are equal to 
AD, DC, and ADE to ADC ; therefore 
AE is equal to AC ** ; that is, any ftraight line drawn from 
A to the circumference BC, is equal to AC ; therefore A is the 
pole of BC *^. 

CoR, 




a 4. It. 



b4. 1, 

c %, Def. 
s. T. 
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s^h. Trig. Cor. z. a great circle drawn through A, the pole of another 
^-^'V'^ great circle BC is perpendicular to it : for AD is perpendicular 
d i.Cor.3. to the plane BDC ^ ; therefore the plane ADB is perpendicular 

*• '^' to it « ; and ABC is a right angle '. 

f 3. De'f! ^^'^' ^' '^ ABC be a right angle, the great circle AB pafies 

s! T. through the pole of BC : For, if AB, BC be each of them the 

fourth part of the circumference, the arch AC is the meafure 

of the fpherical right angle ABC ; it is therefore the fourth 

part of the circumference ; and A is the pole of BC. 

Cor. 3. If AB pafs through the pole of BC, BC Iball pad 
through the pole of AB : For ABC is a right angle. 



PROP. V. 

IF two fpherical triangles have the three fides of 
the one equal to the three fides of the other, each 
to each ; the angles alfo, which are oppofite to the 
equal fides, fiiall be equal. 

Let ABC, DEF be two fpherical triangles, which have their 
fides equal, AB to DE, AC to DF, and BC to EF; the angle 
BAG is equal to EDF, and ABC to DEF, and ACB to DFE. 

Let G be the centre of the 
fphere, and join AG, BG, CG, 
DG, EG, FG; thefe ftraight 
lines are the common fedions of 
the planes of the great circles : 
and becaufe the arch AB is equal 

a 17. 3. to DE, the angle AGB is equal • 

toDGE. Q J. 

For the fame reafon, the angle 
AGC is equal to DGF, and BGC to EGF: and becaufe the 
plane an^es AGB, AGC, BGC, which contain a folid angle at 
G, are equal to the angles DGE, DGF, EGF, which contain 
another folid angle at G ; the planes in which the equal angles 

lb A. II* are, have the fame inclination to one another ^ : and the fpheri- 
cal angle B AC is the inclination of the plane AGB to the plane 
AGC, and the fpherical angle EDF the inclination of the planes 
DGE, DGF ; therefore the fpherical angle BAC is equal to 
EDF : and for the fame reafon, ABC is equal to DEF^ and 
ACB to DFE. 



PROP. 
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PROP. vr. j^^.y„^. 

IF two fpherieal triangles have two fid^s of the one ^^^"^^^ 
equal to two fides of the other, each to each; and 
have alfo the angles contained by thofe fides equal; 
their third fides (hall be equal ; and the angles op- 
polite .to the equal fides fliall be equal, each to each. 

Let ABC, DEF be two fpherieal triangles, which have the 
fides AB, AC equal to DE, DF^ each to each, and the angle 
BAG equal to the angle EDF ; the third fides BC, EF fliall be 
equal ; and the angle ABC'equal to DEF, and ACB tQ DFE. 

For the fame conftrudlion being 
made, as in the preceding : becaufe 
AB, AC are equal to DE, DF, the 

angle AGB is equal * to DGE, X / \ / \ 'X a a;. 3. 

and AGC to DGF : and becaufe 
the fpherieal angle BAC is equal 
to EDF, the planes ABG, ACG 
have the fame inclination with the 
planes EDG, FDG ^ : and becaufe "^ * ^ ^^ j^^^ 

two of the plane angles AGB, AGC, BGC are equal to two of s. ?. ' 
the plane angles DGE, DGF, EGF, and the planes in which 
they are hav(S the fame inclination to one another 5 the third 
angle BGC is equal ^ to the third angle EGF : therefore their c Cor. A. 
meafures BC, EF are equal; and therefore the fpherieal angle **• 
ABC is equal to DEF, and ACB to DFE, by the preceding. 

PROP. VIL 

THE angles at the bafe of an ifofceles fpherieal 
triangle, are equal to one another. 

Let ABC be an ifofceles fpherieal triangle, 
having the fide AB equal to AC j the angle 
ABG is equal to the angle ACB, 

Bifea * the arch BC in D : arid let a great 1 \ \ '^ 3o» S* 

circle pafs through the points A, D : and be- 
caufe the fpherieal triangles ABD, ACD have 
the fides AB, BD equal to the two AC, CD, 
and the third fide AD common to both ^ the 
angle ABD is equal ** to the angle ACD. / j J b 5. «• ?• 

I i PROP. 
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Spb.Tn,. PROP. VIIL 

^""^^^^^"^ T F two angles of a fpherical triangle be equal, the 
A fides oppofite to them fhall be equal. 

Let ABC be a fpherical triangle, of which the angle ABC is 
equal to ACB : the fide AB is alfo equal to the fide AC. 

If not, let BD be equal to AC, and let a 
great circle pafs through the points D, C : 
and becaufe in the fpherical triangles DBC, 
ACB, the two fides DB, BC are equal to the 
two AC, CB, and the angle DBC to the angle 
a 6. s. p. ACB ; the third fides DC, AB are equal *, 
and the angle DCB equal to ABC ; that is, 
to ACB ; the lefs to the greater ; which is 
impoflible : Therefore AB is not unequal to 
AC ; that is, it is equal to it. 




aio. IV 



A 



PROP. IX. 

NY two fides of a fpherical triangle are together 
greater than the third. 

Let ABC be a fpherical triangle : any two of its fides are 
greater than the third. 

Let D be the centre of the fphere ; and 
join DA, DB, DC ; thefe ftraight lines are 
the common feftions of the circles AB, AC, 
BC : and becaufe the folid angle at D is con- 
tained by the three plane angles ADB, ADC, 
BDC ; any two of them are greater than the 
^third » : and" the arches AB, AC, BC are the 
ineafures of thefe plane angles ^ therefore any 
two of the fides AB, AC, BC are greater than 
the third. 




PROP. X. 

''HE three fides of a fpherical triangle are toge- 
ther lefs than the circumference of a great 
circle. 

Let ABC be a fpherical triangle as before^ the three fides 
AB, AC, BG are together lefs than the circumference of a great 
circle* • . 

Let 
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Eet D be the centre of the fphere ; and join DA, DB, DC : ^/*. ^"l- 
and the folid angle at D is contained bj the plane angles ADB,^ 
ADC, BDC ; therefore thefe plane angles are lefs than four 
right angles ; Wherefore alfo their meafures AB, AC, EC are 
lefs than the meafures of four right angles ; that is, lefs^than 
the whole circumference. 



PROP. XL 

THE greater angle of a fpherical triangle has the 
greater fide oppofite to it ; and converfely. 

Let ABC be a fpherical triangle, having the angle BAG 
greater than the angle ABC ; the 
fide BC is alfo greater than the fide 
AC. 

Let the angle BAD be made equal 
to ABC ; therefore AD is equal * 
to DB : to each of them add DC ; 
and AD, DC are equal to BC : but 
AD, DC are greater ^ than AC ; 
therefore BC is greater than AC. 

The converfe is demonftrated, as Prop. XIX. i. £lem. 




a 8. s. F. 



b 10. s. p. 



PROP. XIL 

IF two fides of a fpherical triangle be together 
greater than the half of the circumference of a 
great circle, the interior angles at the bafe are toge- 
ther greater than two right angles ; and if equal, 
equal ; and if lefs, lefs. 

Let ABC be a fpherical triangle, and let the fides AB, AC 
together be greater than the half of the circumference of a great 
circle ; the angles ABC, ACB together are greater than two 
right angles. 

Produce BA, BC till they meet 
again in D: and becaufe great 
circles bifeft one another *, BAD 
is half of the circumference j 
therefore BA, AC are greater 
than BAD ; take away B A, and 
AC is greater than AD ; there- 
fore the angle ADC is greater ** 
than ACD ; and ABC is equal to ADC, becaufe each of them 

li 2 is 




b II. s* r» 



I 
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Spb, Trig, is the inclination of the planes BAD, BCD ; therefore ABC is 
^^>^VN-/ greater than ACD : add ACB to each of them ; and ABC, 
ACB are greater than ACD, ACB ; that is, greater than two 
right- angles. 

In the fame manner, if BA, AC be equal to the half of the 
circumference ; it may be proved, that the angles ABC, ACB 
^ are equal to two right angles : and if lefs, lefs. 

CoR. From the demonftration, it is manifeft, that if the fides 
be together greater than the half of the circumference ; the in- 
terior angle at the bafe is greater than the exterior and oppofite 
angle j and if equal, equal ; and if lefs, lefs. 



PROP. XIII. 

IF the angles of a fpherical triangle be the poles 
of three great circles, tl^e circumferences of 
thefe circles, by thejr interfedions, fhall form ano. 
ther triangle, fuch that the fides of one of the 
triangles are the Supplements of the meafures of the 
angles oppofite to theni in the other triangle : and 
therefore they are faid to be Supplemental to one 
another. 

Let ABC be a fpherical triangle ; and let A be the pole of the 
great circle DE, B the pole of DF, and C of EF ; the fides of 
the triangle DEF are the fupplements of the meafures of t\\e 
ingles at A, B, C, viz. DE pf BAC, DF of ABC, and EF of 
ACB : alfo the fide AB is the fupplemcnt of the meafure of the 
angle EDF, AC of DEF, and BC of DFE. 

LetAB produced, meet.DE, DF in 

G, M, and AC meet DE, EF in H^ 

N; and BG meet DF, FE in L, K : and 

becaufe the great circle AB paffes 

through 4 the pole of DE, DE fhall 

f 3.Cor.4.pafs through the pole of AB *. For 
s. p. - - ^ 



b 2. s. p. 



the fame reafon, DF paiTes through the 
pole of AB ; therefore their interfedion 
D is the pole/ of AB. In the fame 
manner, it may be proved, that E is 
the pole of AC, and F the pole of BC : 
and becaufe D is the pole of AB, the 
arch DG is the fourth part of the 
circumference ^ : and becaufe E is the pole of AC, EH is the 
fourth part of the circumference ; therefore DG, EH, that is, 
DE, GH together, are half of the circumference 5 but GH is 

the 
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the 'tteaPore of the angle BAG *^, becaufe A is the pole of GH ; ^/*. ^nifi 
therefore D£ is the fupplement of the meafure of the angle ^•>^^ 
BAG. In the fame manner, it may be proved, that DF is the ^ 3* «• f* 
fupplement of the meafure of ABG, and EF of AGB. 

Again, becaufe A, B are the poles of DE, DF, each of the 
arches AG, BM is the fourth part of the circumference ** ; b «. s. p, 
therefore AG, BM, that is, AB, GM together, are half of the 
circumference : and MG is the meafure of the angle EDF *^, 
becaufe D is the pole of MG ; therefore the meafure of the 
angle EDF is the fupplement of the fide AB. In the fame 
manner, it may be proved, that the mcafures of the angles 
DEF, DFE are the fupplements of the fides AC, BG, in the 
triangle ABC. 

CoR. If the circles DF, EF meet again in P, the triangle 
DEP is femi-fupplemental to the triangle ABG ; that is, the 
fide DE, and the meafure of the oppofite angle DPE, are the 
fupplements of the meafure of BAG, and of BG : but the fides 
DP, PE are the meafures of ABC, AGB ; and the meafures of 
PDE, PED are equal to the fides AB, AG. 

PROP. XIV. 

THE three angles of a fpherical triangle are to- ^ 

gether greater than two, and lefs than fix right 
angles. 

Becaufe the meafure of each of the angles at A, B, C, together 
•with the fide oppofite to it of the triangle DEF, is equal to 
half the circumference * ; the meafures of the three angles a it. $, r. 
A, B, C, together with the fides of the triangle DEF, are three 
halres of the circumference : and the three fides of the triangle 
DEF are lefs than the circumference ^ ; therefore the meafures b lo. s. ». 
of the angles at A, B, G are together greater than half of the 
circumference ; and the angles are therefore greater than two 
right angles. , 

And becaufe all the exterior and interior ^angles of a triangle 
are equal to fix right angles, the interior angles are lefs than fix 
right angles. 

GoR. Becaufe DE, EF are greater than DF ^ ; twice DF, to- c 9. s. p. 
gether with the meafures of the angles at A, B, G, are lefs than 
three halves of the circumference * ; and therefore the three 
angles at A, B, G, together with twice the fupplement of the 
le^ft of them, are lefs than fix right angles, 

PROP. 
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»i&. rrig. PROP. XV. 

IF arches of great circles be drawn to the circum-ii 
ference of any great circle, from a point in the 
fuperficies of the fphere, which is rot its pole ; the 
greateft of them is that which pafles through the 
pole, and its fapplement is the leaft ; and of -the 
others, that which is nearer to the greateft, is greater 
than that which is more remote. 

Let ABD be a great circle, of which E is the pole, and let 
F be any other point in the fuperficies of the fphere, and let the 
great circle AFD pafs through the points E, F, and meet the 
circle ABD in the diameter AD : Of all the arches of great 
circles FB, FC, &c, that can be drawn from F to the circumfe- 
rence ABD, FA is the greateft, and FD the leaft ; and of the 
others, FB which is nearer to FA, is greater than FC which is 
more remote. 

Draw FG perpendicular to AD, and join GB, GC, FA, FB, 
FC, FD : And becaufe the circle AFD is perpendicular to the 
1 J. Cor. 4 circle ABD % for it pafles . 

••'• through its pole E, and that JS 

FG is at right angles to their 

common fedion AD, FG is 

K|J)ef. 1 1, perpendicular ** to the plane 

ABD ; therefore FGB, FGG 

are right angles. At>d becaufe 

i> is a point in the diameter A^ 

AD, which is not the centre, 

for a ftraight line from E to 

the centre is perpendicular to 

ci.Cor.3. AD ^^ ; GA which pafles through the centre is the greateft ^ 

5- ^* and GD the leaft of all the ftraight lines that can be drawn 

^' ^* from G to the circumference ABD ; and GB which is nearer 

to GA, is greater than GC which is more remote : and becaufe 

GA is greater than GB, the fquares of AG, GF are greater 

than the fquares of BG, GF; that is, the fquare of AF is 

e 47- T' greater * than that of BF ; therefore AT is greater than BF : 

' »5» 3' and they are in equal circles ; therefore the arch AF is greater ^ 

than the arch BF. In the fame manner, it may be demonft rated, 

that the arch BF is greater than the arch CF, and the arch CF 

than the arch DF. Wherefore FA is the greateft, and FD the 

leaft, and FB greater than FC 
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PROP. XVI. Spb. Trig. 

IN a right angled fpherical triangle, tlie fides about 
the right angle are of the fame affedion with 
their oppofite angles ; that is, if one of the fides be 
greater than the fourth part of the circumference, 
the angle oppofite to it is greater than a right angle ; 
and if equal, equal j and if lefs, lefs. 

Let ABC be a fpherical triangle, having BAG a right angle, 
the fide AB is of the fame aSedion vrith the oppofite angle ACB. 

If AB be the fourth part of the circumference, B is the pole ^ ^ a.Cor.^ 
of AC, and ACB is a right angle *. *• '• 




B E 



If AB be not the four* part of the circumference, take 
AE the fourth part of it, and let a great circle pafs through 
E and C ; therefore E is the pole of AC », and ECA is a right a 2.Cor.4. 
angle ^ : But if AB be greater than AE, the angle ACB is •• '• 
greater than ACE ; and if AB be lefs than AE, the angle ACB 
is lefs than ACE ; that is, than a right angle. 



PROP. XVII. 

IN a right angled fpherical triangle, if the fides 
about the right angle be of the fame afiedion, 
the hypotenufe is lefs than the fourth part of the 
circumference ; and if they be of different affedtion, 
the hypotenufe is greater than the fourth part of the 
circumference : or if one of the other two be the 
fourth part of the circumference, the hypotenufe is 
equal to it» 

Let 
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Sph. Trig, Let ABC* be a fpherical triangle, having the right angle 
^'>'V>^ BAG ; if one of the fides AB, AC be the fourth of the cir- 
cumference, the hypotenufe BC is alfo the fourth ; but if AB, 
AC be both lefs, or both greater, the hypotenufe is lefs than 
the fourth part of the circumference ; and if one of thezn 
be lefs, and the other greater, the hypotenufe is greater. " 

Let the circumferences AB, AC meet again in D, and bife6t 
a 2. s. p, the arch ABD in E ; th%refore E is the pole of ACD * ; bifeft 
alfo ACD in G, and G is the pole of ABD, and let a great 
circle pafs through E, C : If the point B coincide with E, that 
is, if AB be the fourth part of the circumference, BC coincides 
with EC, and is the fourth part of the circumference. If 
AB, AC be both lefs than AE or AG ; CE is nearer to CGD 
which paifes through the pole G, than CB is ; therefore CB is 
bis. s» p. lefs ^ than CE the fourth part of the circumference. In the 
fame manner, in the triangle CBD, of which the fides CD, 
BD are each of them greater than CE, the hjpotenufe CB is 
lefs than CE. 

But if AB be greater than AE, and AC lefs, the arch CB is 
nearer to CGD than CE is ; therefore CB is greater ^ than CE 
the fourth part of the circumference. 

CoR. I. On the contrary, if the hypotenufe be lefs than the 
fourth part of the circumference, the fides are of the fame af« 
fecHon ; for if they be of different afFeftion, the hypotenufe is 
greater than the fourth : and if the hypotenufe be greater than 
the fourth part of the circumference, the fides are of different 
affcftion. ^ - 

Cor. a. Hence, in a right angled triangle, if tlie angles be 
of the fame affedlion, the hypotenufe is lefs than the fourth part 
of the circumference : and if they be of different affeftion, the 
hypotenufe is greater than the fourth : and converfely^ For 
the angles are of the fame affection with their oppofite fides. 



PROP. XVIIL 

IN any fpherical triangle, if the perpendicular 
drawn from the vertex to the bafe, fall within 
the triangle, the angles at the bafe are of the fame 
afFedion : and if it fall without, they are of different 
affedtion. 

Let ABC be a fpherical triangle, ajid let the arch CD of a 
great circle be drawn from C perpendicular to AB. 

Firft, 
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Firft, Let CD fall within* the triangle ABC ; and bccaufe ^^A- ^'*- 
ADC is a right angled triangle, the angle CAD is of the fame V^VN.^ 
affeaion with the oppofite fide CD *• ^. a *^* 5. x. 

For the fame reafon, the angle CBA 
is of the fame a£Fedion with CD s 
therefore the angles CAB, CBA are 
of the fame afieSion. 

Next, Let the perpendicular CD fall 
vrithout the triangle ; and bccaufe CD A is a right angle, the 
angle CAD is of the fame afie£lion with CD * ', that is, with 
the angle CBD ; but CAD, CAB are 
of different affe&ion, beCaufe they are 
together equal to two right angles ; 
therefore the angles CAB, CBA are of 
different affedion. 

Cor. Hence, if the angles at A, B 
be of the fame affedion, the perpendi- 
cular falls within the triangle ; for, if it 
fell without, they would be of different 

affedMon. And if the angles at A, B be of different affeftjon, 
the perpendicular falls without the triangle ; for, if it fall with- 
in, thej would be of the fame affeftion. 




PROP. XIX. 

IN a right angled fpherical triangle, the fine of 
] either of 'the fides about the right angle, is to the 
radius of the fphere, as the tangent of the other fide 
to the tangent of the angle oppofite to it. 

Let ABC be a fpherical triangle, having the right angle 
BAC ; as the fine of the fide AB to the radius, fo is the tan- 
gent of the fide AC to the 
tangent of /the angle ABC, 

Let D be the centre of the 
fphere, and join DA, DB, 
DC, and from the point A 
draw AF perpendicular * to 
BD ; and from F draw *> FE, 
in the plane BDC, at right 
angles to BD ; and let it meet 
DC in E, and join AE : and D ^1- 
becaufie DF is at right angles, 
both to AF and FE, it is per- 
pendicular *^ to the plane AFE; 
Sk therefore 




a 12. I. 
b II. 1. 
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^. Tri^. therefore alfo the plane ADB pai&ng through DF, is perpendi-^- 

^•^V'Ni-' cular * to the plane AFE ; and AFE is perpendicular to ADB : 

d x8. If* but the plane ADC or ADE is alfo perpendicular to ADB, be« 

caufe BAC is a right angle ; therefore their common feAion AE 

e 19* IT. is perpendicular * to the plane ADB; and the angles EAD« 

EAF are therefore right angles ; wherefore AE is rfie tangent 

of the arch AC : and becaufe, in the plane triangle AFE, EAF 

is a right angle ; the fide AF is to the radius, as AlT to the tan* 

gent of the angle AFE : but AF is the fine of AB, and AE the 

tangent of AC, and the angle AFE is the inclination of the 

planes ADB, BDC, for AF, FE are at right angles to their 

common feaion DB ; ii is therefore the fame with the fpherical 

angle ABC : Therefore the fine of the fide AB is to the radius, 

as the tangent of the fide AC to the tangent of the oppofite angle 

ABC. 



• XS« I. 
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PROP. XX. 

IN a right angled fpherical triangle, the fine of the 
hypotenufe is to the radius, as the fine of either 
fide to the fine of the angle oppofite to it. 

Let ABC be a fpherical triangle, have the right angle BAC ; 
the fine of the hypotenufe BC is to the radius, as the fine of the 
fide AC to the fine of the angle ABC. 

Let D be the centre of the 
fphere, and join DA, DB, 
PC ; and from C draw • CE 
perpendicular to BD ; and 
from E draw ^ EF, in the 
plane ADB, at right angles to 
DB, and join CF ; and it may 
be demonftrated, as in the pre- 
ceding propofition, that CFD, 
CFE are right angles : and be-D^ 
caufe in the plane triangle CEF, 
CFE is a right angle ;. there- 
fore, as CE is to the radius, 
fo is CF to the fine of the 
angle CEF : but CE is the fine of the arch CB, and CF the fine 
of C A, and the angle CEF is the inclination of the planes ADB, 
CDB ; that is, it is the fame with the fpherical angle ABC : 
iTierefore the fine of. the hypotenufe CB is to the radius, as the 
(iac of the fide CA to the fine pf the oppofite angle ABC. 




r>*. 



Or 
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Of th£ general PROPORTIONS. spb. Trig. 

IN a right angled fphcrical triangle, if the comple- 
ments of the fides about the right angle be taken 
inflead of the fides themfelves ; and thefe comple- 
ments be fuppofcd to be joined together at the right 
angle, but to be feparated from the hypotenufc by 
the other two angles coming between them ; and 
thefe five be called parts of the triangle : all the cafci 
of right angled triangles may be refolved by two ge* 
neral proportions deduced from the two preceding 
propofitions. 

PROPORTION I. 

As the radius to the cofine of any part of a right 
angled fpherical triangle, fo is the tangent of eit^et 
of the parts adjacent to it, to the cotangent of the 
other adjacent part. 

PROPORTION n. 

As the radius to the fine of any part of a right 
angled fpherical triangle, fo is the fine of either 
of the parts adjacent to it, to the cofine of the part 
feparated from them both. 

Firft, Let the complement of AB one of the fides about fSbt 
right angle BAG be taken, with which to compare the othet 
parts; then the ai^le at B and the complement of AC ate ad* 
jacent ro it : and by Prop. XIX. as the radius is to the fine o£ 
AB, that is, to the cofine of its complement, fo is the tangent 
of the angle at B to the tangent of AC, or the cotangent of its 
complement, which is the fame with the firft general proportion*! ' 

Alfo the complement of AB is feparated from BG and the 
angle at C : and Prop. XX. the radius is to the fine of BC, as 
the fine of the angle at C to the fine of AB, that is, to the cofine 
of its complement ; which is the fame with the fecond general 
proportion. 

Secondly, Let ABC one of the angles be taken, ^vith whidh 
to compare the other parts % then BG and the oon^plement of 
AB are adjacent to |f« 
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Spb. Trig. Let the great circle DEF be defcribed, of which B is the 
Vi^orv^ pole ; and lee it meet the fides of the triangle in the points 
a I. Cor. 4. D, E, F ; therefore the angles at D, E are right angles ■ : and 
s* "T- bccaufe the angles at A» D are right angles, each of the circles 
bi. Con 4. AC, DE paffes through the pole of BD »» j their interfeaion F 
*• T. is therefore the pole of BD ; and there- 
fore each of the arches FD, FA, BD, 
BE is the fourth part of the circumfe- 
rence : But in the triangle FCE right 
«ngled at E, by Prop. XIX. the radius 
is to the fine of EF, as the tangent of 
F to the tangent of CE ; that is, as 
the cotangent of CE to the cotangent 
c5.C0r.10.0f F ^f becaufe the tangents of two 
^^^•''•T' arches are reciprocally proportional to 
their cotangents * : and FE is the com- 
plement of ED the meafure of the angle at B, and CE is the 
complement of CB, and the angle at F is meafured by AD the 
complement of AB ; therefore as the radius to the cofine of B, 
fo is the tangent of BC to the cotangent of the complement of 
AB ; and this is the fame with the firft proportion. 

Likewife, the angle ABC is feparated from the angle at C 
and the complement of AC : and in the triangle GEF, by Prop. 
XX. the radius is to the fine of GF, as the fine of the angle at C 
to the fine of EF : and CF is the complement of CA, and EF 
the complement of ED or ABC ; tlierefore the radius is to the . 
fine of the complement of AC, as the fine of the angle at C to 
the cofine of ABC ; which is the fame with the iecond pro- 
portion. 

Thirdly, Let the hypotenufe BC be taken, with which to 
compare the other parts; then the angles at B, C are adjacent 
to it : and in the triangle CEF, by Prop. XIX. the radius is to 
the fine of QE, as the tangent of C to the tangent of EF ; and 
CE, EF are the complements of BC, and B; therefore the 
radius is to the oofiiie of BC, as the tangent of C to the cotan- 
gent of B, which is the firft proportion. 

Alfo, BC is feparated from the complements of AB and AC: 
and in the triangle CEF, by Prop. XX. the radius is to the fine 
of CF, as the fine of F to the fine of CE : and CF and F axe 
the complements of CA and AB, and CE of CB ; there&re 
the radius is to the fine of the complement of AC, as the fine 
of the complement of AB to the cofine of BC ; which is the 
ftcond general proportion* 

souc 
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SOLUTION of the Cases of Right-angled 
Spherical Triangles. 



PROBLEM. **. Trig. 

IN a right angled triangle, of the three fides and 
three angles, any two being giveti, befides the 
right angle, to find the other three. 

This problem has fixteen cafes, the foludons of whicb^ de« 
duced from the preceding general 
proportions, are contained in the 
following table, where ABC is anj 
fpherical triangle having the right 
angle BAG. 




Given* 



a6» 
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All tlie limitations are either contained in the i6th and X7lh Spb. Trig. 
propofitions, or clfe they are eaiilj deducible from them. Thus, V-<V^s^ 
becaufe C is of the fame affeftion with AB ; if AC and C be of 
the fame affedion^ AC and AB are of the fame aJFedion ; and 
therefore BC is lefs than 90*^ (Prop. XVII.) ; this is the limi- 
tation in cafe 5. Again, if BC be lefs than 90% AC and AB, 
or B and C, are of the fame affedion ; and therefore, if AC be 
lefs than 90^, or of the fame affeftion with CB, AB is lefs than 
90^ ^ and for the fame reafon, C is lefs than 90^. But if AC, 
BC be of different affeClion, that is, AC greater than 90% 
BA is greater than 90* : and the fame may be proved, in the 
fame manner, when BC is greater than 90*. Thus, the reafon 
of the limitation in the id^ 3d, lOth^ and 12th cafes, is ma* 
Difeft, 

PROP. XXI. 

IN any fpherlcal triangle, the fines of the fides a^e 
proportional to the fines of their oppofite angles. 

Let ABC be a fpherical triangle, as the fine of AC to the fine 
of BC, fo is the fine of the angle at ^ to the fine of the angle 
at A. 

If one of the angles, as ACB be a right angle ; the fine of 
AC is to the fine of B as * the fine of the hypotenufe AB to * ^^' *• """^ 
the radius or fine of the right angle ACB ; that is, as the fine 
of BC to the fine of A. 

But if none of them be a right angle, let CD be the arch 
of a great circle, perpendicular to 
AB : and becaufe ADC is a right 
angle, the fine of AC is to the ra- 
dius, as the fine of CD to the fine 
of A *. For the fame reafon, the 
radius is to the fine of CB, as the 
fine 6f B to the fine of CD ; there- 
fore, by perturbate equality «», the fine of AC is to the fine of b %$. %. 
CB, as the fine of B to the fine of A. 

In oblique angled triangles, if a perpendicular be 
dra\yn from the vertex to the bafe, or the bafe pro- 
•^uced ; and the fegments of the bafe, or the fegments 
of the vertical angle, contained between the perpen- 
dicular and the fides, be taken, with which to com- 
pare the other parts of the triangle : mod of the cafes 
of oblique angled triangles may be xefolved by the . 
following general proportion. . - — 

GENE- 
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sph.rrig. GENERAL PROPORTION HI. 

The fines of the parts adjacent to the perpendi* 
cular, are reciprocally proportional to the tangents 
of the parts adjacent to them; and directly propof* 
tional to the cofines of the parts feparated from 
them. 

But the cofines of the parts adjacent to the perpen- 
dicular are to be ufed infl:ead of their fines, when 
they are compared with the fides of the triangle. 

Let ABC be an oblique angled triangle, and let CD be per« 
pendicular to AB, and fall either within or without the triangle. 

Firfl, Let the fegments of the bafe AD, DB be taken, with 
which to compare the other parts of the triangle ABC ; then 
the angles at A, B are the parts adjacent to them : and becaufe 
ADC is a right angled triangle, the fine of AD is to the radius, 
■ xp» «• T. as the tangent of CD to the tangent of A *. For the fame reafon, 
the radius is to the fine of BD, as the tangent of B to the tan* 
b ^Z• $• gent of CD ; therefore, by perturbate equality *', the fine of 
AD is to the fine of BD, as the tangent of B to the tangent of 
A ; which is the firfi part of the proportion. 





B^ o -^^ 



Alfo, the fides AC, CB are feparated from AD and DB : and 
becaufe ADC is a right angle, the cofine of AD is to the radius, 
c «. o. p. 2s the cofine of AC to the cofine of CD ^ : and for the fame 
reafon, the radius is to tbe cofine of DB, as the cofine of DC to 
d la. 5. the cofine of CB,; therefore, by equality **, as the cofine of AD 
to the cofine of DB, fo is the cofine of AC to the cofine of CB j 
which is the fecond part of the general proportion. 

Secondly, Let the vertical angles ACD, BCD be taken, with 

which to compare the other parts of the triangle ABC ; then, 

the fides AC, CB are adjacent to the vertical angles : and be^ 

. caufe ADC is a right angle, the cofia€ of ACD is torthe radiu9, 

9» 
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as the tangent of CD to th€ tangent of CA *: and for the fame Sph. Trig. 
teafooy the radius is to the cofine of BCD, as the tangent of ^-^V''V^ 
Be to the tangent of CD; therefore, by pert urbate equality ^ e i.o. f. 
as the cofine of ACD to the cofiae of JBCD, fo is the tangent " *^' ^' 
of BC to the tangent of CA ; which is the firft part of t& 
proportion. 

Alfoy the angles at A, B are feparated from the vertical angles 
ACD, BCD : and becaufe ADC is a right angle, the fine of 
ACD is to the radius, as the cofine of A to the cofine of CD * : ^ ^' ®* '• 
an4 for the fame reafon, the radius is to th^ fine of BCD^ as 
the cofine of CD to thie cofine of B ; therefore, by equality **, d is. 5, 
as the fine of ACD to the fine of BCD, fo is the cofine of A to 
the cofine of B ; which is the fecond part of the general pro- 
portion. 

PROP. XXII. 

IN any fpherical triangle, if a great circle be drawn 
from the vertex, perpendicular to the bafe ; the 
tangent of half the fum of the iegments of the bale, 
is to the tangent of half the fum of the fides, as the 
tangent of half the difference of the fides to the tan- 
gent of half the difference of the fegments of the 
bafe. 

Let ABC be a fpherical triangle, and let the arch CD be per- 
pendicular to AB ; the tangent of half the fum of AD, DB is 
to the tangent of half the fum of the fides AC, CB, as the tan- 
gent of half the difference of AC, CB, to the tangent of half 
the difference of .AD, DB. 

Let AL be the common fe6lion of the planes AC, AB, and O' 
the centre; make CE, CF each equal to CB ; therefore AE is 
the fum of AC, CB, and AF is their difference : and if AC be 
equal to CL, A is the pole of CD ; therefore AD is equal to 
DL ; and the tangent of half the difference of AC, CB is the 
cotangent of half their fum, and the tangent of half the diffe- 
rence of AD, DB is the cotangent of half their fum. But if 
AC be not equal to CL, join £F, and let it meet AL in M ; 
and join BM meeting the arch AB again in G ; and join COy 
OD, and let them meet EF, BG in H, K; and join BH ; and 
through A draw * AN parallel to OC, meeting the circle ACL ^ ^t* »• 
again in P 5 and join EA, EP, PL : and becaufe EC is equal to 
CF, OC bifeds EF at right angles in H ^ : and becaufe CB is bCor.30.3. 
equal to CE, CH is the verfcd fine of CB, and therefore OHB 
is a right aogk ^ : and OHE is a right angle $ therefore OH is c 4. Def. 

L 1 perpendicular '•'*'• 
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perpendicidar to the plane MBH ' ; the plane MBH i» therefove 
perpendicular * to the plane COD pafling through OH : and the 
plane ADB is alfo perpendicular to the plane COD, becaufe 
ADC is a right angle ^* therefore their common feftion BG is 
perpendicular ^ ta the plane COD y the angle 0KB is therefore 
a right angle^ and BK is equal to KG ^^ and the arch BD to tbe 
arch DG ^ j tljcrefore AB, AG are the fum and difference of 
AD, DB ; and becaufe AN is parallel to OC, ANE is a right 
angle ^ ; therefore, if £N be made the radius, AN is the tan- 
gent ^ of AEN,. half of the angle at the centre (landing upon 
AE ", and PN* is the tangent of PEN, or the cotangent ** of 
EPN,, that is^ of half the arch AE : but becaufe the angle 
APL in the femicircle is equal * to the right angle ANM ; AM is 
to ML, as AN to NP p ; that is, as the tangent of half AF t» 
the cotangent of half AE. In the fame manner, if a ftraigbt 




line be drawn through A, parallel to OD, it maj be proved, that 
AM is to ML, as the tanj;cnt of half AG to the cotangent of half 
AB ; therefore, as th^ tangent of half AF to the cotangent of 
q XI. S« lialf AE, fo * is the tangent of half AG to the cotangent of 
r i6. s- hialf AB; and^ afternatelj % the tangent of half AG is to the 
iangent of half Af*, as the cotangent. of lialf AB to the cotan- 
gent of haff AE; that is^ as the tangent of half AE to the 
tangent of half AB, becaufe the tangents of two arches are re- 
s s.Cor.io. ciprocally proportional to their cotangents ^ Wherefore, i &c, 
Dcf. p. T. CoK. Hence,, the tangent of half the bafe is to the tangent of 
h^lf the fum of the fides, as the tangent of half the difference 
of the' fides to the tangent of half the difference of the fcgments 
of the bafe, when the perpendicular falls within, or to the tan- 
. . gent of half the fum of the fegments when it fs41s without tho 
triangle. 
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IN" a plane triangle, the redangle contained by half 
of the bafe and the diftance of the perpendicular 
from the middle of the bale, is equal to the redangle 
contained by the fines of half the fum and half the 
difference of the arches of any circle, which are fub- 
tended by the fides of the triangle. 

Let ABC be a triangle, and bifed the bafe 1BC in D, and 
Arzw AE perpendicular to BC : and Jet FGH be any circle in 
which are placed FG equal to AB, and GH to AC : the re&angle 
BDy DE is equal co the re&a;}gle contained by the fines of half 
the fans and half the diiference of the arches FG^ GH. 

Join FH, and bifea • it in K ; and draw GM, KN perpendi- ,.,q ^^ 
cular to KH*, and GOP parallel to it « ; therefore the angle b n. i«.i 
FGP is equal to GFH * ; and the arch FP equal to GH « : and c 31. i/ 
becaiife KN bifeds FH at right angles, it pafles through the d ap. t. 
centre ^ and therefore it bifeds « the ftraight line GP and the « »7« 3* 
arches FGH, PNG K Wherefore FK b the fine * of FN half ^ ^°'- "• 3- 
the fum of the arches 

FG, GH, and KM A p , N^ C^ 

or GO is the fine ^ 
of half PG the dif. 
ferencc of the arches 
FG, GH: but four 
times the reftangle 
FK, KM is fequal to 
twice the re^angle 
FH, KM ; that is, to 
the difference of the 
fquarcs of FG, GH 




^3. 3- 

h 30. $. 

k 3. Dcf. 

r. T. 



-A 1 T> T^T- , or of BA, AC; and four times the 
rettangle BD, DE is alfo equal to the difference of the fquares 
of BA, AG * ; therefore the redangle BD, DE is equal to 
the reSangle FK, KM, contained by the fine of half the fum 
of the arches FG, GH and the fine of half theic difference. 
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IN any fplierical triangle, as the reftangle contained 
by the fines of two fides, is to the rectangle con- 
tained by the fines of half the fum and half the dif- 
ference of the bafe and the excefs of the fides, fo is 
the fquare of the radius to the fquare of the fine of 
half the angle oppolite to the bafe. 

Let ABC be a fpherical triangle, of which the fide AC Is 
greater than AB ; and make AD equal to AG, and AE to AB ; 
the reftangle contained by the fines of BA, AC is to the reft- 
angle contained by the fine of half the fum of CB, BD, and the 
fine ot half the difference of the fame CB, BD, as the fquare 
of the radius to the fquare of the fine of half the angle BAC- 

Defcribe through C, D and' B, E the great circles CFD, 
BGE, and bifed the angle BAC by the great circle AGF, and 
join BC, BD, DC, BE ; and let O be the centre of the fphere, 
and join OF,'OG, meeting CD, BE in H, K, and join HK, and 
5> II, I. draw * BL perpendicular to CD. And becaufe in the fphtrical 
triangks CAF, DAF, the two fides C A, AF, are equal to the 
two DA, AF,'and the angle CAF 
is equal to DAF ; therefore the 
b 5. s. T. bafe CF is f qual to DF ^ and 
the angle CFA to AFD ; there* 
fore the plane AGF is perpen- 

c 3. Def. dicular ^ to the plane CFD: and 

s. T. CJ) is perpendicular to their 

common feftion OF, becaufe OF, 

which bifefts the arch CFD, 

dCor.30.3. bifeds CD at right angles ^; 

^4.Def.xi. therefore CD is perpendicular ^ 
to the plane AGF, and DHK is 
therefore a right angle : For the 

feme reafon, BE is perpendicular to the plane AGF ; therefore 
BK is parallel to DH ^ : and BL, HK are parallel, becaufe BLH, 
I.HK arc right angles ; therefore BL HK is a parallelogram, 
and BK is equal to LH ^ : and becaufe the fides CB, BD of the 
triangle CBD are placed in equal circles CB, ABD, the red- 
angle CH, HL, or CH, BK, is equal to the reSangle contained 
by half the fum and half the cliffercnce of the arches CB, BD ^ ; 
but in the right angled fpherical triangle AGB, the fine of AB 

I ao. s. T. jg jQ ^Yi the fine of BG, ks the radius to the fine of BAG I 
half of BAC j and in the right angled triangle ACF, the fine 

of 
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6{ AC is to CH the fine of CF, as the radius to the fine of FAC ^P^* ^rig. 

Wf of BAG *; that is, as the fine of AB to BK; therefore ^jr>r>J 

the redangle CH, BK is fimilar to the redangle contained bj the 

fines of AB, AC : Wherefore, as the re^langlc contained bj the 

fines of BA, AC is to the redan gk- CH, BK contained by the 

fines of half the fum and half the difference of the arches CB, 

BD, fo is the fquare of the radius to the £|ttare of the fine of 

half the angle BAC ». » a«. ^. 



PROP. XXIV, 

IN any fpherical triangle, the redangle contained 
by the fines of two Tides, is to the redangle con- 
tained by the fine of half the fum of the three fides, 
and the fine of its excefs above the bafe, as the fquare 
of the radius to the fquare of the cofine of half the 
angle oppofite to the bafe. 

Let ABC be a fpherical triangle ; the redangle contained by 
the fines of two fides AB, AC is to the reftangle contained by 
the fine of half the fum of the three fides, and the fine of the 
excefs of the faid half fum above the bafe BC, as the fquare of 
the radius to the fquare of the cofine of half the angle BAC. 

Produce BA, CA to D, E, and make AD equal to AC, and 
A£ to AB ; and defcribe the great circles CFD, BG£ ; and let 
the great circle GAP bife£l ihe an]^le CAD, and meet the great 
circles CFD, BGE in p, G ; and join EB, BC, CD, DB ; and 
draw BL perpendicu- 
lar to DC ; and let O 
be the centre of the 
fphere, and join OF, 
OG, meeting CD, BE, 
in H, K ; and join 
HK. 

.It may be demon- 
lirated, as in the pre- 
ceding propofition, that 
HL is equal to BK ; 
and that the reSangle 
contained by the fines 
of BA, AC is to the 
reftangle BK, CH, or 

CH, HL, as the fquare of the radius to the fquare of the fine 
of half the angle BAE or CAD : but, becaufe CD is bifeficd 
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sph.Tri^. in H» the redangle CH, HL is equal to the reOangle cbntaincfl 

^-^VX*/ by tTie fines of half the fam^ and half the difference of the 
arches BD, BC» and the fam of BD, BG is the fum of the 
tiiree fides, and the excefs of the half of BD above half of 
BC is the excefs of half the fum of the three fides above BC ; 
therefore the reftangle CH, HL is equal to the redangle con- 
tained bj the fines of half the fam (rf the three fides, and of its 
excefs above BC : alfo, becaufe the angles CA.B, CAD are 
equal to two right angles, the half of CAB and the half of 
ChD are together equal to a right angle ; therefore the fine of 
half CAD is the cofine of half CAB : But the redangle con- 
tained by the fines of BA, AC, is to the rcftangle CH, HL as 
the fquare of the radius to the fquare of the fine of half the 
angle CAD ; therefore the reftangle contained by the fines of 
B A, ACy is to the redangle contained by the fines of half the 
ftttn of the three fides, and of its excefs above the bafe BC, as 
the fquare of the radius to the fquare of the cofine of half the 
angle BAG. 

Cor. Becaufe the reftangle contained by the fines of half the 
fum of the three fides, and of its excefs above BC, is to the 
re&angle contained by the fines of BA, AC as the fquare of the 
cofine of half BAG to that of the radius ; and that the redangle 
contained by the fines of BA» AC, is to the redangle contained 
by the fines of half the fum, and half the difference of the bafe 
and the excefs of the fides, as the fquare of the radius to the 
• a«. 5. fquare of the fine of half BAG; therefore, by equality*, the 
reSahgle contained by the fines of half the fum of the three 
fides, and of its excefs above the bafe, is to the reftangle con- 
tained by the fines of half the fum, and half the difference of 
the bafe, and the excefs of the fides, as the fquare of the cofine 
of half the angle BAG to the fquare of its fine ; that is, as the 
fquare of the radius to the fquare of the tangent of half the 

h u Cor. angle BAG ^ 

Pef. 10* 

r. T. 

SOLUTION of the Cases of Oblique-angled 
Spherical Triangles. 



GENERAL PROPOSITION. 

IN any fpherical triangle, of the three fides and 
. three angles, any three being given, the other 
three may be found. 

The 
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The fcveral cafes of this propofitioa may be refolvcd by the ^. ^'^r- 
help of the three general proportions, together with the iid, and ^•YX^ 
any one of the fubfequent proportions^ as in the following 





Table, in which ABC is any fpherical triangle ; and the perpen- 
dicular AD either falls within the triangle, or meets the bafe 
BC produced beyond C. 

The cafes referred to, are thofe of the preceding Table. 



Cafcsf Given. 


<H>no-ht. 1 Solution. | 


I 


AB, AC and 
B oppofite 
to AC. 


C the angle 
oppofite to 
AB. 


Sin. AC : fin. AB : : fin. B : fin. 
C. If the fum of BA, AC 
. be Icfs than 1 8o«. and AB iefs 
than AC ; the angle at C is 
acute: Or, if the fum of BA, 
AC be greater than i8o*^, and 
AB greater than AC j AGB 
is obtufe. In other cafes, 
ACB is ambiguous. 


a 


AB, AG and 
B oppofite 
to AC. 


BC the third 
fide. 


R : cos. B ; : tan. AB : tan. BD 
(cafe a.) and cos. AB : cos. 
AC : : cos. BD ; cos. DC. 
When ABC is acute, DC, 
CA are of the fame afiedion, 
otherwife they are of con- 
trary affeftion. 

If CD be not Iefs than DB, 
their fum is CB ; if CD be 
lels than DB, but their fum 
not Iefs than i8o**, their dif 
ferencc is CB. In 'other cafes, 
CB is ambiguous. 



Cafes. 
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Cafes. 



AR, AC and 
B oppofite 
to AC 



Given, | Soug^it. 



B,CandAB, 

two angles 
and the fide 
oppofite to 
one of them 
C. 



A the angle 
contained 
bj the fides 



fideSii 



AC the 

oppofite to 
B. 



■ S'^lution, 



R : cos. AB : : tau. B : cot. BAD, 
^cafe 3.), and tan. AC: tan 
AB : : COS. BAD : cos. D AC 
If B be acute, D AC and AC 
are of the fame affedion, o- 
therwife thej are of different 
affeaion. If DAC be not 
lefs than BAD, their fum is 
BAC : if DAC be lefs than 
BAD, but their fum not lefs 
than 180^, their difference is 
BAC. In other cafes BAC 
i$ ambiguous. 



in. C : fin. B : : fin. AB : fin 
AC. If the fum of B and C 
be lefs than 180^, and B lefs 
than C, AC is acute : or if the 

;fum of B and C be greater 
than 180**, and B greater than 
C, AC is obtufe«. In other 
cafes, AC is ambiguous. 



B, C and AB, A the third R : cos. AB : : tan. B : cot. BAD, 
two angles angle. (cafe 3.),''arld cos. B : cos. C : : 

and the fide fin. BAD : fin. DAC, (pj 3.), 

oppofite to which is lefs than BAt>, if 

oneof them B, C be of diff. affeftiori, or 

C. I lefs than the fupplement of 

BAD, if B and C be of the 
fame affedion : In other cafes 
it is ambiguous. Wheti B 
and C are oif the fame affec 
tion, BAC is the fum of BAD, 
DAC, otherwife it is their 
difference. 



Cafes. 
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. Caics. 



B, C and AB 
two angles 
and the fide 
xjppofite to 
one of them 



^ Give!). 



10 



Sought. 



BC the fekR 
Wtweemthe 
angles* 



Solatiom' 



: COS. B : : tan. AB : tan. BD, 
rcaie2.),and tan^ C : t*n. B : 
tin. BD : fi0. DC4 and DC is 
lefs than DB, if B and C be 
of difF. affe&ion; or kfs than 
the fupjdement of DB, if B 
and C be of the fame affec 
tion. In other cafes, DC is 
ambiguous. If B and C Vie 
of the fame affeftion, BC is 
the fum of BD, DC ; other- 
wife it is their difference. 



hdC 



AB,BC,a 
B, two fides 

and the 
included 
angle. 



one of 
the other 
angles. 



. : COS. B : : tan. AB : tan.)BD, 
(cafe z.), and the differeiicc of 
BC and BD is DC. And 
fin. DC : fin. DB : tan. B 
t^n. C, (p. 3.)» and B, C are 
of the fame affedion, if BC 
be greater than BD ; other- 
wife they are of diff. affeftion. 



AB,BC,and 
B, twofides 
and the in 
eluded 
angle. 



AC the third 
fide. 



Find BD and DC as in tlv; lail 
cafe, then cos. BD : cos. DC : : 
COS. BA : COS. AC (p- 3). If 
BD, DC be of the fame at 
fedion, BA, AC are of the 
fame affeftion ; other wife 
they are of different affeftion 



Sph, Trig- 



A,B,andAB, 
two angles 
and the in- 
eluded fide 



A, B, and 
AB, two 

angles and 
the inclu- 
ded fide. 



G the third 
angl^. 



R: COS. AB : : tan. B : cot. BAD, 
' (cafe 3.), arid the diff. of BAG, 
BAD is J>AC, theni fin 
BAD : fin. DAG : : coii. B 1 
COS. C, (p. 3.), if BAG be 
greater tlian BAD, B, G are 
of the fame affedlion ; other- 
wife they are of different af- 
fedlion. 



AC one of 
the other 
fides. 



Find BAD and DAG, as in the 
laft cafe ; then cos. DAG 
COS. BAD : : tan. AB : tan. 
AG. If DAG, B be of the 
fame affeSion, AG is lefs than 
90** ; otherwife it is greater 
than 90**. 



Mm 
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IX 



AB,AC» 

the three 
fides. 



Given. 



BCB 



Sought 



one of 
ulglet. 



th^Let 



12 



A, B and 
the thtee 
ati^teit. 



CAC 



one of 
the fides. 



Solution. 



the perp. AD fall within^ 
or be the Deareft to B or C 
that £db without^ tan. ^BC : 
tan. i fum of BA, AC : 
tan. ^ diff. of BA, AC : tan 
i E, and ^ £ added to i BC 
gives the fegment oeareft the 
greater fid^, if the futn of 
AB, AC be lefs than i8o<* ; 
otherwife it gives the feg- 
ment neareil the lefs fide. 
(Prop- 22.). And tan. AB 
tan. BD : : R : cos. B. 
(eafe 12.). 

Otherwife, Let D be { the diff. 

of AB, BC ; then the reft. 

fin. AB, fi*. BC : reft, fin 

fum and 4iff. of D, and i 

AC;:Ra::fina.iB.(P*23) 

(t)therwife, L^t P be | the bere- 
meter; the^ re£l. fin, AB, fin 
BC : rea. fin! P. fin. diff. of 
P, AC : : R» : cos ^ ^ B. (24) 



With the fupplement of either 
of the angles A, C, and the 
meafures of the other two 
angles, fuppofe a triangle 
made y 2pd in it find the angl 
oppofite to die fide which is 
the mes^ure of the angle at 
B, and the meafure of the 
angle thus foufid is AC I 
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♦TpHE ift defimtidn wants a condition to make it conapktfi BookL 

1 for to have no magnitude \% not peculiar to a point; 
This condition is how inferted from Dr Hooke, who fays, that 
a point has poficion^ and a relation to magnitude, but has itfelf 
no niagnitude : It maj alfo be faidtp be an indivifible mark in 
magnitude, as Tacquet has it : Or, it may be laid to be a fign 
iifed for determming pofition and the extremities of lines, for 
the name wiifiu^$ appears to have been given to ;t from its 
ufe; 
*• The 8th definition is left outj becaufe it does tiot belong to the 
Elements ; nor can it be explained, fo as to be underftood by be-< 
ginnersj as is obferved by Dr Simfon. 

The J 3th definition is alfo Omitted^ becaufe it is ufelefs in a 
tranfiation^ its only d^fig^ being to explain a Oreek word. 

Aiid rhe i9th^ whi^i is the definition of a fegment, is left 
out here, becaufe it is given in the third book, which is its proi* 
per place. 

And the definition of die radius of a circle is introdu^ed^ be* 
ca^e it is very frequently ufed by OeomiCers. 

Thefe are all the alterations that have been made in the defi- 
nitions of this book ; i)ut many nxpre might have 4>een made 
with propriety. The ^lA njiie defiiiiiipns might have beetf 
^ven in thp form' of an introduftiop> for they are none of theni 
geometrical, exct;pt the fevehth, as amended' by Dr Sttnfon. 
xhe terms by Whi^h a iine and afuperficiesttre defined, give 
fome explanation of the meaning of thefe words, but ^ive no 
geometrical ci^tej-ia by which to know them ; and the beft way 
of acquiting^ pifoper ideas of them, h by Confidering their relation 
to a foHd^ and to one another, as Dr Simfon has done* 

Mm a v' **& 



n6 NOTES. 

BcK>ic I. « Ic IS fleceffary to confider a foUd, that is, a magnitude which 
••'*Or*>-^has length, breadth, and thicknefs, in order to underiland a- 
right the definitions of a point, line, and fuperficies ; for all 
thefe arife from a folid, and exift in it: The boundary, or 
boundaries which contain a folid, ate called fuperficies, or the 
boimdary which is common to two folids, which are coBUguous,' 
or- which divides one folid into two contiguous parts, is called a. 
fyperficies : Thus, if BCGF, be one of the boundaries which- 
contain the folid ABCDEFGH^ or whiph is the common boun* 
dary of this folid, and the folid BKLCFNMG, and is therefore 
in the one as well as the other folid, it ia called a fuperficies,' and 
has no thicknefs : For if it hajs any, this thicknefs muft either 
be a part of the thickjnefs of the folid AG, or the folid BM^ or a 
part of the thicknefs of each of them. It cannot be a part of 
the thicknefs of the folid BM ; becaufe ^ if this folid be remo-« 
ved from the folid AG, the fuperficies BCGF, the boundary of 
the - folid AG -remains flill.the fame as it was. - Nor can it be a 
part of^.ihe thicknefs of the folid AG; becaufe, if this be rei 
moved from the folid BM, the fuperfi<;ie3 BCGF,. the boundary 
of the folid BM, does neverthelefs remain; therefore the fuperi 
ficies BCGF has no thicknefs, but only length and breadth. ' 

The boundary of a fuperficies is called 
a line ; or a . line is the coouDon Boun- 
dary of two fuperficies that are conti- 
guous ; or it is that which divides one 
fuperficies ' into two contiguous parts : 
Thus, if Be be one of the boundaries 
which contain the fuperficies ABCD, 
or which is the comnaon boundary of 
this fuperficies, and of the fuperficies KBCL, which is conti- 
^upus to it, this boundary BG is called a line» and has no 
breadth : For, if it has any, this muft be part either of the 
breadth of the fuperficies ABCD, or of the fuperficies KBCL,. 
pr. part of" each- of them. , it is not part of the breadth of the 
fuperficies KBCL ; fo^ if this fuperficies be removed from the. 
fuperficies A3CI), the line BC^ which t;s^ the boundary of the 
fuperficies ABC l!),., remains the fame as it was : Nor can the. 
^r^adth that BC is fappofi^d to have be apart of the breadth. 
q£ the fijiperficies ABCD i becaufe, if this be removed from the 
fuperficies KBCL,r the. line BC, which is the boundary of the 
fuperficies KBCL» does neyerthelefe retrain ; therefore the line 
BC ha$ no breadth : and becaufe th^ line BC is in a fuperficies, 
and that a fuperficies has no thicknefs, as was fiiewn j. therefore 
% line has neither breadth nor thicknefs^ but only length* 

The boundary of a line is called a point, or a point is the 
conxnon boundary or extremity of two lines that are contiguous : 

Thus^ 
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Thus, if B be the* cirtremity of 'the Mne AB, or the cotnmon Book L 
extremitj of the two lines AB, BK, this extremity is . called a ^^^W/ 
pointy and has no length : For, if it has any, this length muft 
either be pait of the length of the line AB, or of the line BKi 
It is not part of the length of the line KB ; for, if the line KB 
be removed from AB, the point B, which is the extremity of the 
line ABy remains the fame as it was : Nor is it part of the 
length of the line AB ; for, if AB be removed from the line 
KB, the point B, which is the extremity <^ the line KB, does 
nevcrthelefs remain ; therefore the point B has no length : and 
becaufe a point is in a line, and a line has neither breadth nov 
thicknefs; therefore a point has no length, breadth, nor thicknefs. 

I And in this manner, the definitions of a point, line, aod fuper-c 

j ficies, are to be underftood." 

I No definition of a ftraight line has been given that isuunezcep- 

tionable, though many of the ancients attempted it, as Produa 
obferves, who has alio preferved their definitions. That, given 
in the Elements, viz. its lying evenly, equally, or uniformly 
between its extremities, exprefies the nature of a ftraight line 
too metaphyfically : its meaning is, that a itraight line has not a 
convex and a^oncave fide ; but that both fides an alike. Bat the 
diftinguifiiing character of a ftraight line, according to Euclid, is, 
that it is impoffible to apply one part of it to fuiother^ or ont 
ftraight line to another, without their coinciding^ All other 
lines require fome artifice in applying them to. one another, ifz 
order to make them coincide ; but no fuch artifice is necefifary in 
the cafe of ftraight lines, for they always coincide in. whatever 
way we proceed to appdy tliem to one another. Tliat this, was 
Euclid's idea of a ftraight line, is* manifieft from the fourth and 
eighth propofitions of ^he firft book, in which he does not ftkewi 
how the fides of tiie triangles are to be applied to one another, fa 
as to coincide, but takes it for granted, that AB in the fourth: 
ihdl lie along DE, and that BC in the eighth ftiall lie along EF, 
as foon as they are applied to one another. Now, this faciUty of 
application follows immediately from the uniformity of the fides 
of a ftraight line, and the other properties of a ftraight line are 
eafily deduced from it. 

Plato's d^nition, that the extremity of a ftraight line cafts a 
fhadidw along the whole line; and that of Archimedes, that a 
ftraight line is the leaft of all the lines which have the fame ex« 
tremities with it> were evidently defiigaed for particular purpofes, 
and are not fit for the Elements. : 

The other definitions mentioned by Produs, may be reduced 
to two. One of them is, that sL ftraight line is that of .whidi 
the pofition is determined by the pofition of any two points of it. 
This is a^property of -ftraight lines wj&h is fuppoied in the £rft^ 

and 
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Book I. waA ieootA ^o&vS^es^ tor we certainljr oaderftaiid by lliefe po^ 
V<VVi^ ihilstes, that miljr one ftrsugfat litie caa bt drawn betweoi tii« 
fitnie two pok&s, sod that m terminated ftraight line can b^ pro^ 
duoed only in •one dire&ion ; fo that the poQtioa of the pooits 
deftermines the pofitioo of the liiie ; it is therefore probable, that 
Euclid uiderftood it as iackidod in fais tenth aziooi ; for that it 
wflB SK>t his defimtion, is evident from what has been iaid, mad 
becan£e it is his i)6th propoikiDn of the "Dsktai^ which is .the sptk 
. M Siotfoo^ editbn« fidfides, it gives too remote an ifitimatioa 
<Mf the nature of ftraight iiaes, and their pi^perties cannot be 
«afily deduced from it. 

. The other definition is, that a firaight line is diat 'which can-» 
SDt cut ano^MT ftraight line in a^ore ^intsthan one. In the 
Greek, this is given in the firft propofition of the «kventls 
Jfaooky as the reafbn whj two ftraight lines caiUKit have a cokoi^ 
aon iegment ; and this h& is affamed every where in ^e £2e4 
meots. llieir cmting only in o»e point feeaas to be a partienlar 
eafe, or at leaft a confequenc^ of that &ciUty tif coincidti^ 
which^ as. was obierved, JElnciid makes Ae criterion of ftcaight 
lines ; it may therefore very properly be made an axiom r asd it 
feams neceSiry to do this, becaufe, when we ace not aftuafiy ap- 
plying ftraigbt Unes to one another, it may be found that tufo 
points q£ <0Be ^f tfaem coincide with two points of anather, in 
wbdch <^e the <»kiciding of the lines follows mone tmooedtatel/ 
&om the axiom, ^ban, from their oieiformity : .and it is probable^ 
that Euclid underftood iiis tenth aaioai in aU this -extent : But 
to .make it a definition, would be -attended with difadvaatages^ 
ibr that the only oriaer ion of the coincxding of &ratgbt lineay 
wmiU be . their meeting in two points : To dfuppofe that the j 
coincide, withooit firft figading .that they meet ift two points, 
would be to afiiiaae a property x>f lhcm« not contained in 1^ .de«k 
finition : We are jiot therefone warraataed to fiky, as in thefonrtb 
propofition. Let the triangle ABC be appied to D££> & thai; 
the point A may be on O, and dbe AcinghtJineAB upon I3£ i 
&ff sil that follows £romA£ and CD j^ing^j:ajghtlmes, ae- 
cocdi&g to this .definitiffii, is, vt^t ithey would coincide, if, ^befidef 
A being on D, feme other point of AB be ifaown to coancide 
with feme atdier point tcif DE. F^^^lfaer, ijie prcperty coxttaiaed 
in this . definition is not lAic fame wiiih the principle upon >wfaid^ 
the mechanical deferiptioa is bounded, asjyught eBfily'he.mad^ 
tnani&ft ; not 4o mention its being jiegaiiifw, miPMit deiived 
from inherent properties. 

Jn like mannei;, JK» ^epmtiirical dfAiition cf iKi^fiigle has been 
given ; and accoordingly, amnogthe ^ni>iQttts,diSepe0t<defiQitiOQa 
were given by different aiAtfaors. jThus, £.vyqlid called iit «Ai^, 
tfie i2}clinaxix>n of linoi : Afoltonitts gaUed.it^fwwyyyw, tliedraw^ 

" ing 
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ing T6geftier 6f a fnperficies to a point ; and otheirs ealled IF t^ Jhtit IJ 
firft diftance of the containing lines : And the philofophefs dif«. V^^y^^ 
pat«d tvhether it was a quaiicitj, or a quality, or a relatioDy or 
whether it belonged Co one or to fevirral of the categories. The 
moderns hare generally followed Eaclid^ or hare called it the 
aperture or opeouig of two lines that meet. But no author has 
6ver deduced thb properties g£ angles from his definition ; nor it 
it eafy to do fo Without metaphyfical reafoniag. Thus we find, 
^t nothing in the Elements depends upon thefe nine definitions; 
and therefere the plirpofe of inftruftion would be better obtained 
by removing them from the definitions^ and explaining, them ta 
foi introdadion. 

Befides thefe, there are fev erd other definitions whkh might 
hatre been omitted, or altered for the better. Thus, in the defi« 
nitlon of an equilateral triangle, there is nothing peculiar to s 
ttiangle/lbr every reAilineal figure is in the Elements faid to 
be equilateral, when it has all its fides equal. And the acute 
and icaleae triafigles are tiever mentioned in the Elements, nor 
have they any peculiar properties : They may indeed be faid te 
he necefiary for- completing the arrangement of triangles; hut 
even this cannot be pleaded for the definitions of quadrilatenilsp 
for the dafl]£cation of them in the Elements is complete, aiul 
altogether ditfereht from that in the definitions ; fo that the d^ 
friittons are not well adapted to the work itfelf, and might have 
been altered with advantage. 

It fliall only be farther remarked, that the wh(de defignof 
defimticms is, to give nances to things that have ceruin proper- 
ties)' and that unlefs the properties afcribed to them be dieiv 
generation, the defimtions give no foundation from which to 
eondade the exiflence of the things defined, as Dr Barrow ob« 
ftrvca. tt is oct^herefore r^ular to deduce ooroUaries imme* 
dmtely ftom defiaicions^ becaufe corollaries, as well as other proi* 
]M&tions, fuppofe die esiftence of ^le things concerned in them. 
Accordingly, Eudid either aflumes their exifience in his pofttu 
}ates» or exhibits it* i» a conftnidioA, or deduces it from what 
haa been prev^imfly eftafaUflied, befi^re he deduce any of dmf 
pfwperties from their definitions. 

♦ 

AXIOMS. 

JL RE ettly alteration tJiat is made here, is in the loth axioto^ 
whidi is now made more extenfive than it was before. 

It includes not t^tAj the axiom. That two ftratght lines cannot 
ittclofe a fpace, but alfo the other. That two ftraight lines cannot 
I^ave a common fegment : This laft is every whene fuppofed m 
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BodK-l. tii6 Elements, though it be ho where repeated, except i^ the firft 
KJ^\^J ptop<^tion of the eleventh book. 

' For example, it is affiimed jin the fecood poftulate ; for^ as 
Produs obferves, that poftulate would be nugatory, if the ter« 
floated ftraight line could be the common fegment of two 
ftraight lines. In like manner, as Zeno objeds, the firft pro^ 
pofition is not fufficiently demonftrated, without alTaming, that, 
%wo flraight lines cannot have a common fegment : For if the. 
^raight lines AC, CB can have a common fegment, the fides 
of the triangle may be only parts of them, between its extre*. 
mity and the points A mi B ; and therefor^ they niay b^ lefs 
than AB ; fo that the triangle may not be equilatefal. Likewifc, 
without this fuppofition, the fourth would not be fufficiently 
demonftrated ; for when AB is applied to ]^£, if they could 
have a common fegment lefs than AB, thpy. would coincide the 
length; of this fegn;ient; but not afterwards ; fo that the point B 
mi^t not coincide with the point £• 

The- fifth depends on the fame fu|^ofition ; for if either fide 
of the ifofceles iriangle, as AB, be the common fegment of two 
ftraighc- lines^ thefe lines would make unequal angles with. the 
bale BC on the other fide of it: But each of them would be 
aqua], to the angle BC£, by the fifth prop. In the fame manner^ 
it may be ftiown, that the feme, thing is fuppofed in many other 
propoficions ; and therefore it» is evident that Euclid confidei:ed' 
it as an axiom. 

* As to aldoms, it is generally allowed, that they ought to be 
fdt-evident, and.Jlik<?vife as few as poflible; for nothing ought 
to be oonfidered as felf^-evident that is capable of demoaftration. 

The poftulates ought likewiGe to be as few as poffible; for, a» 
Sk Ifaac Newton Qbferyes, poftubtes are principles which geo-< 
meiry borrows from the arts, and itaexceUenoe confifts in the. 
paucity of them* The poftulates of Euclid are all problenid 
derived &om the mechanies.; but there are things aftumed by 
geometers, which are neither felf-evideat nor problems ; fucU 
as that called the 1 2 th ax\om : and it is plain, that fuch aflump* 
tions ought not to be made, l^ut when the thing aftumed is de- 
monftrated elfewhere, or when it^cannot poiGbly be demonftrated ^ 
for all certainty arifes from felf-evidence. Poftulates likewife 
li^it the geometer in his definitions, for that property of a line 
or figure on which its mechanical defcription is fomided, is the 
only property from which the afliimer rouft define it ; otherwife 
l^ conftru&ipns would not agree with his demiMjil rations. 
Thus Euclid could not define his circle from any property but 
that of its hax'ing equal radii, becaufe it is defcribed with the 
fame opening of the compaftes. And becaufe a ftraight line is 
jdrawn eitl^er by ftretc^ing a thread, or bj applying another 

ftraight 

\ 
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ftraigbt line to the place where it is to be drawiiy Euclid's dia- Book I, 
rafter of ftraight lines muft be the facilitj of applying them to ^ii^^VX/ 
one another, or the property of a ftretched thread, which is its 
invariably affuming the fame pofition^ as often as it is ftretchedi 
in the fame lituation. 

Many of the modems complain, that Euclid, by taking fo 
little for granted, has narrowed the foundation of geometry to^ 
9iuch. And thej maintain, that we are at liberty to aflume any 
thing, the exillence of which does not imply a contradidion, or 
involve an impoifibility. But were this the ci^e, we might af« 
fume every thing, for we certainly fuppofe nothing impoffible^ 
when we aflume, that fimilar reftilineal figures are to one another 
in the duplicate ratio of their homologous fides ; for Euclid has 
proved this to be certainly true. They perhaps mean things 
evidently poffible ; but many things may appear evident to a 
writer, which are not f6 to a learner. An author of Elements, 
ought to confider the date of his reader's mind, who^ being alto«> 
gather unacquainted with geometry, can admit nothing to be 
felf-evident that is peculiar to it. It is neceffity, and not liberty^ 
which is the caufe of aflumptions ; and the writer who aiTumes 
what he is not obliged to aiTume, is not writing for his reader'ft 
inllru6tioh, but is endeavouring to beg fame, by humouring his 
reader's indolence. 

It follows from this, that aiTumptions ought to be as partictt<- 
lar as poffible ; for example, we ought not to dOTume a general 
propofition, if it can be demonftrated by afluming a particulate 
cafe of it^ becaute this> would be to aiTume more than what is 
neceffary. 

Euclid never fdppofed any thing to be poffible which he has 
not before ibown to be poffible 5 but this was not merely to 
avoid impoHibilities, as feme alledge, but to fecure evidence^ 
and to make his reader as certain of his conclufions as he him- 
self was; 



PROPOSITIONS. 

Ik the 7th, the literal traoflatioii of the cntmciation is very 
obfcure ; there is therefore a little alteration of the ^xpteffioa 
introduced, but fo as to preferve the fame.meaningi. 

Preclus objeds lO the 12th, that thece may be more than, on© 
perpendicular from G to AB, becaufe tlie circle may e««t it in 
saore than two points ; the t7th lirtiits the perpendieular to one, 
and. tbcrefoce the proper place of this lith is after the 17 th. 
And it is not ufed before the 12th of the fecond book. 

To the i^th there is added another corollary, whieh is as fie^ 

Na ^uently 
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Book I. qaently ufed as the i^th, and is neceflarj in the coniiradioD di 
V.^*W^ the 14th and 15th of the lixth book. 

In the conftru6tion of the 2 id, it is now 
ihewn (hat the circles cut one another, as 
Dr Simfon has done in his notes. 

In the figure to the Z4th, it maj be fhewn, 
as Dr Simfon has done in his notes, that the 
point F falls below the line EG; or thus : 
Let DF meet EG in H : and becaufe DHG 
is the exterior angle of the triangle DEH, 
it is greater * than the angle DEti : but the angle D£H is not 
lefs ^ than DGE, becaufe DG is not lefs than t>E ; therefore 
the angle DHG is greater than DGH ; and DG, that is, DF is 
therefore greatei^ ^ than DH ; wherefore F is below EG.; 

The 27 th may be demon* 
ilrated without the help of 
the 1 6th, thus: Let EF fall 
on AB and CD, and make 
the alternate angles AEF, 
EFD equal ; AB is parallel 
to CD. if. not, let them, 

if poffible,. meet towards B, D, in G ; and make EA equal to 

FG, and join AF : and- becaufe AE, EF are equal to GF, FE, 

a 4- 1. and the angle AEF equal to GFE, the bafe AF is equal » to EG, 

and the angle AF£ to the angle GEF ; and the angle AEF is 

equal to EFG ; therefore the two angles AFE, EFG are equal 

b 13. I- to AEF, FEG, that is, to two right angles ^ ; wherefore AF is 

in the fame ftraight line with FG ; and the two ftraight lines 

d lo.Ax.i. AFG, AEG meet in more than one point, which is im{>offible ** : 

Therefore AB and CD do not meet, though produced j where* 

c35.Def.i.forc they are parallel ^. 

The 29th depends on the nth axiom, which is not felf-evi«» 
dent ; and has given much to do, both to ancient and modera 
geometers. Some have attempted to fubflitute another axioai 
in its place ; or to give another definition of parallel i^raighl 
lines ; but their attempts have not been fuccefsful. Qthers have 
attempted to demonftrate the 12th axiom; but when they have 
done this, by alTuming a new axiom, the evidence of their axiom 
has been objefted to ; and when they have attempted it without 
^ new axiom, they have hitherto failed. It was therefore 
thought neceiTary to demonftrate it without a new axiom ; and 
Iince this is the firil time that it has been accompliihed, it ir 
hoped the attempt will be acceptable to accurate geometers, who 
know the importance of having every thing in geometry efta- 
biifhed on a folid bafes. ^ 

PROP. 
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PROP. I. 

If two equal ftraight lines AC, BD on the fame fide of the 
ftraight line AB, make the interior angles CAB, ABD equal to 
one another ; the ftraight line CD which joins their extremities, 
makes with them angles ACD, CDB equal to one another. 

Join AD, BC : and becaufe in the tri- 
logies CAB, ABD, C A, AB, are equal to ■ o^^^g^^--^- ^ r» 

X)B, BA, and the angle CAB equal to "* 
ABD i the bafe CB is equal * to AD ; 
and in .the triangles ACD, BDC, AC, CD 
i^re equal to BD, DC, and the bafe AD is 
equal to BC; therefore the angle ACD is 
equal * to the angle BDC. 

CoR. Hence, if AC, BE make equal angles CAB, ABE 
with AB, but the angle JBEC be greater, than ACE ; the ftraight 
line AG is greater than BE. 

For, if AC were equal to BE, the angle BEC would be equal 
to ACE, but ic is not. If AC be lefs than BE, make BF equal 
to AC, and join CF ; therefore the angle BFC is equal to ACF ; 
but BFC is greater ^ than BEC ; therefore BCF, and much 
more BCE, is greater than BEC ; and it is alfo lefs ; which is 
imppflible : Wherefore BE muft be lefs than AG. 



3ooK I* 




a 4. I* 



b 8. 1. 
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PROP. IL 

If the quadrilateral figure BCDE, which has the angles at 
C, E right angles, have the fides BE, CD produced, and meet- 
ing in A ; the fide BC is greater than the fide DE. 
. 'From C draw ^ CF perpendicular to AB : AF is greater than 
AE. For if CF fall on E, the angle C EB 
would be equal to DEB, each being 
a right angle, the lefs to the greater ; 
which is impoffible : and if AF be lefs 
than AE, and JCE be joined, CFE^ 
would be « triangle, of 'which the 
angles CFE, CEF are together greater 
than two right angles ; which is im- 
poffible ^ 'y therefore AF is greater than AE : and becaufe CFB,- 
CBF are lefs ^ than two right angles, and CFB is a right angle, 
CBF is lefs than a right angle ; therefore CB is greater • thaa 
^F. In the fame manner, it majbe proved, that each of the 
angles ACF, ADE is lefs than a right angle ; and t^c anglea 




b 17. I. 
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Book I. ADE, EDC are equal ^ to two right angles ; therefore EDC U 

^^•^^'V^ greater than a right angle : and becaufe the angle DEF is equal 

^ 13- >• to EFC, but EDC is greater than DCF; therefore CFi^ great-P 

c Cor. to I. er ^ than DE : but CB is greater thsin CF ; muph n>or^, there- 
of them. - - — 



fore^ is CB^ greater than D£. 



t II. 7. 
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PROP. III. 

If from A, C two pointsf of the ftraighC lino AC, perpetr-l 
diculars AB, CD be drawn to BD ; and the angle BAG be 
greater than a right angle ; DCA is lefs than a right angle. 

Draw • >\E at right angles to AC, and let it meet B|) in E ; 
and naake EF ^qual to EA, and EG to EB, and Join FG i and 
becaufe AE, EB arc equal to 
FE, EG, and the angle AEB 
is equal ^ to FEG*i therefore 
the angle EGF 19 equal ^ to 
ABE, that is, to a right angle. 
In the fame manner, if FG 
meet AC in H, and HK be itiade 
equal to HF, and HL to HA, 
and KL be joined, it may be 
proved,, that l^L is at right 
angles to AC: aod becaufe AEGH 
is a quadrilateral, of which HAE, 
HGE are right angles, and AE, 
HG meet in F j therefore AH is 
greater ^ than EG or EB. In 
the fame nuantier, it' m^y he 

fliQwn, that every perpoidicular wts off from AC and BD, 9 
fegnient not lef$ than any of the former ; dierefore; if this he 
done continually, fonae of the perpendiculars to AC (hall meet 
CD : Let KL meet CD in M : and becaufe CLM is a right 
anglcj, LCM or ACD is lefs * than a right angle. 
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PROP. IV. 

If the ftraight line AC meet the two ftraight lines AB, GD, 
find mai:e the angle ACD a right angle, and CAB an acute 
gn^e ; any number of perpendicidar^ to CD can be drawn 
from/points in AB, all of them making acute angles with AB 
towards B. 

From ,C draw * CE perpendicular to AB : it fhall fall to* 
wards B, for if it ibould fall on the ot^er fide of A, the angle 
(fA£, would be obtufe «, and therefore the angles CAE, Al^Q 

would 
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^ddd be prrcater than two right angles, which is-impeffible^$ iowtl. 
therefore CE falls towards B : From E draw * EF, perpeodi- ^.•yN^ 
cular to CD ; and it may Ue ihown^ b 17. x. 

^ before, that it falls towards D : 
and becaufe GEB is a right angle, 
FEB is lefs than a right angle. la 
the fame manner, maj any number 
•f perpendiculars to CD be drawn 
on the fide of EF towards B ; all 
of them making acute angles with 
AB towards B. 

. Cor. Hence, if EF be perpendi- 
cular to CD, from the point E in 
AB ; and if all the perpendiculars - 

to CD that can be drawn from points in AE, make acute angles 
with AB towards % the angle FEB is an acute angle. For 
an^ number of perpendiculars to CD, can be drawn from points 
in AB nearer to B, than any that are on the other fide of E, all 
maldog acute angles towards B ; 
fome of thefe points ihall therefore 
be nearer to B, than the point E : 
Let GH be perpendicular to CD, 
from G nearer to B than the point 
^, and making HGB sa acute 
angle ; therefore £[G£ is greater ^ than a right angle : and be» c 13. i. 
caufc EF, GH are perpendicular to CD, and HGE is greatet 
than a right angle ^ therefore FEG is leiis ^ than a right anglr- d 3. of 

this. 
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If two ftraight lines AB, CD be at right angles to the fame 
ftraight line EF ; any ftraight line C A at right angles to one of 
thefe lines AB, is alfo at right angles to the other CD. 

For the perpendiculars to AB that can be drawn from points lA 
CE, cannot all make acute 
angles with CD towards D^ 
becaufe then FED would be 
an acute angle ^ ; but it is 
not : let theiefore GH be 
perpendicular to AB, and 
}1G£ not be an acute angle : 
B^t neither is it an qbiufe 
angle, becaufe then GKF 
vrould be an acute aiigk ^^ > 

but it is not ; therefore HG muft be at right angles tp CD* ' 
Itftjk^ GK equal to G£, and HL to HF^ and join KL^ LG, GF : 

and 
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^BooK I. »nd beeaufe in t!he triangles GHL, GHF, LHj HG are equal to 
V-^v^N^FH, HG, and the angles at H right angles ; therefore the bafe 
^ 4- !• (GL is equal « to GF, and the angle HGL equal to HGF, and 
GLH to GFH : but the whole angle HGK is equal to HGE^ 
therefore the remaining angles LGK, FGE are equal : and be-P 
caufe in the triangles GKL, GEF, KG, GL are equal to EG, 
GF, and the angle KGL to EGF; the bafe LK is equal to EF, 
and the angles GKL, GLK to the angks GEF, GFE ^ ; but GEF 
is a right angle, thcr^ore GKL is a right angle ; and becaufe 
the angle GLH is equal to GFH, and GfcK to GFE, the whole 
HLK is equal to the whole HFE, that i$, to a right an -^le. In 
the fame manner, if fegments of AB, GD be taken equal to FL, 
EK, it maybe proved, that the ftraight line joining their ex- 
tremities is at right angles to AB, CD ; and fo on ; Therefore 
a ilraight line can be found on the other fide of AC/ that is, at 
right angles to AB, CD : let this be KL: andif ACE, ACK 
d 13. I. be not right angles, one of them is greater ^ than a right angle: 
bj. of this, let this be ACK; therefore LKC is lefs ** than a right angle: 
and it is alfo a right angle ; which is impoiSble : Therefore 
C^is at right angles to CD. 

PROP. VL 

If a ftraight line EF meet two ftraight lines AB, CD which 
' r. ar\5 it right angles to fome ftraight line AC ; the alternate angles 
AEFj EFD fliall be equal to one another. 

If EF be at right angles to one of them, it is alfo at right 

a5.of this, angles * to the other. But if not, bifeft ^ EK in G^ and draw ^ 

b 10. I. GH perpendicular to CD i. it is^fo per* 

c la. i. pendicular to AB * : let 'it tneet AB in -pn. 

K: ^nd becaufe/the angles EGK, FGH 
i IS* I. ^^^ vertical, thejr are equa| ^ ; apd the 

angles at H, K aire right angles \ there OT 

are therefore two angles of the triangle 

EGKv equal to two of the triangle FGH; and the fides EG, 

GF oppofite to equal angles are equal ; therefore the third angle 

KEG is equal to the third angle HFQ. , 
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If two ftraight lines AB, CD be cut by a thii»d AC, fo as to. 
make the interior angles BAC, ACD on the fame fide of it, to- 
gether lefs than two right angles ; AB Mid CD being produced; 
fliall meet one another towards, the parts on which are the two 
angles,' which are lefs than two right atigles* 

• ' :. , ■. — -'-' .:-■■•.• -Let 
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Let CAB be the leffer of the two angles BAG, ACD, if Book I. 
they be unequal ; and bffedb AC in E *, and draw ^ EF perpen- V^^^VNi^ 
dicular to AB, and from C draw ^ CG perpendicular to £F, a lo. i* 
and produce it to H : and becaule AB, GH are at right angles ^ '2. i. 
to FG, and AC meets tbem ; the angle BAC is equal ^ to ACG : c 6. of this* 
to each of them add the angle ACH ; then BAC, ACH are equal 
to ACG, ACH, that is, to two right angles * : But BAC, ACD d 13. x. 
are lefs than two right angles ; therefore the angle ACH is 
greater than ACD ; and CD falls between CH and AB. Make 
AK equal to AC, and join CK : and beoaufe CK meets the two 
ily^fght lipes AB, CH, which are at right angles to FG ; the 
angle AKC is equal ^ to j^CH : but the angle ACK is equal ^ to e 5. i. 




AKC, becaufe AK is equal to AC ; therefore the angle ACK 19 
equal to KCH. In like manner, if KL be made equaj to KG, 
and CL joined, it majr be proved, that it bife£ls the angle KCH i 
and fo on. And becaufe the angles ACK, KCL are each of tbem 
greater than the angle DCH; and that the angle DC H taken 
fome number of times, is greater than ACD ; much more (hall 
the fame number of the angles ACK, KCL, &c. make an angle 
greater than ACD : let the angle thus made, which is greater 
than ACD, be ACM : and becaufe ACM is greater than ACD ; 
CD falls within the angle ACM ; and therefore, if it be pro- 
duced, it muii cut AB betwixt the points A^and M. 

Thus the 12th axiom is accurately demonftrated ; But the 
tedioufnefs of the procefs, and the alledged obfcuritj of the pto- 
pofition, may perhaps be thought fufficient reafons for affuming 
a more obvious property of ftraight lines : But when propofi- 
tions are not felf- evident, authors are not agreed about wha^ 
Hiakes one of them more obvious than another. We come to 
the knowledge of many properties of figures, by experience and 
obfervation, before we be ^ble to deduce them from felf-evideot 
principles : and this is the reafon of our more readily aifenting 
to« propoiition^ in .which lines alone are concerned, than to thole 
In which angles are concerned, for we are conftantly iifing th^ 
foi<mer, but make few dbfervations on the ktter. But one per* . 
fon 9iay be better acquainted with one property, and another 
with another property j which makes it difficult to determine 
which of thejn.ia the jaioft .obvipus : and this is the reafon why 
• * the 
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Book I. the moderns are divided in theit opinions about it« The ancients 
' did not admit experience to be judge of obvioufnets in geome« 
try : But when they were obliged to aflame any thing, they firft 
made it as probable as they couldy by demonftrating its conrerfe, 
and other fimilar properties; after wliich they afTumed it at 
once : and this method is better adapted to geometry than tht 
other; for thus the author's fcheme i$ open to the view of 
ius reader, who can then judge for himfelf of the propriety of 
the aflumption. But if an author afiTume any thing from his 
own experience, which i« not made probable from any thing he 
has faid before ; he obliges his reader to take it entirely upon 
his word. 

From this it follows, that the proper place of the i ath axiom 
is between the 28th and 29th propoiitions, for it is not made 
fufiiciently probable before the 28th. And much of its obfcii-* 
rity would be removed by placing it there ; for neither it, nor 
any that the modems have fubilituted inftead of it, have the 
Imalleft title to be ranked with the axioms.. 

The axioms which the moderns have preferred to. it, may be 
reduced to three, though they may be exprefled in more ways 
than one. 

% ic That a ftraight line perpendicular to one of two paralleb, 
is alfo perpendicular to the other. Or it may be exprefled thcis : 
If a perpendicular to a ftraight line drawn from a poinrof ano- 
ther, be not perpendicular to that othet, the two lines will meet. 
Thefe two are evidently of the fame order ; for if parallels have 
a common perpendicular^ ftraight lines which have not a com* 
mon perpendicular, are not parallel, that is, they meet ; and if 
ilraight lines which have not a common perpendicular do meet, 
it is evident, that thofe which do not meet, or are parallel, muil 
have a common perpendicular. This axiom was ufed by f^veral 
authors of the laft century : It may be demonftrated by the 
fifth of the preceding proportions ; and the 29th may be demon«> 
ftrated from it nearly as in the lixth of this. 

2. Perpendiculars to one of two parallels from points of the 
other, are equal to one another. Or, if two perpendiculars to a 
ftraight line from points of another be unequal, thefe lines wiU 
meet. ♦ Thefe may be ihewn to be of the fame order as the for* 
mer were : They may be proved by the 7th of the preceding 1 
and the 29th may be proved from them, by firit proving the 
former axiom, and then the 29th as in the fixth of the pre- 
ceding. 

3* A ftraight - line which meets one of two parallels, tnefet^ 
alfo the other. Or, two ftraight lines cannot be drawn thr^>ugh 
the fame point, parallel to the fame ftraight line. One of thefe 
can be eafiljr deduced from the other, as in the firft : Thev nay 

U 
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be proved hy the help of the 7th precedini; ; and then the 29th Book L 
may be proved from them : or rather may be Emitted altogether ; 
for by cojifining the parallels through th^ fame points to two, 
they determine the properties demonftrated in the 27th and 28th, 
to be the only eiTential properties of parallels. 

We might have mentioned Dr Simfon's axiom in the begin- 
ning of his demonftration of the 12th axiom, which is certainly 
much more evident than any of the former j but i$ not fo eafily 
applied to the demonftration of parallels. 

Of all thefe axioais, the firfl is preferable, becaufe it can be 
demonftrited without the others, and the 29th may be proved 
from it with the grcateft eafe. The fecond can only be ufed to 
demonftrat3 the firlt ; and the third cannot be proved, without 
firft proving; the firil or fecond, or elfe the 1 2th axioim The 
firft is indeed a particular cafe of the 29th, or of the 12th axiom; 
bur, as was obferved, it is better to afliime a particular cafe, than 
the general propc^Stion, and its truth is much more probable : 
It is likewife inferior to the fecond, if experience be the proper 
jndge of obvibufaefs ; but this is counterbalanced by the e?ife 
with which parallels are demonftrated by it ; for they would 
thus be made as iimple as it is poflible co make them. 

Of the 35th a more general demonftration is now given, by 
ufing a method of fubtraftion, which was introduced into this 
propofition, by Dr Simfon, from M. Clairault's Geometry ; and 
is one of the moft general and ufeful applications of the third 
axioiti. 

The conftruftions of the 37th and 38th are a little altered, to 
avoid proving that the ftraight lines drawn parallel to the fides 
of the triangles muft meet the line joining their vertices, 
which was neceflary, according to the former conftruftions. 

in the 59th, it is now proved, by the 12th axiom, that the 
ftraight line drawn through the vertex of one of the triangles, 
parallel to the bafe, mufl meet a iide of the other triangle, 
as was neceflary here, becaufc this is the firft propofition in 
which.it is required that the lines flaould meet. In the Greek, 
the demonftration is omitterf the firft fix times, viz. in the 
37th, 38th, 39th, 40th, 42d, and 44th; but is given fully in 
the feventh time, in the fame 44th, after w"hich it is omitted 
throughout the Elements, except in the loth of the fecond 
book and the 4th of the fixth, where it is as obvious as in 
any of the numerous places in which it is omitted. Dr 
Simfon takes notice of the omiflSon in one place, and con- 
cludes from it, that the demonftration has been fpoiled, snd 
the fame may bs faid of the reft : To remove this irregularity, 
without cmbarraffing the demonftrations, a corollary is added to 

Oo ' ' this 
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Book L tKis "ptopcAtiotif cm which the meeting of a line, yirith parallelf 
^^VXi' depends more immediately than on the iith axiom. 

In the conftruftion of the 45thy it was required^ that the 
parallelogram GM have an angle equal to £, from which it 
is proved, that EH \s in the fame ftraight line with HM : fiut 
this is edier done by producing KH to M ; and then it is only 
SseceiTary that the parallelogram GM have an angle equal to 
GHM, or have GHM for one of its angles. 



BOOK 11. 

]^ooK IT. r I iHERE are corollaries added to the 4th, the 5th, the 7th, 
V.y'VX^ JL ^^® 8th, and the 19th propofitions, which are chiefly in- 
tended to exprefs the ienuriciarions of thefe proportions in a more 
general way, as is done by the tnodcms. * 
' The demonftration of the 8th is made flxorter, by proving BK 
to be equal to KR, and BN together with PL to be equal to 
each of the' reftan'gleis AK, MR^ KF. * 

The confiruflion of the loth is now made fimilar to that of 
.the 9th, by which inipans they may both be demonftrated in 
* the fame words, and therefore it was needlefs to repeat the dc- 
inonftration. In the (rreek, it is firft affumed^ that DF meets 
a parallel 16 AD ; and thira it is demonftrated, that EB meets a 
parallel to EC. They are cafes that have often occurred, and 
therefore their demonftratioh might havie been ocnitted, iince 
it ought to have been given before ; but if either of them be 
demonftrated, it ought undoubtedly to have been the firft men- 
tioned. 

Dr Simfon'has divided the i^jth into three cafes ; but the two 
firft can be demonftrated in the lame words : and the demonftra- 
tion of the third is unncceflary, becaufe it is manifeft from the 
47th of the firft book. 

• There are three propofitions added to this book, becaufe they 
are. very often ufed by geometers, and are connefted with thi^ 
part of the fubjeft. .5 
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BOOK III. 



DEFINITIONS. 

THE firft definition is left out, becaufe it is not a definition, Book IIL 
but a theorem, as Dr Simfon has ihowii. 
The ythy which is the angle of a fegment, is left out, be« 
eaufe it can be of no ufe, and has done much mifchief. 

And the definitions of an arch, and of a chord, are inferted, 
becaufe thej are continually ufed hy geometer^. 

I PROPOSITIONS. 



! 



In the 2d, the fuppofition by which the deihonftration wak 
made indired, is now left out ; and it is then dired: and cottk* 
plete ; for It follows immediately from the definition of a circle, 
that a point between the centre and the circumference is withia 
the circle ; and this is diredly proved in the demonfl ration, whea 
it is ihown, that D£ is leis than DF, or that £ is between D 
and F. And it is certainly as evident, that the point £ in the 
radius DF is within the circle, as it is that a pomt without the 
circle is in the radius produced, which is afiumed in the indireft 
demonft ration. 

The 5th and 6th hare the fame conilrudion and demonftration. 
Befides, it is afiumed in the 6th, that two circles can touch one 
another, which is not evident, until the 7 th has been demon- 
llrated. The pofiible exiflence of things is not to be afiumed^ 
any more than their properties. Euclid afiumes the exiftence of 
« plane, a ilraight line, and a circle ; but before he fuppofes any 
thing elfe to be poffible, he either exhibits it in a conilrudion, or 
makes it evident by an example, which is generally given in the 
mbft fimple cafe. Thus, he gives an example of a triangle, and 
confequently of an angle in the firft propofition, and of a perpen* 
dicular in the i ith, and of parallels in the a7th, and of a paralle- 
logram in the 33d, and of a fquare, and confequently of a reft- 
angle, in the 46th, and this always before he afTume them in an 
hypothefis. This is the general rule which regulates the ar- 
rangement of the whole Elements, and it is in a great raeafure to 
it that they are indebted for their fuperior beauty and elegance : 
aad wherever it is departed from, it is owing either to the infer- 
tion of a propofition which is not Euclid's, or to a change in hi* 
arrangement : Which ever of thefe be the cafe with this propofi- 
tion, and the fourth of the fifth book, wliich are the only places 

Oo 2 ia 
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Book III. in which the rule is tranfgreffed, it is proper to remove the Me- 
^^i^y^J milh : and this is now done here by putting the word *^ meet," 
inftead of " cut," into the enunciaticm of the 5th, and by 
throwing out the 6th, bccaufe it is then included in the 5th. 

There feems to have been a feries of alterations introduced 
into the Elements, from the 9th to the 13th, by fome editor, 
who intended either to change Euclid's arrangement, or to ex- 
clude the 7th and 8th from the Elements, on account of their 

' length ; and who did not perceive that the hypothefis of the nth, 
1 2th, and 13th, depended on the 7th and 8thy as well as their 
demonft rations. The firft demontt rations of the 9th and loth, 
are getierallv allowed not to be Euclid's, for they depend upon a 
principle which' he no where makes ufe of ; and he could have 
demonft rated them eafier, even without the 7th aiid 8th, by the 
help of the 24th of the firft book : and if the author of thefe 
two demonftrations gave alfo a demonllration of the nth, we 
may conclude, that he would have placed it before that of Eu- 
clid : But the fecond demonftration of the nth is very much 
vitiated, for part of it is omitted, and part of the firft demon- 
.ftratioa is tranfcribed into it. This, however, is probablj 
owing to the carelefTnefs of tranfcribers, who have made the 
9th to depend upon the firft part of the 7th, inftead of the laft 
pdrt of it, and left out the word ** circumference" in the 10th r 
and the Ihortnefs of the firft demonftration of the nth, might 
.have made the corruptions of the fecond to be lefs attended to. 
This fecond demonftration has two cafes ; one when the centre 
of the greater circle is within the lefs, and thfc other when it is 
without it; and this diftinftion of cafes can be of no ufe, unlefs 
the demonftration depend upon the 7th or 8th : confequently, we 
^ are led by this claufe to the following demonftration. Firft, Let 

F be within the circle AD£ : and becaufe F is a point in the 

T diameter of the circle ADE, which is not the centre, FD which 
-paftes through the centre is greater than FA : but FH is equal 

- to FA ; therefore FD is greater than FH ; which is abfurd. In 
iike manner, it may be proved, by Prop. 8. tjiat the fame ab- 
furdity would follow, if the point F be without the circle ADE. 

: Therefore, &c. This appears to be Euclid's demonftration ; 

.:and if we ufe the point G, inftead of F, to avoid the diftin&ion 

^ of cafes, it is the n>oft natural, eafy, and elegant demonftration^ 
that can .well b^ conceived. And the 1 2th can be demonftrate4 
in the fame way, AU thefe correftions are now made : and th^ 
fecond cafe of the 1 3th is rejedc d, becaufe Dr Simfon's demon* 

-.ftration of the firft cafe is general, whether the circles touch oi| 
the infide or the outfide. 

A direft demonftration is given of the i6th, for the rea* 
fons given in the no-tes on the fecond,. It is evident, that 
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the fecond part is not Eadid's, but is put in bj feme Boqk. III. 
editor, probably the fame that introduced what we find in this ^^Y^^ 
and the 31ft, about the angle of a fegment; becaufe its onlj 
life is to fhew, that but one ilraight line can touch the circle in 
the fame point: and this is alfo the only ufe of the i8th and 
1 9th ; for perpendiculars being fully determined in the firft 
book, it cannot be fuppofed, if Euclid had proved in the i6thy 
that the perpendicular to the radius at its extremity is the only 
line that touches the circle there, that he would alfo have pro- 
ved, in the iBth, that this radius is perpendicular to the tan- 
gent. 

A more general demonftration is given of the lift, fimilar to 
what Dr Simfon gives of the fecond cafe, for that given in the 
Greek is applicable only to angles in a fegment greater than a 
femicircle. 

A very ufeful corollary is added to the 2 2d, and another to 
the 35th. 

There are four propofitions added to this book, of which the 
two firft and their corollaries contain the converfes of the mod 
ufeful propofitions in this book, which are as often ufed as the 
propofitions themfelves : and the other two contain very ufeful 
properties, the &xSl of the circle, and the other of the triangle* 



BOOK IV. 

Book IV. 

IT is now dcmonftrated by the 12th axiom, that the fides meet \„^^y^ 
one another, fo as to form the triangle LMN about the 
circle in the 3d propofition ; and that the perpendiculars DF„ Ef* 
in the 5th meet one another ; and that the ftraight lines touch- 
ing the circle in the 1 2th meet one another ; becaufe thefe cafes 
are not fimilar to that for which the corollary to the 39th of the 
firft book was gi veu . 

It is likewife dcmonftrated in the third, that the point L in 
which LM, LN meet falls above A, C ; for if they were to 
meet below MN, the triangle thus conftrufted would not be 
defcribed about the circle ABC, according to the fourth defini- 
tion : Nor would it be equiangular to DEF. 

BOOK 
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BOOK V. 



DEFINITIONS. 

Book V. 'TT'HE 3d and 8th arc rejefted, becaufe they arc unneceffajy 
\.^^V>^ Jg^ and ufelefs ; and the 9th is included in definition D. 

And there are fix new definitions introduced; the firft of 
which relates to the prefent method of cxprefi&ng the 5th and 
and 7th definitions : but the reft ought to have been in the Ele- 
ments before ; and the want of them is one of the caufes of the 
obfcuritj in which the fvibje& of proportion has been hithert(> 
involved. • 

In order to underiland the 5th and 7th definitions^ it is necef- 
fary to confider in what way we acquire our ideas of ratios. 

Some geometers feem to thinks that our ideas of the propor- 
tion of magnitudes are derived from our ideas of the nature of 
abftraft numbers. But we certainly acquire our firft ideas of 
proportion from external objeds, ia the fame manner that we 
acquire our ideas of numbers. By obferying one miagnitude to 
be double of another, we acquire the idea of a particular ratio, 
or relation, that the greater has to the lefs : and when we after- 
wards find two magnitudes, one of which is alfo double of the 
other, we fay, that they have the fame ratio which the two for- 
mer have to one another, or that the four are proportionals. 
In like manner, by obferving one magnitude to be triple, qua- 
druple, or any multiple of another, we acquire ideas of other 
ratios : and by proceeding in this way, we obtain ideas of all the 
ratios belonging to the firft clafs of commenfurable magnitudes ; 
that is, when the greater is a multiple of the lefs. So that all 
thefe ratios are obtained by conceiving the Icffer nnagnitudes to be 
added to themfelves fome number of times. Nor is it more 
difficult to conceive how we may obtain ideas of all the ratios 
belonging to the fecond clafs of commenfurable magnitudes j 
that is, thofe of which the greater is not itfelf a multiple of the 
lefs, but of which fpme multiple of the greater is alfo a mul- 
tiple of the lefs. It is only by conceiving the greater to be add- 
ed to itfelf continually, until the multiple contain the lefs exaft- 
ly ; and then the ratio of the greater to the lefs is obtained. 
For the ratio of A to B is determined, by faying, that four 
times A is equal to feven times B, as properly as by faying, that 
A is greater than B, by three fourths of B. In this man- 
ner, we may acquire ideas of the ratios of all magnitudes which 
have common multiples. The meihoJ may appear to be tedious^ 
but it is fimple and obvious. 

Hence 
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Henee it appears^ that a ratio is determined when a eertain Book V. 
multiple of the greater is found to be a multiple of the lefs ; 's.^YKi 
and that this ratio is diftinguiihed from every other ratio, by 
the magnitudes to which it bdbngs, having thefe multiples equal ; 
and therefore we conclude, that the ratio of two magnitudes is 
tlie fame with the ratio of two other magnitudes, when fome 
equimultiples of their antecedents are alfo equimultiples of their 
confequents : But that if one of the equimultiples of the ante- 
cedents be a multiple of its confequent, and the other not the 
fame multiple of its confequent ; in that cafe, the ratios are not 
the fame. 

Agaiuy whenever we find that there are fome equimultiples 
of the antecedents, fiich that one of them is lefs than a multiple 
of its confequent, but the other not lefs than the fame multiple 
pf its confequent ; we need not inquire for equal multiples of 
the antecedents and confequents, but may conclude, that though 
we ihould find equimultiples of the antecedents, fuch that one of 
them is a multiple of its confequent, the other would not be the 
{ame multiple of its confequent. 

Let twice A be lefs dian three times B, but twice C not lefs. 
than three times D ; then, although we (Lottld find that three 
^mes A is equal to four times B, three times C is not equal t<» 
four times D. For twice C not being lefs than three times D ; 
bj tripling them, fix times G is not lefs than nine times D ; it is 
therefore greater than eight times D ; and taking their halves, 
three times G is greater than four times D. In the fame man* 
aer, if four times C were found to be equal to fevea times D, 
it may be prov^, that four times A is lefs than fevea times B. 

On the contrary, if three times A be equal to foar times B, 
but three times G not equal to four times D ; equimultiples of 
A and G can be found, fuch that one of them is lefs, and the 
other not lefs, than equimultiples of B and D. If three times 
C be lefs than four times D, this is evident, for three times A. 
is not lefs than four times B. But kt three times C be greater 
than four times D by the magnitude £ ; then fome number of 
times £ iliall exceed C ; let this be three tiqies £ ; and becaufe 
three times G is equal to four times D, together with £ ; by 
tripling them, nine times G is equal to twelve times D, toge« 
ther with three times £ : and three times £ is greater than G ; 
therefore eight times G is greater than twelve times D : and 
three times A being equal to four times B^ ; by tripling thern^ 
nine times A is equal to twelve times B ; therefore eight times 
A is lefs than twelve times B ; and eight times G is not lefs 
than twelve times D : Wherefore eight times A and eight times 
jC are equimultiples of A and G^ fuch that one of them is leOs^ 
'^^ ■■ -mad 
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Book V. and the other not lefs, than twelve times B and twelve times D, 
^i^'Wi/ which are equiinultiples of B and D. 

Hence it is manifeft, that if there be not fome equimultiples 
of the antecedents, fuch that one of them is kfs than a multiple 
of its confequcnt ; and the other not lefs than the fame multiple 
of its confequent, the magnitudes are fo related to one another, 
that if one of the equimultiples of the antecedents be a multiple 
of its confequent, the other is the fame multiple of its con- 
fequent ; and therefore the magnitudes have the fame ratio. 

There is therefore only one cafe in which the ratios are not 
th6 fame, viz. when one of the equimultiples of the antece- 
dents is lefs than a multiple of its confequent, and the other not 
lefs than the fame multiple of its confequent : and in this cafe, 
we fay, that one of them is greater than the other j that is, w^e 
fay, that the antecedent of which the multiple is not lefs tliaa 
that of its confequent, has a greater ratio to its confequent than 
the other antecedent has to its confequent : Or, becaufe the 
multiple of the former antecedent contains, its confequent oftener 
than the fame multiple of the other antecedent contains its con- 
fequent ; we fay, that the firft ratio is greater than the other, 
when fome multiple of the firft antecedent contains its confe- 
quent oftener than the fame multiple of the other antecedent 
contains its confequent. 

And b^aufe this is the only cafe in which the ratios are not 
the fame, we conclude, that two ratios are the fame, when 
taking any equimultiples whatfoever of the antecedents, they 
* are either both lefs, or elfe both not lefs, than any equimultiples 
of their confequents : Or, becaufe in this cafe the equimul- 
tiples of the antecedents contain their confequents the fame num- 
ber of times, we fay, that two ratios are the fame, when all 
the equimaltiples of the antecedents contain their confequents 
equally. 

This is a more fimple expreffion of the definition of equal 
ratios, than that given by Dr Simfion ; for the literal tranflatioa 
from the Greek, though fhorter than his, is very obfcure : But 
the meaning is very nearly the fame. In the. Greek, the equi- 
multiples of the antecedents are required to be. both lefs, or 
both equal, or both greater, than the equimultiples of the con- 
fequents ; but here they are required to be both lefs, or both 
not lefs. It was, however, fliewn before, that unleis one of 
them be lefs, and the other not lefs, it will always happen, that 
if one of them be a multiple of its confequent, the other is the 
fame multiple of its confequent ; and therefore the definitions 
are the fame : the generality of the multiples making all parti- 
cular dii&rences to vanifh. For it is to be qbferved,^ that the 
aittltlples taken, either according to the definition now given^ 

or 
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or €ccDrding to Aat in the Greek, muft be general, repreienting Boor V. 
any maltiples whatfoever. Vii>/VN#/ 

But, befides fim^citjof expreffion, the definition now given 
has the advantage of the othcx:, in its being, in 9ioil cafes, more 
eafily applied to the purpofe o£ demonftration, as will be mani^ 
feft to anyone who chufes to compa/e the demon il rations of the 
17th and 1 8th, or even ot thofe from the 7th to the 13th in this 
edition, with thofe in the other editions. The demonftrationa 
depend on the fame principles^ and are condu&ed in the fame 
manner, with thofe in the former editions ; but the fimplicity of 
the conftruftions often readers fewer ftepa necedkry in the df^ 
snonflrations* 

PROPOSITIONS. 

The I ft, 2d, and 6th, are ma^ tpore general th«n they are 
in Euclid* They belong to all magnitudes which contain others 
equally, as well as to equimnltiples of them. 

That beginners have the 4th for the firfl propofition thai 
they read aljout proportionals, is one of tlic canfes why they 
find this book fo difficult to be underftood by them. The words 
multiple and e^uimuHipht are new to them, and it is with fomc 
difficulty that they can bring tbemfelves to believe, that theft 
ftrange words are exprellonsiof ideas with which they are fami- 
liarly a cqusiin ted. But they begin to get over this difficulty, 
and to be reconciled to thefe words, when they fe© the ufe that 
is madt^ of them in the axioms, and the three firft propofition^. 
In this propofition, however, a new difficulty arifes from the 
ufe that IS made in it of the fifth definition. -In order to eicpreft 
that definition intelligibly in the Englifli language, a good deal 
of circumlocution is neceflary 5 and this renders it difiStcult fijr 
the reader, to con«ea the feveral parts of it, and to form i 
iingle, complete, ?ind juft idea of the whole : and this difficulty 
is increafed, rather than removed, hy the abrupt way in which 
it is introduced into this demonftration. Whatever idea the 
reader may have formed of the 5th definition itfelf, he muft be 
allowed to be aitcgether unacquainted with the-method of ap- 
plyioe it to. the purpofe of demonftration, for he has not yet 
had an. opportunity of feeing it ufed that way. He muft alfo be 
allowed to doubt the exiftence of fuch magnitudes as have all 
the properties mentioned in that definition, for this ought not 
to be taken for a poftulate ; and there are abundance of ex- 
atpples by-which their poffibftity may be fliewn, one of which 
is given in the 7tb, and another in Prop. C. But they are not 
given before this propofition; and until they be given, the mind 
piuft be allowed to doubt. Befides, th^ reader's nkind is ptfe- 

P p occupied 
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Book V, poctipied Witt the vnlgar notion of proportion, wliidi, tibougk 
V-^V'K^ obfcare, is familiar, and attrafts the attention whomever pro- * 
portionals are mentioned. Now, the writer who would demon^ 
it rate thb propofition as it (lands, mud overcome all thefe diffi* 
culties^ He muft fhew, thdt the magnitudes aiTumed in the hjm 
pothefis, are poi&ble, and muft place the dependence of every 
flep of thedemoaftration upon the 5 th dtffinition, in the deareft 
point of view, fo as to^call the reader's attention from the vulgar 
to the accurate notion of proportionals, contained in that de6m« 
tion, and to compel his niind, upon admitting that definition, to 
^mit the feveral conclufions drawn from it. Inftead of this, 
!^uclid affumes the poflible exiftence of four proportionals, a 
thing incanilftent with accuracy, and quite contrary to his 
method in all fimilar cafes ; and he draws his conduiions 
as implidtlj as it his readers had been perfedlj aoquainted 
with the ff^hjeSt ; It is therefore evident^ that this is not the 
$rft time that he has ufed the fifth definition^ and that the 
place in which this propofition (lands at preCent, is not the 
place which he h^ allotted to it. Befides, it is placed at 
f..diilance frpin all the propofitions about ratios, in the midft 
of propofitions about multiples i and that without any neccdatyp 
abr the firft reference to it is in the 2 id, apd therefore the proper 
place of it is between the i9th and %oth: and the propofition 
which is made a c ypH ary to it in the Greek, .appears to have 
been originally in the fame^place, forit is^not ufed before the 
20th ; though, if it had been given before, feveral of the for* 
mer demooSrations cotdd have been (horteoed by it. It would 
be proper, therefore, to reftore thefe propofitions to their ori* 

g'nal fitUwop' f but this :^amot he GonycnieaUj done with the 
urth, becauie geoipeters yerypfteii cite the propofitions of the 
fifth b^ok; and therielor^ the order is fli|l preferyed, but the 
damonfiradoii is rendered as fiiU, and its depcudepce on the fiftl^ 
definition as plaio as pofiibie. . . 

\ likewife^ particular equimultiple! are tak^ pf the fecond 

^oi fourth, bec^nfe it is thought, that the reader will better 

perceive the force of the deroonllra^ipn, when I^e (ecs the equi« 

multiples of the fecood. and fourth, which contsiin them, the 

fame nnm)>er of times that the equimultiples of the firft and 

third contain them. And : the iame^^iartjcularitj is ufed ia al) 

the following proportional. where the^d^monftrations require 

equimultiples of the fecond and fourth to be taken, fiut the 

demonfi rations could have bi^en : made ia jthe fame way, thou^li 

- any equimultiples had' been t^keo of th^m ir and £udid*s de- 

^ monftrations could have beeu.cphduded ihi^ fame way^ if he 

'^ad taken equimultiples^ iu the manlier ,that is now done, and 

t|)fjr would h^v^ beea tr general as .whtn^ general eqmmultiples 
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are taken, £>r &e generality of the demonftratioa depeixds ivhollj Book Vi 
upon the general equimulcipies of the firft and third. Vm^v^N^^ 

The 7 th would have anfwered the purpofe hetter, if it bad 
been oiade more general : Thus, ** If the firil of four magnitudes 
be equal to the third, and the fecond to the fourth; the firfl 
is to the fecond, as the third to tlie fourth:*' and we find 
that Euclid underftood it in this general fenfe, for tlie firit ap« 
plication of it which he makes, is to four magnitudes in the 15th 
of this book. But however it be expcefled, it is evident^ from 
the nature of equal things, that in all cafes relating to their 
magnitude only, one of them maj be fubftituted for another. 

There are.iix proportions added to this book^ of which the 
firft five are placed ^between the 19th and 20th, becaufe fome d£ 
them. are neceflarj to the following propofitions. It was fhewh^ 
Jn the notes on the 4th, that this is the proper place of the fe^ 
cond of them, and it is evidently die proper place of the fifth | 
and it was thought to be the belt way to place them altogether*^ 

The fixth oC them is one of thole relating jto compound ratio, 

which. Dr Simfon pltfipcd at the end of this book, and it h 

thought to be fufficient for ihewing, that what is faid of com^ 

.pound ratio by geometers, may be underito^ froi^ the 2 id anjl 

23d of this book- .* . ' /^ 
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THE 2d definition is made nkyre geoend and accutate^ th^n fio^^ y/. 
in the former editions of Euclid. ::• v^^v^ 

in the enunciation of the 7th propofition, .the Ifmitation^is 
altered, fo as ta agree with what is proved in the detnonitratioii 
to be the cafe, when the triangles are not equiangular, by which 
means a diftin£Hon of cafe§ is avoided!. But it is as eafily 
known, when the prefent exception does noctake paice, as when 
' the former does not take plade< :- : .. - 

I Dr, Simfon obferves, th^ fhe 18th is .vitiated^ fof it is only 
* demonftrated of quadrilaterals:: and thcfe certainly is but one 
cafe mentioned fn the Greek, which is confirufted and demoo« 
ilnited in si , tnaanef very different from.£iiclid's. But whc». a 
perfon, ax:qtfaihted wirh Euclid's mannd^, attempts to reftor^it, 
- he oaturdjy j^^s intb t^ eafes, that of a triangle, and that of a 
quadrilateral' V'fcr id"the<^reek, thecafrof the triangle is firft 
: conftru&ed iitid demonfttated^ tfid'theathe qyadrikteral is con* 
ftruded from it. Thefe ii^6 cafes are now dilltnguifhed y aad 
from tUijA-il^'it^ptaiN-^how febi extend trto figures.: of &vo« or 
%ore fiiies^ as Dr Simfoa has done.^ 

?pa Many 
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B«oK VI. Ttfany complaints htve been niade of the a7th, aSth, and 29th f 
^^W^ but they are not in reality more difficult than the 25th, of which 
there are no complaints. The enunciations, however, are very 
6bfcurely exprefled ; and the conilru^tic^is of the 28th and 
29th aie not fiifficiently full, for it is taken for granted, that 
the reader can make a parallelogram iimilar to one given, and 
e^ual to the fum or difference of two TeSilineal figures^ though 
the method of finding their fum or difference has not been par« 
ticularly pointed out. Thefe are defers which ought undoubt- 
edly to be removed ; efpcciaHy as thefe two problems are the 
moft ufeful of all in the Elements. It is therefore thought 
proper to alter the enunciations, fo as to prefierve the fanrie 
tneaning, and to conilrufh the 28th and 29th more fully, in 
confequence of which the demonftracions are a little ihortened. 
In the 28th, the parallelogram AF is faid by the ancients, to be 
Upplied to AB, deficient by the parallelogram PB, which is evi- 
dently fimilar to the given parallelogram £F. And in the 28th, 
the parallelogram AX is faid to be applied to AB, exceeding 
by the parallelogram BX, which is iimilar to the given one £L. 

The cafe of Prop. D, .which was emitted in the former edi- 
tibns, is now infer ted. And Prop. £ is added on. account of its 
great ufe in geometry. 
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Book XI. T T is impofEble to deraonflrale the properties and relations of 
Kt^Y^J X folids contained by plane figures, without taking into con- 
fideration the angles which thefe planes make with one another ;. 
becaufe their mJignitude depends u])on the angles made by their 
planes, as well as upon the magnitude of their plane figures. 
But in the propofitions concerning folids, in this book, there is 
no mention made of thefe angles. In the 25th, parallelopipeds 
are faid to be equal, when they are contained by equal and fimi- 
lar parallelograms : and in the 28th the prifms are faid to be 
equal, becaufe they are contained by the fame number of equal 
and fimilar planes. But folids may be contained by the fame 
number of equal and fimilar plane figures, and not be equal to 
«Jie another, as {hall be made manifell in the notes on the loth 

defijiiition^' 
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definition, from Dr Simfon : It is alfo necefiar^ to their equali- Book XL 
t jy that their equal and iimilar planes make equal angles with V^^V^^ 
one another : and the acknowledged accuracy of Euclid obliges 
ns to believe, that this laft condition was not overlooked bj him. 
And the 6th and 7th definitions muft have been inferted for this 
very purpofe, for they are of no other u£e in this book. But 
in the 6th definition, the inclination of two planes is faid to be 
an acute angle, whereas thefe angles may be right or obtufe 
angles ; and therefore the word inclination, according to this de- 
fin tion, is too limited to denote thefe angles. In the cafe of 
obtufe angles^ we may produce one of the fides of the obtufe 
angle, and thus obtain an acute angle on the other fide of one of 
the planes : but this would oblige us to introduce a conditioa 
into the propofitions where the term is ufed, which is not other- 
wife necefiary ; aod would very much embarrafs the demonAra^ 
tions : as will be evident, if we confider what would be the cafe 
in plane figures, if by the word angle were meant only an acute 
angle. Thus, in the fourth propofition of the firft book, not 
only muft the angles contained by the equal fides be equal, but 
thefe equal acute angles muft be either both within the tri- 
angles, or elfe both without them, otherwife the propofition is 
not true ; and the fame or greater embarr ailments muft be in- 
troduced into the other propofitions in which angles are con- 
cerned ; and therefore the term angle, cannot be ufed in this li- 
mited fenfe ; but either its meaning muft he extended, or a new 
term invented. For the fame reafon, we cannot ufe the word 
inclination in the limited fenfe given to it in this definition : nor 
can it be eafily believed, that Euclid defined the inclination of 
planes, by an acute angle, for he ufes the word «a<«^ in as ex- 
tenfive a meaning as the word ymi»^ in the 8th definition of the 
firft book; and there is the fame neceffity for doing fo in this de. 
finition. It is therefore certain, that the word acute ought not 
to be in this definition; and as it might very readily have been 
inferted in it, from the preceding definition, through the inat- 
tention of fome tranfcriber, this is probably the way that it has 
come to be in it. It is therefore now thrown out, by which 
means the term inclination is rendered as extenfively ufeful in 
folids, as the term angle is in plane figures. 

D E F. IX. 

This definition has fewer conditions than what are necefiary, 
for folids may be contained by the fame number of fimilar planes, 
and not be fimilar, as Dr Simfon obferves. The fimilarity of 
plane figures is defined from the proportionality of their fides, 
and the equality of the angles contained by them ; and in the 

fame 
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Book XI. fame manner, the fimilarity of ftCds ihiCNiUlMf SSned^firoai the 
K^yy^J fimilarity of their containing planet, and the equality of tfie 
angles made by thefe planes. To tiiis lad eondidoa we are 
naturally led by the order xrf the* definitions ; for Euclid muft 
have inferred the 6th and 7th definitions*, f&r the very ^rpo^ 
of determining the fimilarity of^folids,- becaufe they can-b&tS 
no other ufe in the doftrine oF folids, and ^e certainly wduM 
not have given them without fom^defign rflifing theofe "BS 
Simfon thought that the condition wanting was the equality of 
their foKd angles, and therefore He changed the order of the d^i 
finitions: but we have not fufficienf vetXon for thififcing tlYik"^ 
and the equality of folid angles cannot beprbved, wiffibuc ^in^ 
far away from the tf xt of Euclid, unkfs the plane singk^ dG^^ 
tatning them be difpofed in the fome order and fituation ;' whicfi 
is a condition not n^eflary to the fimihrity ttf lolids* Befides^ 
the equality of the folid angles is of no ufe in this matter, but 
for determining the like-inclmations of the plan<6>* which can fe' 
better done without it, as ihall be ihown in the note&lon Pro^. 
A, B, and C, and the 26th propofition of _th^ book. Tmt 
order of the definitions and the* condition wan ring are now te« 
liored. ' " 

D E F. X/ . 

This definition is, that ** Similar and equal fol ids are thofe 
that are cbntained by the fame numbei: of fii^ilar and equal 
planes.*' Now this is not a definition^ Jbut a theorem, and it is 
not always true, as Dr Simfon has mown by the following 
example. 

•* Let there be any plane reftilineal figure, as the triangle 

a 12. 1 f . ABC, and from a point D withift it, tfraw » DE at right angles 

to the plane ABC i take DE, DF equal to one another, upon 

oppofite fides of the plane ; and let G be any point in £F ; join 

DA, DB, DC ; EA, EB, EC ; FA, FB, FC ; GA, GBf GC : 

Becaufe the flraight line EDF is at right angles to the plane 

ABC, it makes right angles with DA, DB, DC, which it 

meets in thjat plane ; and in the triangles EDB, FDB, ED and 

DB are equal to FD and DB, each to each, and they contain 

b 4. I. ^k,^^ angles ; therefore the bafe EB is equal ^ to the faafe Ffl: 

In the fame manner, EA is equal to FA, and EC to FC : and 

in the triangles EBA, FBA, EB, BA are equal to FB, BA, anil 

the bate EA is equal to FA ; whereforethe angle EBA is eqUal 

c 8. 1. « to FBA, and the triangle EBA equal ^ to the triangle FBA, 

and the other angles equsj to the other angles ; therefore thefe 

d 4« 6.SC1. triangles are fimilar ^. In the fame manner, the triangle EBC 

Dtt 5. is fimilar to FBC, and EAC to FAC ; therefore there arc two 

folid 
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folid.figttre0» eac^i>r^^h is contained by fix triangles ; one of Book XL 
then(|c by three trkingles, the cpnaxnon vertex of which is G, V^/'Y'vy 
and their bares the ftraight tines AB, BC» CA ; and bj three 
other triaoglesy the comtxMoiv vertex of Which is the point £, and 
their bafes the fame lines Aj^, 
BCp C A : the other foUd is con* 
tained bj the lame three tri« 
ftfiglesy the cofnmon vertex of 
Hvindtt is 69 and their bafes 
AB, BQ, CA, and bif three 
other, triangles of wmch the 
conimon vertex is F, and their 
bafes the fame i|raight lines AB, 
BC, C A : Now the three tri- 
angles GAB,.GBC, GCA are 
common to both folids, and the 
three others £AB» EBC, £CA 
of the firft folidy have been 
iliewn equal and fimilar to the 
three others f AB, PBC, FCA 
of the other Iblid, each to each ; 
therefore thefe two fcdids are 

contained by the fame number of equal and fimilar planes : But 
that they are not equal, is manifeft, becaufe the firft of them is 
contained in the other ; therefore it is not univerfally true, that 
folids are equal which are contained by the fame number of 
equal and fimilar planes*" It is likewife manifeft, that thefe 
folids are not fimilar, fince their fimilar planes have not the 
fame indinatioa to one another^ 




D E P. XI. 

ft is ncceffary to add a condition to this definition, becaufe 
Euclid underftX)od his folid angles to be fuch as had the incli- 
nations of all the planes containing them inwaid, or towards 
the angle, as is manifeft from the 21ft prop, of this book : for 
it is. there proved, that every folid aagle is contained by plane 
angles, which together are lefs thai^ four right angles, which 
would; not always be the cafe, if the inclinations of iome of the 
planes were inwards, and thofe of others outwards; as was 
ihewn by M. le Sage, in a paper given in to the Academy of 
Sciences at Paris, in U^c year 1756. 
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Book XL ^^^^- VII. XIII. XXX VIH. 

Dr Simson (hows, that4:he firft and laft of thafe pvopoficiont 
have been put into the Elements^ by fome an&ilful editor, bei 
caufe thej are evident from thd definitions of the lOrand iiti 
books. And the 13th is. fully ag evident, for ic wa& detnonftnu 
ted in the 6th of this book, that the ftraight lines mentioned in 
this 1 3th, as perpendiculars to the fame pkne, muft be parallel, 
and therefore they cannot pafs through the fame poiofc. Thefe 
propofitions are retained for no other veafon, bat to preferve 
the number of the propofitions : and ihort demonftfations are 
given of them. 

PROP. V«I. 

It Is proved, that the angles ARD, ADE aue right angles ia 
the fame words, both in this and the fixth propofitions : This 
repetition is now left out of the 8th, and ^flumed from the 
fixth, 

PROP, XVI. 

Ik the Greekj this propofition is demoqftr9.ted indireftly; 
but a dxve6Jt demonftration is now given on th^ fam^ principles^ 
which makes it fomething fhorter, 

PROP. XXII I. 

This propofition is much fliortened, by firfl demonft rating, 
that AP is greater than the greateft fide of the triangle LMN ; 
after which, the demopftration is nearly as in the firfl cafe of 
the former editions. '^ This and the iid, on which it depends, 
are of no ufe in the prefent ftate of the Elements, either fot 
underftanding the nature of folid angles;, or for conftrudting 
any of the following propofitions 5 they may therefore be 
omitted without any iofs. 

Befides, unlefs th^ given angles he equal, there may be two 
different folid angles conftrufted as in the propofition, each of 
them contained by plane angles, equal to the given ones 5 but 
placed in a different; order. Thus, if MN be not equal to LN, 
and another triangle be defcribed on the fame fide of ML, with 
the triangle LMN, fo that the fide of it terminated at M be 
.equal to LN, and the fide terminated at L equal to MN ; and 
from its third angle, a fliraight line be drawn to R ; there will 
be another folid angle defcribed at R; contained by^hrce pls^e 

angles. 
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singles, equal to the given. ones: But though thefc two folid Book XL 
angles have the angle LRM common^ and the remaining angles Vi^Y*^^ 
equal, each to each ; they cannot be made to coincide, oecaufe 
t&eir plane angles are placed in a contrary order ; and therefore 
they cannot be proved to be equal by the help of any of the pro*- 
pofitions at prefent in the Elements. And this obfiacle prevents 
its from receiving any affiftance from this propofition in filling 
Up the chafm which is evident in this part of the Elements ; fot 
the propofitions before the a5tb are not fufficient for demonftrai- 
ting thofe that follow ; and therefore it is neceflary to infert other 
{>ropofitions for diat purpofe. 

PROP. A. 

This propofition of Dr Simfon is very ufeful for enabling us 
to reafon about folid angles : but his demonft ration can only be 
applied, when the plane angles which contain the folid ones> are 
none of them right angles ; for if one of them, as CAD, be a 
right angle, the ilraight line LK, which is at right angles to 
AC, does not meet AD, in which cafe his demonllration fails : 
and this is a cafe that occurs very frequently ; it is therefore 
neceflaTy to change his demonflration into a more general one. 

A corollary is alfo added, which is as ufeful as the propofition, 
and is neceflary to the demonflration which is now given of the 
a 8th. 

P R O P. B. & C. 

Dr SiiwsoN has proved in his Prop. B, that folid angles are 
equal, which are contained by three plane angles, equal to one 
another, each 10 each> and difpofed in the fame fituation and 
Order. But if they be in a contrary order, his demonftration 
cannot be applied : and this is a cnfe that occurs as frequently as 
the other. But if he had demonftrated both cafts, it would not 
have anfwered the purpofe he intended by it, unit fs, he had alfo 
proved, that whenever two folid angles, contained by the fame 
number of plane angles equal each to c4ch, are equal to one 
another, the plane angles have the fame inclination to one ano- 
ther ; for the. fimilanty and equality of folids do not depend 
upon the equality of their folid angles, but upon the like incli- 
nation of their planes : and thus, Dr Simfon, in demonftrating 
his Prop. C. is obliged to conclude, that the folid angle at A, 
coincides with the folid angle at K, becaufe they are equal, which 
is not a legitimate inference, for folid angles may be equalp 
though they cannot be made to coincide : But though it were, it 
ought not to hare becrialTumed without proof. So that, though 
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Book XI Dr Simfon cited Prop. JB, In feVeral propbfidon^ about folid^^ 
^w^'VK./ the fteps for proof of which he cited it, do not depend upon it; 
b\it on its converfe, or rather on the like inclination of the con- 
•taining planes. This Prop. B, of Dr Simfon, is therefore of 
no ufe in the doftrine of folids. It is accordingly left out, and 
his Prop. C is now made Prop. B. 

Again, Of this propofition, it is to be obferved, that there is 
ti lin^itation in it, exprefft-d by the words, alike fituated, which 
confines it to the half of the folids contained by equal and fimi- 
lar planes having the fame inclination to one another. When a 
plane in one of the folids is placed in the fame fituation with the 
plane which is equal and fimllar to it in the other folid, it is 
neceffary, that tlic oihey (imilar planes be on the fame fide of 
ihefe fimilarly fituated planes, and likewife be difpofed in the 
fame order, in the two folids. Thus, .when the- plane figure AC 
is made to coincide with the plane figure KM, which is fimilac 
and equal to it, the fimilar plane figures AF and KP muft be on 
the fame fide of the common .plane KM, as well as have the 
lame inclination to it, for if they be on different fides of it, they 
cannot be faid to be alike fituated, in refpeft of that common 
plane : and thus, Dr Simfon explains the words alik^ fituated^ 
by ** the planes being difpofed in the fame fituaticxi and order,*' 
in his notes on the ^jth and 26th of this book. 

But with this limitation, the propofition is not confined to 
folids, which have none of their folid angles contained by more 
than three plane angles, but it is applicable to all folids of which 
the equal and fimilar planes. haye the fame inclination to one 
p.nother : and as this extenfion of the propofition is neceifary, 
in order to demonflrate the equality of folids which have not 
their equal and fimilar planes alike fituated, the enunciation is 
now expreffed more generally than before. 

That which is now made Prop. C, is required in the demon* 
llration of the 28th : and it may be improved fo as to demon- 
ftrate the equality of fuch folids as are excluded by thelimita* 
tion of Prop. B. 

PROP. XXVI. 

• It was neceffary to change the enunciation of this propofition, 
fo as to agree with the demonftration. In the former enunci a* 
tion, it was propofed to make a folid angle equal to a given one ; 
but in the demonftration, the plane angles only which contain 
the folid angles, are proved to be equal ; and this is not always 
fufficient for determining the folid angles to be equal, as Dr 
J^imfon has proved : and it is certain, that Euclid introduced 
ihis propcfitic^i cr;ly for the purpofe of conft ruling the 27th 

and 
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and the 3^th by it; and in both thefe, the plane angles only are Book XT. 
required to be made equal, though the Greek editor calls this V^XV^-^ 
making the folid angles equal. Dr Sinifon changed the ex- 
preffion in the 36th, -and Commandine changed it in the 27th, 
in the fame manner that thJ enunciation of the 26th is now 
changed. Shorter demon ft rations are now given of the 76th, 
and the 35th, by the help of Prop. A, which is a propofitian 
of the moft exttnlive ufe in the contemplation of folld angles. 



PROP, xxviir. 

In this book, we have a remarkable inftance, how eafily 
even the greateft geometers may be deceived in geometrical 
matters, and how liable we are to take things for granted^ upon 
the authority of others. From Theon's time to that of Dr. 
Simfon, all the propoStions concerning the equality of folidi 
were infufficiently demonftrated : inftead of the folids beinij 
proved equal or fimilar, it was only proved, that the planej 
containing them were equal or fimilar. Dr Simfon reftored ic 
in a great ineafure to its original purity ; and the dodlrine of 
parallelopipedft has fince ftood u^pon a firm bafis, except in fo far 
as it was made to depend upon his Prop. B. Bat he intid- 
vcrtently overlooked this 28th propofition, and did not take 
notice, that the planes of the two prifms to be proved equal, 
are not alike fituated: and thus, the.do£lrine of prifms, pyra- 
mids, cylinders, cones, and fpheres. Hand upon the fame intinn 
foundation as before, for all thefe de- " o 

petid upon this 28th, and are conneded 
with the doftrine of parallelopipeds, by 
means of it, and the corollary to the 
3 2d, which depends upon it. But the 
28th is not ftifficiently demonftrated by 
the help of Prop. B, or what Dr SiriS 
fon calls Prop. C, for it is required in 
that propofition, that the planes of the 
folids be alike fituated, in refpedt of 
one another, and have the fame inclination to one another : But 
in the 28th, the triangles GCF, CFB, which are proved to be 
equal and fimilar, are not alike fituated, in refpeft of the equal 
and fimilar parallelograms GE, CH, when they are not reft- 
angles : For the angle CBH is equal to GFE, becaufe CB, BH 
are parallel to GF, FE; and the angle BCD is equal to ¥GA^ 
becaufe BC, CD are parallel to FG, GA; But the angle at B 
of the triangle BCF is not equal to the angle CFG of the tri- 
angle GCF ; therefore the triangles are not alike fituated in re- 
fcecl of th|? parallelograms ; and. on that account, tliey cannpt 

Q^q 2 'be 




f48 N .0 T E S.* 

Book XI.be made to coincide; for if the parallelogram CH be applied to 
V-^'VX^ GE, fo that B be on F, and BC on FG, the triangles BCF, CGfe 
fall on different (ides of the common plane. G£ : and the fame i^ 
the cafe when B is applied to A, and BC to AE; for if the paraI-> 
lelograms be thus made to coincide, the triangles BGF, ADE 
fall on different fides of the common plane GE. In order to 
prove the prifms to' be equal by Prop. B, it is neceffary that the 
angle GBH be equal to the angle AGP, and FEH to CGA, which 
can never h^PP^"* except each of them be a right angle ; for 
AGF, GFE, that is, AGF, CBH are together equalto two right 
angles, and flierefore, if one of them be lefs, the other . mufl 
be greater than a right angle : Wherefore this propofition is not 
fufBcientlj demonftrated in the former editions.; A new demon- 
ftrgtion is now given by the help of Prop. C, by ^Krhich means 
we are enabled to compare together all folids,, though contained 
Hy planes not alike fituated in refpeft of one anotben 

PROP. XXIX. xxxi. xxxiii. 

A MORE general demonftration is given of the 29th : and the 
figures of the 31ft and 33d are made more fimple^ by means of 
which xh^ demonftration of the latter is fhottened. Profcffor 
£la}fair, in his demonftration of this 33dy fappofes, that fimilar 
parallelopipeds have to one another the^ ratio which is com- 
pounded of the ratios of their bafes, and of their.infifting lines; 
but as he has not before proved, that the inlifting lines ^e to 
one anothejp ^s the aUitudes, the fuppofition is unwarran^table. . 



' r' PROP, xxxiv. 

The demonftration of this is now much fiiortened, by making 
the conftruftion of the whole fimilar to what was before given 
of the fecond pait of the firft cafe ; and by demonft rating the 
two parts of the propofition feparately. • 

PROP. XXXV. 

The only ufe of this propofition in -the JLlen^cnts is, to de- 
monft rate tb© »f olio wing corollary, by it;., and the qorollary i». 
ufed in ^e following propofition, But^it; js beft h)4emoijitrate 
the corollary, fir ft, bccayfe it is the only pajt tha| isiifec^ and its 
demonftration is fliorter thaq the other ; anql tliat-o|ithepropo^, 
fition may Ije ft;iifily[(n^a$le^frpm it.. This method is now follpw-. 
ed, and the depionAration is made ikbrter by the help of .^n^. 
A^ .■.-••-/ 
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IN the enunciation of the fecond propofitipn, it if fappofed»BooK XU. 
poflible ^QF fome ftraight line to be equal to the circumfe«« 
rence of a circle ; and if the axiom be granted^ this Is alfo evi. 
dent; for it follows^ from the axiom, that the perimeter of anjr 
circumfcribea polygon is greater than the circumference, a^id 
that thp perimeter of any infcribed' polygon is lefs than it ; 
therefore there muft be fome ftraight line lefs than the former^ 
and greater than the latter, that is neither greater nor lefs thaa 
the circumference, and eonfequenily is equal to it. 

It is likewife faid, in the conftruftion of this 2d, that if DF 
be greater than the circle, there is fome redangle DH equal to 
the circle. It would not alter the demonftration, though Dft 
be taken greater than the circle; and this is fliown to be poffible 
in the firft Prop. For if EF be bifeded by a ftraight line 
parallel to ED, it will cut oft" the half of the redangle DF ; 
and in the fame manner may the half of the remainder be ^t 
off"; and fo on; therefore, if this be done continually, there 
fliall at length remain a reSangle lefs than the excefs of DP^ 
above the circle : let this be the reftangle HG ; therefore the 
reftangle DH is greater than the circle. But it is fuppofed, in 
the propofition, that there is fome reftangle equal to the circle ;• 
and in the demonftration it is proved, that it can neither be 
greater nor lefs than DF ; therefore DH may be taken any red- 
angle whatever lefs than DF ; and then the import of the firft 
part of the demonftration is to inquire, what would follow from 
fuppoftng it equal to the circle : and the abfurd confequence 
which we neceffarily draw from it, obliges us-to,TelinquiIh the 
fuppofition, that any reftangle lefs than DF is equal to the cirde^ 
or that DF is greater than the circle. So that it is not neceftarj 
to accuracy, that we be able to determine the magnitude of DH, 
be a conftruftion ; it is fufficient if its being equal to the circle, 
be a fuppofition that is evidently poftible. And the like is to 
be obferved in the following propoGtions. In indireft de- 
monftrations, aftual conftruftions may be often fpared, in cafes 
where they are neccflary in direft ones. Thus, in thfe 6tli of 
the ift Book, it evidently follows, from our fuppofing AB 
greater than AC, that fome part of AB is equal to AC ; and 
this part, whatever be its magnitude in refpeft-of AB, may 
be called BD. And it feems to be ufelefs labour to attempt 
the conftruftion of a line or figure which \ye intend to prove im- 
poflible. 

Ik 
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An Trigonometry, the principles are explained fully, and the 
nature and ufe of the Tahles of Natural Sines, Tangents, and 
Secants are fhewn, as well as their con{lru6lion. I^ut as it is 
nfnal to perform the operations by Logarithms, their nature 
Itall be explained here. 



LOGARITHMS. 

A Series of numbers, which increafe by the fame difference, 
U called an Arithmetical Progreffion: and a ieries of numbers, 
which increafe by a common multiplier, is called a Geometrical 
Progreffion. 

Let the firil term of an arithmetical progreffion be placed 
above the firft of a geometrical one, and the reft in order, thus : 

Arithmetical progreffion, o, I, 2, 3, 4, 5, 6, &c. 
Geometrical progreffion, i, 4, 16, 64, 256, 1024, 4096, &c. 

Then it is evident, that if we are to multiply any term of the 
geometiical feries, as 64, by another term, as 16, the prodnft 
can be found by adding the correfponding terms of the arithme- 
tical feries, viz. 2 and 3, for the fum 5 is the term correfpond- 
ing to the produdl 1024 : Thus, the ufe of a Table of arithme- 
t5cai progreffionals correfponding to a geometrical progreffion, is 
evident ; but in order to this, the terms muft be increafed ia 
both, fo that the geometrical may contain all the natural num- 
bers of arithmetic. This may be done, by finding geometrical 
mean proportionals between the terms of the geometrical pro- 
gredion, and as many arithmetical means between the terms of 
the arithmetical one. Now, an arithmetical mean is half the 
fum of the adjacent terms, and a geometrical mean is the fquare- 
root of the produdl of the adjacent terms. If this be done, 
the feries will contain twice as many terms as before, and will 
become 

Arltlim.proj^. c, f, T,ii, 2, «i, 3, sh 4» 4h 5» ' sh ^» &^c- 
Geom. prog", i, 2, 4, 8, 16, 31, 64, 128, 256,51a, 1024, 2048,4095, &c. 

, Thefe progreffions may be interpolated in the fame manner, 
bjJiew .terms ; and the operation maybe continued until all 
the natural numbers occur in the geometrical progreffion. And 
then the .terms of the arithmetical feries correfponding to thefe 
numbers, are called the Logarithms of them. 

"Hence, Logarithms arc artificial numbers, by the affiftancc of 
which, addition fupplies the place of multiplication, and fub- 
traAion of divifion. 

In 



.LOGARITHMS. 31I 

Ift the common tables of logarithms, the prbgrelSons are logas. 
Arithmetical. o, i, 2, 3, 4, 5, &c. ^•YNi^ 

Geometrical. 3> io> 100, 1000, 10,000, ioo,ooc, gcc. 

having t^rms interpolated continually, as was. fliewn in the for* 
mer ferits, until all the natural numbers are in the geometrical 
feriesy and the numbers in the table of logarithms are thofe of 
the arithmetical Series, which correfpjiid with the natural num- 
bers in the geometrical feries. 

Hence, the logarithms of all numbers between i and 10, arc 
fractions ; the logarithms of all numbers between 10 and ico, 
are mixed numbers that have 1 for the integer, and thofe of 
numbers between 100 and 1000, have 2 for the integer ; and fo 
on: That'isi the units in the integer are always lefs, by one, 
%han the places in the correfponding number. The integer is 
called the : Index, becaufe it fhews the number of figures in the 
aafwering number. 



. TO find -the Logarithm of any Number from the 

Tables. 

Look for the three higheft figures in the margin on the left 
fide, and in that line, in the column which has the fourth figure 
at the top, you will find the logarithm for thefe four figures. 
If the number have more figures in it, take the difference be- 
tween this logarithm, and the next greater, and multiply it by 
the remaining figures, and from the produd cut off as mafny 
figures as are in the multiplier, the reil added to the logarithm 
for the firft four figures, give the logaiithm required. Thi; 
index is always one kfs than the number of integers. 

TO firrd the Number for a given Logarithm. 

If the logarithm be foiind in the table, the three firfl figures 
are on the fame line in the margin, and the fourth is at\he top 
of the column. But if the logarithm be not in the table, takJe 
the number anfvvering the next lefs logarithm, and fubtraft thia 
lefs logarithm from the given one, and alfo from tl>€ next great- 
er ; then annexing cyphers to the firft remainder, divide it by the 
other, to get the fifth, fixth, &c, figures. The integers mul£ 
be one more than the index, and the reft are decimals. 

Thus, To find the logarithm of 73284, on the line that has 
732 in the margin, and in the column that has 8 at the top, 
there is found 864985, the logarithm of 73^8, and the diffe- 
rence between it aiid the next log?vrithm is 60^ w!uch, multi- 
plied 
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Z.OGAR. Jilted by 4, gives 240 ; therefore, adding 14 to .864985, we have 
\.^V>^4>8650Q9 for the logarithm of 73284, with 4 for an index, be- 
caufe the number has iive places. 

Again, To find the number anfwering to the logarithm 
4.597179. Look for the next lefs logarithm, vtad the number 
anfwering to it is 3955, and the difference between it and the 
given logarithm is 33, and the difference between it and the 
next greater in the table is no ; therefore divide 330 by no, 
and the quotient 3, annexed to 39551 gives 39553 for the nuni- 
ber anfwering the given logarithm. 



OF the Tables of Sines, Tangents, and Secants. 

These tables have the degrees at the top, and the minutes on 
the left fide of the page, when the degrees are not above 45^; 
but if they be greater than 45^, the degrees are at the foot, and 
the minutes on the right fide. 

If the logarithms of the numbers in thefe tables be taken, 
and arranged in the fame manner in tables, they form the tables 
of Artificial Sines, Tangents, and Secants, which fupply the 
place of the natural ones, in the fame manner that logarithms 
fupply the place of natural numbers. 

TO find the Artificial Sine of 37* 23' I2^ 

^ Look for the page that has 37 *> at the top, and th^re, on the 
line that has 23' on the left fide, and in the column titled fine, is 
9.7832922, the fine of 37** 23': and the difference between it 
and that of 37^ 24', is 1653. Then, as 60" to 12", fo is 1653 
^o 33 *> tbe proportional difference for 12", which, added to 
9.7832922, gives 9.7833253 for the fine of 37* 23' 12". 

Again, To find the degrees, and parts of a degree, of which 
,16.2738462 is the artificial tangent. 

Look for the neareft tangent, 10.2737163, and becaufe it 
is titled Tang, at the foot, take the degrees at the foot, and 
the minutes on the right, and it gives 61 • 38'. And the 
difference between this tangent and the one above it is 3046, 
dnd the difference between it and the given one is 1299; 
therefore, as 3046 to 1299, ^^ ^^ ^^" ^^ ^^"j fo that 10.2738462 
18 the tangent of 61®, 58', 26''. 
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TO fhew the ufe of Logarithms in Trigonometry. 



Let ABC be a. plane triangle, right angled 
at A, of which the hyptjthehiife BC is 368 
ieety and the angle at B 42^ 35', and let the 
fi4es AC and AB be fought, 

. By the ad Cor. to 2d Prop, of Plane Trig, 
K/is to the fift. B,'asBC to CA: confequent- 
ly, from the nature of numbers, CA is found 
by multiplying BC by the fin. B, and dividing the produft "y 
R; and thb is done, by adding the logarithm of BC, and the 
artificial fine of B together, and fubtra^ing the artificial radius 
from the fum, for the remainder will be the logarithm of CA. 
And in the fame manner may BA be found. 



LOGAR. 




To find C A. 

As the radius * 10.0000000 
To fin. B 42*35' 9-8303717 
SoisBC 368 f. 2.3638478 



12.3962193 

10.0000000 ' 



To CA 249.01 f. 2.3962193 



To fiad B A. 

As R. 10.0000000 

Tox»s. B. 4>* 3s' 9.86705;i z 
SoisCB. 368 2.3638478 



12.4328999 

lo.oooddco 



To BA. 270.96. 'ji. 4328990 



When the firft term is not radius, 'inftea4 of fubtrafting its 
logarithm^ we often add what it wants of the radius to the other 
two, and take 10 from the index of the fum-^ this want. is eafily 
got, by fubtrading th/e right-hand figure of the logarithm from 
10, and all the reft from 9^ and it is called the Arithmetic^ 
Complement of the Logarithm. > 

And becaufe the fquare of a number is obtained by adding 
Its lo|^arithm to itfelf, or by doubling it ; the fquare root of a 
number will be got by dividing its logarithm by 2. > . 

To jUuftrate this, let the three fides .of . a plane .triangle 
ABC be, AB 228, AC 136,: and BC 318 feet ; and let t)ie angle 
at A be required. ..... 

By the 8th Prop, of Plane Trig, the reftangle contstined by AB» 
AC is to the rjp£tangle contained by \ the fum of the three fides 
and its excels above BC, as the. fquare of R to. the fquare of 
the cofine of ^ A. And the reftangles are g>ot by adding their 
logarithms, and the fquares by doubling them. Therefore, add 
the three fides together, and from i the fum fubtraft BQ. 
J5ien add into one fum the Arithmetical complements of AB 

?- ^ and 
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LooAR* and AC, and the logarithms of the 4- ^um and remainder, and 
V^W/ f the fum of thefe four will he the cofine of -J the angle A. 



AB 
AG 
BC 


- laS Arith. comp. 7.6410652 
136 Arith. comp. 7.866461 1 




682 


Half fum 


341 Logarithm. a.J3*7544 
3'8 


Remainder 


23 Logarithm. 1.3617278 




2)19.4030085 


^alf the angle 


A 59* 43' **" cofine 9.701^042 
a 



The angle A ii8 36 44 
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PRACTICAL 
GEOMETRY. 



IN order to determine the magnitudes of any kind of quantities, Paut L 
there is feme quantity of the fame kind aiTumed, as fuffi- K^^^mf 
ciently known, and the others are faid to be known, when their 
relation to it is known. 

To avoid fradions, this aflumed quantity is commonly among 
the leaft that are in common ufe* But after it is afiumed, any 
iDultipIe or part of it may be aiTumed for the fame purpofe. 
Quantities thus aflumed, are called Meafures of other Quan- 
tities. 

As meafures are of general utility, it is often necefl*ary to 
determine their form, or other circumftances, by means of which 
their magnitude may be known. 

This Treatife is divided into three parts. The firft treats of 
Lines and Angles $ the fecond of Superficies } and the third of 
Solids. 



PART L 

OF LINES AND AKQI«£S. 

Ti!E leail meafure of lines with lis, is an inch, i a of which 
tnake a foot ; and 3 feet make a yard. But diilances are often 
meafured by a chain of 21 yards, of which 80 make a mile. 
If the length of a pendulum, vibrating feconds at London^ b« 
divided into 313 equal farts, eight of thefe parts will make an 
inch* 

Ra Th« 
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• Part I. The Scots inch is a little longer than the Englifli inch, for 
K^Y^ 185 Scots inches make 186 Englifh inches. There are 37 Scots 
inches in an ell^ and 24 ells in a Scots chain, 80 of which nciake 
a Scots mile ^ fo that j j Scots miles are equal to 62 Engliih. 



PROB. I. Fig. i. 

Plate I. ripio defcribe the conftruAion and ufe of the inftru- 
1 ments ufed for taking angles. 

Fig, I. The Quadrant is the fourth part of a circle divided into 
ninety degrees, and, if the limb be large enough, each degree 
fubdivided into quarters or minutes. To the radius which 
pafTes through the ninetieth degree, two fights are adapted ; and 
a thread with a plummet is hung from the centre. The ufe of 
it is to take angles in a vertical plane. 
Fig- »• The Theodolite is a circle divided into 360 degrees, with one 
, or more indices fixed on its centre ; thefe indices are fitted with 

Nonuis*s divifions, for finding the parts of a degree. The ufe 
of it is to take angles in an horizontal plane. It has a great 
deal of apparatus, in order to adjuft it, fuch as three ftaffs, with 
joints and fcrews, and a level, for fupporting it and placing it 
horixontallj ; it has alfo a telefcope for obferving obje&s ; and 
befides thefe, it has a vertical arch for fhewing the inclination of 
lines to the horizon, and a compafs for (hewing their inclinatioa 
to the meridian. 



PI. I. ''X^O 

Fig. 3. J[ c 



PROB. IL Fxo. 3. 

defcribe the cpnftrudion of the Geometrical 
Square. 



This is a fquare with a line and plummet hanging from one of its 
angles A, and each of the fides BE and ED is divided into zco 
equal parts : and there are two fights C and F fixed on the 
fide AD, 

There is alfo an index GH, with fights, which, when there is 
occafion, can be joined to the inftrument, and made to move 
about the centre A. . ^ 

' PRO B. III.. 

PI. I. *TnO defcribe the conftrudion and ufe of a line of 
j[ chords, and of a line of equal parts. 
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It is often ncccflary to laj down a figure on paper, like to Pakt L 
another figure, for which purpofe, thefe lines are required, in V>nrXi/ 
order to make their angles equal, and their fides proportionals. 

The line of chords is made thus : Let BAG be a quarter of a fig. ^ 
circle, and join BC, and divide the arch BC into 90 degrees : 
Then from C transfer the diftances of the divifions to the ftraight 
line CB, and mark them with the degrees in the correfponding 
arch. The chord of 60 degrees being the fide of an infcribed 
hexagon,' is equal to the radius of the circle, by cor. to the 
13th of 4th B. of El. 

If now the angle EDF is to be roeafared, take the diord of Fig. 5. 
6o®, and from the centre D defcribe with that diftance the 
arch FG. Then, if the diftance FG applied on the line of 
chords, from C towards B, gives 23®, this Ihail be the meafure 
of the angle propofed. 

When an obtufe angle KDE is to be meafured, produce KD 
to F, and meafure its Supplement FDE, and then KDE will be 
known. 

But if an angle of 50® is to be made at a given point M, in Yig. &* 
the line KL, from the centre M, with the diftance MN, equal to 
' the chord of 60*, defcribe the arch NR. Take 5 c® from the 
line of chords, and make NR equal to it, and join MR ; and 
it is plain, that NMR is an angle of 50^. 

The line of equal parts is made by taking any convenient Fig. 7. 
diftance for one of the parts, and laying it on the line, from one 
end to the other ; after which, one of the parts is ufually fub- 
divided into 10 equal parts. From fuch a fcale, any number 
lefs than lOO, may be taken, by calling each of the greater 
divifions 10, and each of the lefs divifions one. 

If upon one fide of the line, thus divided, there be drawn 
ten others, at equal diftances from one another, perpendiculars 
to the divided line, through the larger divifions, will divide 
them all ; and if one of the fpaces between the perpendiculars 
of the two outermoft lines, be each divided into ten equal parts, 
and from the end of one of them a line be drawn to the firft 
divifion of the other, and the reft of the divifions be joined in 
their order, a diagonal fcale will be made, from which any 
number lefs than a thoufand may be taken. 

Thefe lines, with feveral others, as lines of fines, tangents, 
and fecants, are ufually marked on the fcales ufed by artifts. 
But they are moft convenient for ufe, when placed on a feftor, 
which is a jointed fcale, like a carpenter'^ rule ; for by means of 
it, an arch may be made of a given number 0/ degrees to any 
radius, and diftances may be taken greater or kfs, without 
altering their ratios ; this is done, by opening the feflor, and ex- 
tending the compafles from the number on one of the legs, to the 
fame number on the other, 

PROB. 



3i8 PRACTICAL 



P R O B. IV. 

J^^^Zy, npO lay down on paper, a reailineal figure fimilar 
p, J X to a given re^ftilineal figure. 

'^' *• For example, fuppofe the given figure a quadrilateral, of 
which one fide is z^^ feer, and the angle which it makes with 
the fecond fide 84**, and the fecond fide 2IJ8 feet, and the angle 
contained by it and the third fide 72*, and the third fide 294 feet. 
- The part reprefenting a foot, is to be taken greater or lefs, ac- 
cording as you would have your figure greater or lefs. In this 
figure the looth part of an inch is taken for a foot. Draw any 
ftraight line AB, and take 23 5 feet from the fcale, and place it 
from A to B, which determines its length ; at B make, by Prob« 
3. an angle ABC of 84^, and make BG 288 parts, in the fame 
manner with AB. Then make the angle BCD 72*, and the fide 
CD 294 parts, and join AD, and it will complete the figure* 
And the angles at A and D can be meafured as in the lad problem, 
and the fide AD by the line of equal parts. In the fame man- 
Der may a figure be drawn fimilar to any given figure. 

Cor. Hence, any problem in Plane Trigonometry may be re- 
folved by delineating the figure, as in this problem, and thea 
meafuring the unknown fides and angles. 



P R O B. V. 

PI. I. npO defcribe the manner in which angles are mea- 
Fig. ^. JL im-ed by the Quadrant. 

Let the angle RAH, in a vertical plane, contained by the line 
AH parallel to the horizon, and AR coming from fome re- 
markable point of a tower or hill, or from the fun, moon, or a 
liar, be the angle to be meafured. Hold the quadrant with the 
limb DOB downward, fo that the eye at D may fee the objeft 
R through the fights in the fide AD, and the degrees and mi* 
nutes in the arch BC between the line and plummet, and B the 
Z ifarthed -eg^osL'^be limb will meafure the angle RAH. Fof 
,ffom the make of the quadrant, DAB is a right angle, therefore 
BAR ia''* filhf^-angle; and CAH is a right angle, for AC is 
perpendicular t6"tBe horizon ; therefore, taking away the common 
angle BAH,-tl»c remaining angle HAR is equal to the remaining 
angle BAG, of whfkh the meafure is BC. Hence the angle 
DAC is equal to the angle RAZ. 

To tiike an angle of depreffion, as EAF. With the eye at A 
the centre of the qusidrant, look through the fights on the fide AD 



GEOMETRY- ^19 

to the objeft F, Then the arch BC is the meafure of tlie angle Part I. 
£AF; for each of the angles CAE, BAF being right angles, K^rY\Jf 
take away the angle DAC, which is common, and the angle 
BAG is equal to EAF. 

P R O B. VI. 

Jl O meafure an acceflible height AB, by the fquare. pi, i. 

Fig. 10, 

Let the inftrument lean on a fupport of a known height, and 
be directed towards A, fo that the fummet A may be feen 
through the fights, in one of the fides, as KL, and the plummet 
hanging freely, let it cut the fide, KN neareft to the eye in N. 
Then, becaufe LN is parallel to AC, the angles KLN, KAC arc 
equal *, and LKN, ACK are right angles ; therefore the triangles a 19, i. £• 
LKN, ACK are equiangular ; and NK is to KL, as ^ KC to CA. b 4. 6. £• 
Suppofe the diftance CK 96 feet, and KN 80 parts, then, as 8q is 
to 100, fo is 96 to 120 ; which therefore is CA. 

But if the obferver be at G, fuch a diftance, that the plum- 
met line paiTes through the angle P, oppofite to H the centre ; 
then, becaufe PG is equal to GH, GC is alfo equal to CA. 

But let the diftance BF or CQbe 300 feet, and let the plum- 
Hne cut oiF 40 parts from the nde SI oppofite to the fights. ♦ 

Then the angle SIZ is equal* to QZT, that is, toQ^AC: andaap. i.E. 
ZSI, QC A are right angles, therefore the triangles ZSI, QAC 
are equiangular * ; and ZS is to SI, as QC to CA ; that is, as c 31.!. £♦ 
100 to 40, fo is 300 to 120 ; which therefore is the bright of 
the obje^. 

Note, If the height of a tower to be mcafured end in a point. Fig. n, 
as fig. II. half the breadth or thickncfs BD of the tower is to 
be added to CD the diftance of the obferver from the towcf^ 
to get his diftance from the foot of the perpendicular ABt 



P R O B. VIL 

1 meafure an acceflible height by the quadrant. ^^- '• 

.^ F*g*i*t 

Find the angle C by the quadrant, as was direAed in the 4th 
Prob. and meafure CB. Then in the triangle ACB, right j 
angled at B, are given CB, and the angle at C, to find BA : 
Wherefore, as Jt is to the tang. C, fo is CB to BA» 

moB, 



3^0 PRACTICAL 



P R O B. VIII. 

Part I. 'T^O meafure an acceflible height AB by means of a 

^■^^^''^^ I plane mirror. 
P1.I. ^ 

Pig* 13* Let the tnirror be at C, in the horizontal plane BD ; and let 
the obferver go back to D, till he fee the image of the fummit 
in the mirror, at a certain point of it, which he muft carefully 
mark ; and let DE be the height of the obferver*s eye ; then the 
angles DCE, ACB of incidence and reflexion are equal, as is 
dettionft rated in optics ; and CDE, CBA are right angles ; 

a 4. 6. £. wherefore, as CD to DE, fo • is CB to B A. 

Note, Inftead of a mirror, the furface of water maybe ufed. 



P R O B. IX. 

Fi. I. nnO meafure an acceffible height AB by means of 
Fig. 14- -L two llafFs. 

Let the longer ftafF DE be fixed perpendicularly in the ground, 

and move the (horter one FG backward, until the fummit be 

• feen over the ends F, D of the two ftaffs : and let DC, FH be 

parallel to the horizon, or to GB. Then the angle DFH is 

a ap. T.E. equal * to ADC ; and DHF, ACD are right angles ; therefore 

b 4. 6. E. FH is to HD, as ^ DC to CA j to which, if DE be added, the 

fum is AB. 
Fig. 15. Note, Many other methods might have been mentioned. For 
examplf', let EC be a ftaff erefted perpendicular to the horizon, 
and EF its fliadow, and let BD be the fliadow of the height AB.; 
Then, AD, CF being parallel, the angle CFE is cq,ual • to ADE; 
and CEF, ABD are right angles ,; therefore, as FE to EC, fo is 
DB to BA *. And this is the cafe, if BD, EF be equally in^ 
dined to the horizon, as well as when they arc parallel to it. 

P R O B. X, 

TO meafure an inacceffible height AB by the Qna- 
drant. 

Chafe, the plane DC parallel to the horizon, and meafure wj 
diftance DC.in.a ftraight line with the perpendicular AB ; and 
at C take the angle ACB, and at D take the angle ADC : and 
:^3». x.E.becaufc the angle ACB is equal to the angles CD A, D AC *, 
the angle DAC is given; therefore, by the 3d Prop, of Pi. 
Jrig. as the fin. DAC to the fin. ADC, fo is DC to CA, which 
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csti therefore be found. And in the triangle ACB, right angled Part I. 
at B, by the ift Propofition of Plane Trigonometry, as R to K^y^J 
fin. ACB, fo is CA to AB. 



P R O B. XL 

^O meafure an inacceffible height AB, by means pu i. 
of two ftafFs. Fig. 17. 

Let the obfervation be firft made with the two ftaffs D£ an^ 
FG, as in Prob. 8. then go off in a ftraight line from the height 
and firfl ftation, to a fecond ftation, and there place the longer 
ftaff perpendicularly at RN, and then the fliorter ftaff at KO, 
fo that the fummit A may be feen along their tops : Join KF, 
ND, and draw NP parallel to AF ; therefore the angle KNP i» 
equal * toKAF; and AKF is common to the triangles NKP, a ap. 1. E. 
AKF; therefore, as KP: PN : : KF : FA ^ : but becaufe the tri- b 4. 4. £. 
angles PNL, FAS are fimllar, PN : NL : : FA : AS ; therefore, 
by equality *, KP : NL : : KF : AS ; therefore AS is found, to c «a. s^E. 
which add SB the height of the ihorter ftaff, and the fum is the 
inacceffible height AB. 

Note, In the fame manner may an inacceffible height be found 
l>y the Square^ or a fpecuium, or by the geometrical crofs. 



PROB. XIL * 

•ROM the top of a given height AB, to meafure P^* L 
thediftance BC. ^'S- '^• 

Let the angle of depreffion DAC be taken, as in Prob. 4. 
and becaufe AD is parallel to BC, the angle ACB is equal * to a ap. i. E. 
DAC ; therefore, in the triangle ABC, right angled at B, are 
given AB, and the angle C, to find BC ; wherefore, as the tan- 
gent C : R :: AB : BC. 

To do the fame by the fquare, place It fo ^hat C may be feen pi. II. 
through the fights, and obferve how many parts are cut off by Fig. 19. 
the perpendicular : then the triangles AEF, ABC are fimilar i 
therefore, as EF : EA : : AB : BC ^. b 4. 5. E. 



T 



PROB. XIII. 

O meafure the diftance of two places A and B, P'- li* 
one of which A is acceffible, ^* **'' 

S s Take 
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Paiit T, Take any ftation C, from which both A and B are feen, and 

V-^^'^^ meafure AC. Place the theodolite at A, and dire£k the fights to 
By and then to C, and mark the degrees and parts of a degree 
on the limb between them, and they will be the meafure of the 
angle BAG; take, in the fame manner, the angle AC B; then 
the angle at B is known ; therefore, by Prop. 3. Pi. Trig, 
fin. B : fin. C : : Ci\ : AB, which will therefore be found. 

Fig. II. To do the fame by the fquare, place the fquare horizontally 
at A, with the index on it, and direft the fights of the fquare 
along AB, and the fights of the iadex along the other fide of 
the fquare, and obferve through them fome accelfible mark C : 
then meafure AC ; and placing the fquare at C, direft its fights 
to A, and the fights of the index to B. If the index cut the 
fide RK adjacent to the fights, as at K, then CR : RK : : C A : 

a 4. 6. E. .^B t^ But if ti^g indityi cut the fideSL parallel to the fights, 
as at L, then LS : SC : : CA : AG, the diftance fought, which 
• * will therefore be found. 

Fig. t». To do the fame by four ftafFs. Fix a fl:afF C, in the fame 
ftraight line with A and B, and draw the lines AH, CK paraU 
lei to one another, or perpendicular to CB ; and place a ftaff 
at any point H of AH, and find the point K of CK, which is 
in a ftraight line with H and B, there fix a ftafF, and meafure 
AH, CK; and if HG be parallel to CA, the triangles KGH, 
HAB are fimilar ; therefore KG : GH or CA : : HA : AB. 

Fig. 23. Note, A ftraight line may be drawn in the field, perpendicu- 
lar to another CH, from the point A, by making AB equal to 
AD, and fixing the ends of a line at B and D, the middle point 
of which has been previoufly marked ; then let the line be 
ftretched by the middle E, until both parts of it are equally 
ftretched, and fix a ftafF at E: and the ftraight line AE is 
perpendicular to CH. In a manner fimilar to this, may any 
problem that can be refolved upon paper, by a fcale and com- 
pafles, be dqne by ropes or cords in the field. 

Fig. 14. A fliort diftance may be meafured thus : Draw AC perpen- 
dicular to AB ; and from C draw CD perpendicular to CB, 
meeting BA in D : Then DA : AC ; : AC ; AB. Or AC 
may be a ftafF ercfted at A, and a mafon's fquare being pat 
on C, dire6): one of the fides towards B, and mark the point D 
of the ground to which the other- fide is dire&ed. 



P R O B. XIV. 

^O meafure the diftance of two places, A and B, 
neither of which is acceffible. 

Chufe 



iTIlldjL / ^K /^V >; Tli y 
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Chufe two ftatlons C and D, from each of which, the places Vxkt I. 
A and B may be feen ; and let the angles ACB, BCD, and BD A, V^^V^^ 
ADC be taken with the theodolite, and meafure the diftance CD, 
or find it by fome of the preceding problems. Then, in the tri- 
angle ACD, are given the angles, and the fide CD, to find 
AD, therefore fin. CAD : fin. ACD : : CD : DA. In like 
manner, in the triangle BCD, 'all the angles are given, and the 
fide CD, to find DB ; therefore fin. CBD : fin. BCD : : CD : 
DB* Then in the triangle ADB, are given AD and DB, and 
the angle ADB ; therefore, by Prop. 4. PL Trig, the fum of 
AD, DB is to their difference, as the tangent of | the fum of 
DAB, DBA. to the tangent of 4. their difference ; whence thefe 
angles may be found, by Lem. 4. of PI. Trig, and then fin. 
ABD : fin. ADB : : DA : AB, the diftance to be found. 

Note, It is not neccffary that the points A, B, C, and D, be 
in one plane, but if they be not, the angles ACD, CDB muft 
be taken with the theodolite. 



P R O B. XV. 

TO meafure a height AF placed on a fteep, fo that Pl. IT. 
one can neither go near it, on a horizontal plane, ^^S* *^* 
nor recede from it. 

Chufe any two fiations C and D, and find the angles ACD, 
and ADC, by the theodolite, and meafure the diftance CD : 
alfo with the quadrant, find the angles ACB and FCB. Then 
in the triangle ACD, the angles are known, and the fide CD ; 
therefore fin. CAD : fin. ADC : : DC : CA : and becaufe ACB 
is known, its complement CAB is known ; and FCB is known, 
therefore ACF is known : Wherefore, all the angles of the tri- 
angle ACF are given, and the fide CA, to find AF; and fin. 
AFC : fin. ACF ; : CA : AF, the height required. 



P R O B. XVI. 

'O find how much one place is more elevated than i"^- 1^- 
another. ^'^' *7- 

Here a level and poles are ufed. Let the poles ab, cd, ef be 
erefled perpendicular to the horizon. Then let the level be 
placed horizontally between the poles ab, and cd, and mark the 
points b and c of the poles, which are feen in a ftraight line 
through the fights of the level. Place in the fame manner tlie 
level between the poles cd, and ef, and mark the points d and e 

S s 2 upon 
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Part I. upon them; and fo on, until jrou arrive at the top A. Thca 
^"■^"VX-/ meafure ab, cd, ef, and add them together, and^the fum is tlie 
elevation of A above the place a ; that is, it is equal to the 
height AB. Likewife the diilances be, de, f A, added together^ 
give the horizontal diftance of A from a ; that is, thej give 
aB. 

GoR. Hence the angle of elevation BaA, and the hypotenufe 
a A may be found by Trigonometry. 

Note I. Sometimes the angles of elevation are taken from 
ftation to ftation, and the diilances meafured on the ground, bj 
which means, between each ftation there is formed a triangle, 
of which the hypotenufe and the angle at the bafe are given, to 
find the bafe and perpendicular by Trigonometry- 
Note 2. The level ought to be very accurate, and the fights 
fitted with a telefcope : and if the diftance be great, an allow- 
ance muft be made for the rotundity of the eatth, at the rate of 
7.96 inches for every mile meafured on the earth; that is, the 
level at a mile's diftance is 7.96 inches lower than what is found 
by the level. 

Note 3. It is not neceftary to go in a ftraight line from one 
of the places to the other, but every two fucceftive ftations maj 
be taken in the moft convenient diredion. 



P R O B. XVIL 

PI. II. npO find the diameter of the earth, from one ob- 
Fig. as. 1 fervation. 

Let a high hill AB be chofen near the fea ; and let the height 
of it be found as exaftly as poiTible, by fome of the foregoing 
methods. Then with a very exad quadrant, that can take an 
angle to feconds^ find the angle ABE contained by the perpendi- 
cular AB, and the vifual line BE, which touches the earth at 
E : and let AF be perpendicular to AB. Then, in the triangle 
ABF, right angled at A, are given AB, and the angle ABF, to 
find AF and FB ; and R : tan. B : : BA : AF, and R : fee. B : : 
a Cor. to AB : BF ; therefore AF and FB are found : and AF is equal * 
37. 3. E. to FE, therefore BE is known. But the fquare of BE is equal ^ 
^ 3^- 3- to the redangle AB, BD ; and A.B is given, therefore BD can 
be found ; from which, fubtrafting BA, the remainder AD is 
the diameter of the earth. 

Note, There are many other methods of meafuring the diame- 
ter of the earth, but they do not belong to this place : the lateft 
attempts make the mean diameter to be 7913 Englifh miles^ 
though it was formerly determined, to be about 7970 miles. 

OF 
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OF SURVEYING LAND. 

J-N furveyitig land, we ufe the chain for meafuring lines ; and Part L 
in ufing it, there are 10 arrows, or long pins; and when the ^^^y-^ 
chain is ftretched, the follower direfts the leader into the 
firaight line which is to be tneafured, and there the leader 
fixes an arrow in the ground, and goes forward, and when 
the follower comes to the arrow, he again direfts the leader 
into the ftraight line to be meafured, who then fixes another 
arrow in the ground, and proceeds, by which means they arc 
enabled to meafure any diftance, without danger of miftaking 
the number of chains. There is alfo an offset- ftafF, 10 links 
long, and divided into 10 equal parts, for meafuring the di- 
fiances of the hedges, and other things from the llraight line 
meafured by the chain ; but care mull be taken, to enter thefe 
fmall diftances in the field-book, with fuch remarks as fliall 
readily point out their iituation, and diftinguilh them from 
one another. 

The angles are to be taken with the theodolite; and like- 
wife the elevation of the lines meafured, when they are not 
parallel to the horizon, and then they ought to be reduced 
to horizontal lines, before they be entered in the field-book ; 
or elfc their elevations ought to be fo entered, that they may he 
eafUy known^ and reduced afterwards, by the following 



TABLE 



For reducing Inclined Lines to Hori%ontal ones. 



Deg. 01 


Lm. 


Dcg. ot 


Lm 
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Lm. 
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Lm. Deg. ot 


Liti. 


elev. 


Snh. 
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Sub. 


elev. 


Sub. 


elev. 
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elev. 
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4.0s 


i 
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3 


23.07 


b 


29.54 


54-Vi 


»3 


5.73 


4 


16.26 


4 


24.50 


9 i 


30.68 


14 


35-90 


19 


7.02 


i 


l8.20 


5 


25.84 


10 


31-79 


»S 


36.87 


10 


8. II 


I 1 


ip.pS 


6 


*7.i3 


II 


32.86 


16 


37-S' 


21 


11.48 


> i 


at. 56 


7 


28.36 


12 


33-90 


»7 


38.74 


22 



Suppofe the inclined line really to meafure 1 107 links, and the 
angle of elevation to be 19*. 95. Then looking in the Table 
againU 19^. 95, I find 6 links, which multiplied by ix, is 66 -y 
and this fubtra&ed from 1107, leaves 1041, the true horizontal 
length to be laid down in the plan. 

After 
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Part T. After this, the field is to be delineated on paper, by a line of 
V^N'Vi^ chords, and a line of equal parts : and the area is to be found 
bj the problems in the fecond part. 

Small fields are very eafily furvcyed by the help of a plane 
table, which is a reftangular board, fupported by a fulcrum, fo 
as to turn every way, by means of a ball and focket. It has a 
moveable frame furrounding it, for keeping the paper laid on it 
tight to it : one fide of the frame is divided into equal parts, all 
around it, and the other fide is divided into 360 degrees, by- 
lines direfted to a point in the middle of the board* The board 
has alfo a compafs,^^Ud a large index, with either telefcopic or 
open fights. 

P R O B. XVIIL 

F].ii. iTnO delineate a field, by the help of a plane table, 
if'ig- ^9' Jl from one ftation fo taken, that all the angles 
may be feen from it, and their diftances meafured. 

Let the field be ABCDE. Let the table be erefted at any 
convenient place, and fix the paper on it, in which let fome 
point F be taken near the middle, to reprefent the ilation. 
Then applying the index to this point, direfl it to one of the 
angles, as A, and from F draw a faint line along the edge of 
the index. Then meafure the diftance of that angle from the 
ftation, and fet it off on the faint line from F, by the line of 
equal parts, and at its end make a mark to reprefent the angle 
A of the field. The fame is to be done with the reft of the 
angles, and with every remarkable point neceflary to be put on 
the plan. And if the marks reprefenting the angles be joined, 
the figure on the table will be fimilar to the field, by the 5th 
Prop. B. 6. of Euclid. 

Cor, It is evident, that the fame thing may be done by the 
theodolite ; for having taken all the angles at the point F, and 
meafured the lines from the ftation to the angles of the field, 
draw triangles fimilar to thefe on the paper, and the figure thus 
made will reprefent the field. But the angles muft be examined^ 
for they fiiould be together 360^, by the 32d. B. I. of £ucl. 

Note, The furveyer fliould have a field-book ruled in columns, 
in which he is to place diftinSly all the angles and fides, and the 
offsets, crofs-hedges, houfcs, ponds, ftiles, brooks, &c. 
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P R O B. XIX. 

'O lay down a field, by means of two ftations, ^^^^ ^ 
from each of which all the angles can be feen. ^^^f'^^'^ 

.II. 



Place the inftrument at the ftation F, and having chofen a 
point on the paper upon the table, to reprefent it, apply the 
index to it, and dired it fucceffively to all the angles, and draw 
lines along its edge : Then dxrcA the index to the other flation 
G, and draw a line, on which fet off the diftance of the ftations^ 
from a line of equal parts. Next remove the inftrument to the 
ftation G, and applying the index to the line joining F and G, 
turn the inftrument until the firft ftation is feen through the 
fights ; there fix the inftrument, and applying the index to G, 
direft it to all the angles, and draw lines as before : and the in- 
terfe£l;ion of the lines drawn to the fame angle will reprefent 
that angle : and lines joining thefe interfe£tions will form a 
figure like the field. 

Cor. It is evident, that the fame may be eafily done by the 
theodolite, by taking the angles which the line between the fta- 
tions makes with the neareft angles of the field, and the angles 
at the ftations fub tended by the fides of the field ; and this is the 
common way, efpecially in laying down large fields, farms, or 
eftates. 

Note, Great care fliould be taken in chufing the ftations ; 
their diftance fliould not be too fmall, nor the angles fubtended 
by it, at the corners of the field, very acute, or very obtufe. 



P R O B. XX. 

1 O lay down a field by going round it. pi. if. 

Fig.jt. 

Let ABCEDHG be the field. In going round it, meafure Its 
fides, and take its angles with the theodolite. Then let a figure^ 
fimilar to it, be drawn upon paper. If there be a mountain or 
hollow in any fide, its horixontal diftance is to be taken, and the 
place of the mountain is to be fliaded. If any place within the 
field, as F, is to be laid down, take the angles BAF and ABF, 
or rather meafure AF and BF, and lay down the triangle AFB. 

Note I. Be careful to diftinguifti exterior angles, as E and 
G, that they may be made fuch on the plan. And tp know if 
the angles be right, fubtraft each of the exterior angles from 
360 degrees, and add the remainders to the other angles and 

360 
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Fart T. 360 degrees ; the fum divided by 90 degrees, gives twice the 
^^-^v^^ number of fides *. 
a Cor. 3». 
I.E. 

P R O B. XXL 

PL II. 'T' 

Tig. 3». Jt O lay down a plane field with the chain. 

Meafure round it, and likewife meafure lines acrofs, from 
corner to corner, fo as to divide it into triangles. Or after 
meafuring round it, meafure the diftance of fomc ftationC, 
from its feveral angles, then lay down one of the triangles, as 
' ABC, and upon BC defcribe the next triangle BCD, and fo 
on ; then, becaufe each triangle on the paper is fimilar to that in 
the field, the whole is like the whole* 



SCHOLIUM; 

IF the field be fmall, and all its angles can be feen from one 
ftation, it is to be meafured by Prob. 18. If it be large, 
and great cxadnefs is not required, it may be meafured by 
Prob. 19. of this. But in fields that are irregular, or rnoun* 
tainous, we are to proceed as in Prob. 21. of this, and the 20th 
Problem may be fometimes of ufe, for we can truft more to the 
meafuring of fides, than to the obferving of angles. 

It is neceiTary to take the bearing of fome line in the field, 
by the compafs, in order to give it its true fituation on the 
paper, and to connedt it properly with the adjacent fields. 

After the figure is drawn upon paper, with the fcale and 
compafles, it is to be transferred to clean paper, by laying the 
draught upon the clean paper, and marking the angles, and 
remarkable points, with the point of a fmall needle, by means 
of which points it can be drawn anew ; and then let the whole 
be illuminated, by colours proper to each part, and make 9 
compafs in fome convenient part of it^ and 9 fcale in the 
margin. 



PART 
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PART IL 



or SUPERFICIES, 



The fmalleft fup^rficial meafure with us is the fquare, each P^Rt If. 
fide of which is an inch in length ; 144 fquare inches make a ^*-^V>-/ 
fquar" foot ; 9 fc^tiare feet make a fquare yard ; 3o| fquare yards 
a pole ; 40 poles a rood ; and 4 roods an acre. 

In Scotland, they meafure land by the fquare ell, which con- 
tains 1369 of the Scots fquare inches, or 1383,84 Englifli fquare 
inches : 36 fquare ells make a fall ; 40 falls a rood, and 4 roods 
an acre. But furveycrs in Scotland often make the Scots ell to 
confift of 37 Englifli inches ; and thus make the acre too little, 
by 593.6 Englifli fquare feet ; for the Scots acre is to the Englifli, 
as i 0,000 to 78,694. 6 acres, arable land, make a hufl)and-land ; 
1 3 acres an oxgate ; 4 oxgate a poundJand, and 8 oxgate a forty- 
iliiUing lan4* 

In meafuring land by the chain, the dimenfions are exprefled 
in links, and the contents in fquare links. Now, the chain being 
100 links, a fquare chain is 10,000 fquare links, and 10 fquare 
chains, or ioo,oco fquare links make an acre ; therefore, to re- 
duce fquare links to acres, cut off 5 decimal places, and the rcfl: 
are acres : and the decimals may be reduced to roods, by multi- 
plying by 4, and cutting off the fame number of decimals from 
the produd ; and fo on. 

The French arpent contains 32,400 fquare feet of Paris, and 
is e^ual to 3.37 Englifli roods. 



P R O B. I. 

To find the area of a reaangle ABCD. ^: i^J- 

Let the fide AB, for example, be 5 feet, and let it be divided 
into 5 equal parts, one of which is AG ; and let AE be equal to 
AG, and complete the parallelograms GE, EB. Then the red- 
jingle EG : EB : : AG : AB », that is, as 1 to 5 ^ therefore EB a i. 6. E. 
is 5 times EG. Let AD be three feet ; then', becaufe BE : 
BD : : AE : AD, that is, as x to 3, BD is 3 times BE, and 
BE is 5 times EG ; therefore BD is 15 times EG. There- 
fore the area is found, by multiplying the length by the breadth. 

Cor. If the parallelogram be not a rectangle, it is equal to a. 
ye^angle, on the fame bafe, and between the fame parallels * } b 35, i. E, 

Tt therefore. 
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Pakt II. therefore, multiply its bafc AB into its perpendicular height 
^^Y>^ ^D, (not into its fide AH), and the produft is the area. 

P R O B. 11. 

iig. 2! ± O find the area of a triangle. 

a 4f . ^. £. A triangle being the half * of a teftangle upon the fanoe bafe 
with it, and between the fame parallels : Xherefore, from the 
angle A, draw AD, perpendicular to the oppofite fide BC, and 
meafure BC and AD. Then multiply one of them by the haljF 
of the other, or multiply the two together, and take the half 
of the produft. Thus, if BC be 9 feet long, and AD 6 feet, 
the area of the triangle will be 27 fquare feet. 

When the three fides are gi ven, the perpendicular may be 
found, by prot rafting the triangle, and meafuring the perpendi- 
cular upon the fame fcale, or it may be found by the 12th an^ 
33th 2. Eucl. or by Trigonometry. 



P R O B. HI, 

ri. III. t I ifJE f^jes of a triangle being given to find the 
■** ^* X area, without finding the perpendicular. 

J^et ABC bp th^ triangle, and make AD equal to AC, and 

a ic. I. E. AE to AB, and join DC, BE, an^ bifefl: * DC in F, and joia 

bji. 1. E. AF, meeting BE in G, and draw ^ FL parallel to BC, meeting 

h ^4. I.E. AB, BE in K, L ; and LB is equal ^ to FC or DF: and becaule 

c 2. 6. E, AD is equal to AC, and DB to CE, BE is parallel to DC *= : 

d D. 5. E. and becaufe DC is double of DF, DB is double of DK **, and 

BC or LF double of FK, and BE of BG : and becaufe B A, AG 

are equal to EA, AG, and the bafc BG is equal to GE ; the 

p 8. T. E. angle BA.G is equal « to GAE, and the angle BGA to ^ 

f 4» !• E« EGA 5 therefore they are right angles, and the circle defcri- 

bed from the centre K, at the diftance KF, ihall pafs through 

g «. Cor. G ^ ; let this be the circle FGL, meeting AB in H, M ; there- 

A. 3. E. fore HM is equal to FL, or BC the bafe 2 and becaufe AD is equal 

to AC, and DK to KB, AK is half the fum of AB, AC ; and 

KH is the half of BC ; therefore AH is half the perimeter, and 

AM is its excefs above HM or BC : alfo, becaufe HK is equal to 

KM, and KD to KB, BM is equal to HD the excefs of AH 

fibpve AD or AC, and HB is its excefs above AB : But the 

re^angl^ 
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i^ftangle HB, BM is equal * to the reftangle GB, BL, or GB, Part it; 
DF ; and the reftangle HA, AM is equal to the reftangle GA, V-^^V^ 
AF^: and bccaufe BG is equal to GE, the triangle ABE is k 35- 3- J^^ 
equal "» to the reftangle BG, GA, and the triangle CBE to the ^ Con 3^^ 
redangle BG, GF; therefore the triangle AB€ is equal to the^^^ ,,*£. 
redangle BG, AF : and becaufe BG is to GA, as DF to FA % n 4. 6. V 
the redan gle BG, AF is equal *> to the redangle AG, DF : But © 16. 6. Ei 
as the reaangle GA, AF to BG, AF, fo is AG to GB p, and fap i. 6, E* 
is AG, DF or BG, AF to BG, DF p : and the reftangle GA, 
AF is equal to HA, AM ; and BG, AF to the triangle ABC ; 
and BG, DF to HB, BM ; that is, the triangle is a mean pro- 
portional between the redangle contained bj half the perimeter, 
and its excefs above the bafe, and the reftangle cdntained by the 
exceffes of half the perimeter above the other two fides. Where- 
fore, add the three fides together, and from half the fum, fub- 
traft the fides feparately 5 then multiply the half fum, arid the 
thr^e differences into one another, and the fquare-root of the pro- 
duft is thfc area of the triangle. For example, let the fides be 
10, 17, and 21 ; the half of their fum is 24, and its excefles 
above the fides are 14, 7, and 3 ; and 24 multiplied by 3, and the 
product by 7, and this laft produft by 14, gives 7056; the 
fquare-root of which 84 is the area. 



P R d P. IV; 

J. O find the area of any redilineal figure!. Tliih 

Fig. 4; 
Divide the figure into triangles, by joining its-arigles ; arid 

find the area of each of the triangles, by the 2d or 3d Prob. and 

the fum of thefe areas will be the area of the figure. 

If the figure be quadrilateral, and have two fides parallel Fig. Si 
to one another, multiply half the fum of the parallel fides by 
the perpendicular drawn from one of them to the other, and 
the pr6da6t is the area. For example, let the parallel fides be 
14 and 12, and the perpendicular 15, then 15 multiplied by 13^ 
which is half the fum of .14 and 12, gives 195 for the area. 

Note, If a field is to be meafured, let it fir ft be laid dowa 
on paper, and divided intb triangles ; then any line, or the di- 
ftance of two points of it, may be meafured, by applying it to 
the fcale from which the figure is drawn. But the fcale gives 
the horizontal line, or the neareft difl:ance between two points, 
sihd not their diflance in the field, which is commonly uneven 5 
if this be wanted, it muft be meafured in the field. . But the 
horizontal plane, on which an uneven- or hilly field fiahds, is 
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Pakt II. that upon which buildings are erefted, and is that alone which is 
V»i^y>«^ occupied by trees or corn^ 



Th III. tf^ 

^ig- <J- 1 o 



P R O B- V. 

find the area of a regular polygon ABEFGH. 



Let C be the centre of the circle defer ibed about the polygon^ 
and it is evident, from I2, 4. £, that all the perpendiculars 
drawn from C to the fides are equal; therefore, if lines be 
drawn from C to the angles, the polygon will be refolved into 
as many equal triangles as it has fides ; and fince the produft of 
the perpendicular into the half of one of the fides is the area 
of one of th« triangles, the produft of the perpendicular into 
half the fum of the fides, will be the fum of the triangles ; that 
is, the polygon. Wherefore, multiply half the perimeter, by 
the perpendicular from the centre to one of the fides ; the pro-r 
dn& is the area. 

CoR. Since 90 degrees, multiplied by the number of fides, 
a Cor. 32. wanting two, is half the fum of the angles of the figure % if this 
!•£• produfl: be divided by the number of fides, the quotient is one 
of the angles at the bafe of the triangles, as CAB : and, by 
Trigonometry, R : tan. CAB : : ^ AB : perpendicular C0» 
By this corollary, and the problem, the following table was con- 
ftrufked, when the fide is unit : and by it the area may be 
found, by multiplying the tabular number by the fquare of 
the fide. 



Names. 


Namb.ot 
fides. 


Angles at 
centre. 


Angle^ 
CAB 


Perpendiculars. 


Areas, 


Equilat. triang. 


3 


lao' 


30* 


0.2886752 


0-43301^7 


Square. 


4 


90 


45 


O.300OGOO 


1. 0000000 


Pentagon, 


J 


7^ 


54 


0.68819x0 


1.7204774 


Hexagon. 


6 


60 


60 


0.8660254 


2.5980762 


Heptagon. 


7 


5if 


64I 


1.0382601 


3.6339124 


Oftagon. 


8 


45 


6li 


1. 2071069 


4.8284271 


Nonagon. 


9 


40 


70 


1-3737385 


6.1818242 


Decagon, 


10 


3^ 


7* 


1.5388418 


7.6942088 


Undecagon. 


11 


32A 


73i^ 


1.7028439 


9.3656399 


Dodecagon. 


12 


30 


75 


1.8660252 


ic. 1961524 



Let the fide of a regular hexagon be 14 ; the fquare of the 
fide is 196, which, multiplied by 2.5980762, gives 509.2229352 
for the area of the hexagon. 
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1 O find the area of a circle. 

Part II. 

Let ADCE he the circle, of which the fadius AB is 7, ind ^^^'V'^ 
the circumference 44. Multiply 2 2, the half of the circumfe- ?.. ''^* 
rence, by 7, and the produft 154 is the area of the circle •. ^ 2.*f' "^k. 

Cor. I, Becaufe the radius is to the half of the circumfe- 
rence, as I to 3.14 16, as was fliewn at the end of Plane Trigo- 
nometry ; it is manifeft, tliat the fquare of the radius is to the 
area of the circle, as i to 3.1416 **, and therefore the area is b i« ^. E. 
equal ^ to the fquare of the radius, multiplied by 3.14 16, or to c i^, jj.fi. 
the fquare of the diameter, multiplied by .7854 the fourth 
part of 3* 1 41 6, becaufe the fquare of the diameter is four 
times ^ the fquare of the radius. Thus, if the diameter be 14, d 3. Cor- 
ks fquare 196, multiplied by .7854, gives 153.9384 for the 4'*-^ 
area of the cirde. 

Note, When the diameter is I, the circumference has been 
found to be 3.14159,16535,89793,238^6,26433,83279,50288, 
41971,69399,37510,58209,74944,59230,71864,06286,20899, 
8628o,34825,342H,7o6794.Scc. And therefore, if very great 
accuracy is required, ufe this number infiead of 3.1 4 16. 

Cor. 2. Hence, it appear?, that the area of any fedor of a 
circle, as ABCD, is found, by multiplying the half of the arch, 
by the radius; and that the area of the fegment ADO is got 
by fubtrading the area of the triangle ABC, from the area of 
the idBtor* 



P R O B. VIL 



To 



find the area of an ellipfe, RBt 

It is proved, by the writers on Conic SeSions, that an ellipfe 
is a mean proportional between the circles, which have its axes 
for their diameters* Therefore, multiply the produdl of the 
diameters by .7854^ and the produft is the area of the ellipfe. 
For example, let the greater axis BD be 10, and the leffer AG 
7, their produA 70, multiplied by .7854, gives 54.978, which 
is the area of the ellipfe. 

Cor. Hence, as one of the axes is to the other, fo is the circle 
upon that axis to the ellipfe ; and fo is any fegnient of the circle 
cut oiF by a perpendicular to that axis, to the fegment of the el- 
lipfe cut off by the fame linc« 

PROB. 



894 
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P R O B. VIII. 

\J^^^ To find the are^ of an offset. 

tjl ^' Offsets are parts of a field which lie between a crooked hedge 
and the ftraight line which is meafured for the fide of the fields 
and thefe fpaces are meafured, by taking the perpendicular di- 
ftances of the hedge from the meafured line, at a great number 
of places, fo that the hedge between thefe places may be nearly 
a firaight line ; and then the fpaces between the perpendiculars 
are found by the rule for finding the area of a quadrilateral, 
given in Prob. 4. of this Part. Or if the meafured fide be di- 
vided into equal parts by the perpendiculars, and meet the hedge 
at both its ends, add the perpendiculars together, and divide the 
fum by the number of parts into which they divide the bafe, 
and the quotient is a mean perpendicular, which, multiplied by 
the bafe, gives the area. If there be perpendiculars at the ends 
of the bafe, half their fum fiiould be added to the other perpen- 
diculars before divifion. But the common rule is to add all the 
perpendiculars together^ and divide by the number of them, for 
a mean perpendicular to be multiplied by the bafe. This rule^ 
however, gives the area too great, when there are not perpen« 
diculars at the ends of the bafe, and too little when thiere are* 
Let the bafe be 44, and the perpendiculars at its ends 8 and 16^ 
and the other perpendiculars 14, 16, and 17, the fum of thefe 
three is 47, which, added to 12 half the fum of 16 and 8, gives 
59, which, divided by 4 the number of parts of the bafe, gives 
i4|for the mean perpendicular; and this, multiplied by the bafe 
44, gives the area 649. 

But the fum of all the perpendiculars 71, divided 5 their 
number, gives 14I- for the mean perpendicular, and this, muk 
tiplied hj 44, makes the area 633.6 only. 



PROB. IX. 
1 O find the fuperficies of any prifm. 

The bafes, if they are regular figures, ar« meafuted by Prob*. 
5. of this Part ; or if they are irregular, they are meafured by 
Prob. 4. and the fides being parallelograms, are meafured by 
prob. I. of this Part : and the fum of thefe is the fuperficies of 
the prifm, 

JROB> 
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P R O B. X. 

1 O meafure the faperficies of a pyramid. ^j^^y n^ 

The bafe is meafured byProb. 5, if it be regular, or by Prob. 
4. if it be irregular ; and the fides being triangles, are meafured 
by Prob. 2. or 3. of this Part. 

PROB. XI, 

1 O meafure the faperficies of any regular body. 

Regular bodies are thofe bounded by equilateral and eguian* 
gular figures. The fuperficies of the tetrahedron confiils of 
four equal and equilateral triangles ; the hexahedron, or cube, of 
fix equal fquares j the odahedron, of eight equal equilateral tri- 
angles ; the dodecahedron, of twelve equal regular pentagons ; 
and the fuperficies of the icofahedron, of twenty equal equilate- 
ral triangles. Therefore it will be eafy to meafure them from 
v^hat has been (hown. And in the fame manner may the fuper^v 
ficies of any foUd contained by planes, be meafured. 

PROB. XII. 

1 O meafure the fuperficies of a cylinder ABCD. n. III. 

Let A£ be equal to the circumference of the bafe, and com- 
plete the reftangle DE ; it is equal to the fuperficies of (he cy- 
linder. Let AF be any line lefs 'than AE, and in the bafe, let a 
polygon be infcribed, greater than the re^angle contained by 
FA, and the radius AO, and at its angles, let perpendiculars to 
the bafe be erefted, which will conftitute a prifm within the cyr 
linder, of which tlie fuperficies is lefs than that of the cylinder : 
but by the 9th of this part, the fuperficies of the prifm is equal 
to the reflangle contained by DA, and the perimeter of the po- 
lygon, which is greater than AF, becaufe the redangle contain- 
ed byAO, and that perimeter, is greater * ^han the polygon, ^ £y^j 
and therefore greater than the re&angle FA, AO ; much more, 
therefore, is the fuperficies of the cylinder greater than the reft- 
angle DA, AF, that is, than any reAangle lefs than AE. And 
in the fame manner, it may be proved, that it is lefs than any 
^eftanrie greater than AE 9 wherefore, it is equal to AE : 

XJicreforCu 
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Fa«.t II. Therefore, multiply the circumference of the bafe by the alti- 
V>V^^ tilde, and the produd is the fuperficies of the cylinder, cx» 

eluding the bafes, which, being circles, are meafurcd by Prob, 6. 
Note, It is evident, that if the fuperficies of the cylinder b^ 

fpread out, it will coincide with D£* 

PROB- XIII, 

Fi. in. T^ 

Fig. II. 10 meafure the fuperficies of a cone ABC. 

Let BE be at right angles tb AB, and equal to the circumfe* 
reiice of the bafe^ and join A£ ; and the triangle ABE is equa} 
to the fuperficies of the cone : let BF be any line lefs than BE, 
and join AF, and in the bafe, let a polygon be infcribed greater 
than the reftangle FB, BO, and draw lines from A, to all it» 
angles, which will conftitute a pyramid within the cone: let 
HK be a fid€^ of the polygon, bife£led by BC in G, and join 
s n. 6. E. AG ; and as OG to GA, fo make * BG to GL j therefore Gh 
b A, $. E. is greater ^ than GB, and AL greater than AB ; alfo OG is to 
c i2^5. E. GA> as ^ OB to AL ; and therefore the re&angle contained by 
OG^ and the perimeter of the polygon, is to the re£tangle coQ- 
^ I. <^. £. tained by AG, and the fame perimeter, as ^ the redangle OB, 
ci. of this. BF to the reftangle AL, BF; that is, the polygon * is to twice 
f to, of thfi fuperficies ^ of the pyramid, as OB, BF to AL, BF : but 
thisv the polygon is greater than the reftangle OB, BF ; therefore 
f 14. 5. E. twice the fuperficies of the pyramid is greater ' than the reft-, 
angle AL, BF, and therefore much greater than the reftangle 
AB, BF : Wherefore, the fuperficies of the pyramid is greater 
than the triangle ABF, and much more is the fuperficies of the 
cone greater ihan any triangle ABF, that is, lefs than AB!&. 
lu the fame manner, it may be proTcd, that it is lefs than any 
triangle greater than ABE. Therefore, the fuperficies of the 
cone is equal to the triangle ABE ; and therefore its area is got 
by multiplying the half of the circumference of the bafe, bjr 
the ilant fide AB. This is alfo proved, by fuppofing the fuper- 
ficies to be fpread out on a plane, for it will then be a feftorj, 
of which AB is the radius, and the circumfereuce of the bafe i^ 
the arch. 

CoR. It is evident, that if the cone be cut by a plane at 
M parallel to the bafe, and MN is parallel to BE, the fuperficies 
of the fruftum is equal to the quadrilateral BENM, of which 
BE and MM are parallel fides, and BM their diftance. 

?ROB. 
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P R O B. XIV. 
X O meafure the fuperficies of a fphere.- 



PAr.T IT. 



Let ABC be a femi circle, of which the diameter is AC and pi. ni. 
the centre D ; ar.d let GHKL be *riny regular polygon defcribed Fig. i?. 
about it ; and draw * MO, HQ^, NP, KR, perpen(^iculars to AC, ^ »^- '• ^ - 
and HS paralkl to it ** ; and join DM, DN, and complete the^^'* ^'^' 
parallelogram CE. And becaufe the triangles GMD, GQH, 
Tight angled at M, Q , are equiangular ^, GM : MD : : QG : c 52. i. E. 
QH ^; and, alternately % GM : GQj ; JVID : QH, that is, as d 4. 6, F. 
the circumference of which MD is the radius to the circumfe- e 16. 5. K. 
rence of which QH is the radius ^; therefore the reSangle f Cor. % 
contained by GM and the latter circumference is equal to the >*- l^-- 
reftangle contained by GQ^and the former ^ : But the fuperfi- g 16. 6. K. 
cies of the cone, defcribed by the revolution of the triangle 
GQH about GQ^, is equal ** to the reftangle contained by GM, h i;,. of 
and the circumference of which QFI is radius ; therefore, aifo, this. 
it is equal to the redlangle contained by GQ^and the circumfe- 
rence ABC of which DM is radius. Again, becaufe the angles 
SKH, KHS are equal to the right angle HND % and SKH is C32. i.K. 
equal ^ to HNP, the angle KHS is equal PND ; therefore the k 19. i.E^ 
right angled triangles KHS, DPN are equiangular ^, and DN 
is to NP, as ^ KH to HS, or QR ; and therefore, it may be d 4. 6. E. 
proved, as before, that the fuperficies defcribed by the revolu- 
tion of HKRQ^ about QR, which is equal to the redl ingle 
contained by HK, and the circumference ot NP, half the fum of 
QH and RK, is alfo equal to the redangle contained by QR 
and the circumference of the infcribed circle ABC ; and fo on : 
"Wherefore, the whole fuperficies defcribed by the revolution of 
the polygon, is equal to the redlangle contained by the axis GL, 
and the circumference of the infcribed circle ABC : but the 
circle ABC is equal to the bafe of the cylinder, defcribed by the 
revolution of the redangle EC, and the axis GL is greater than 
the height AC ; therefore the fuperficies defcribed by the poly- 
gon GKL is greater than the fuperficies of the cylinder defcri* 
bed by CE. Let, in the fame manner, any polygon be infcribed 
in the femicircle ABC, and it may be proved, as before, that the 
fuperficies defcribed by its revolution is equal to the redlangle 
contained by it$ axis AC, and the circumference of the circle 
infcribed in it : but this circle islefs than the bafe of the cylinder, 
and AC is the height of the cylinder ; therefore the fuperficies 
defcribed by the polygon is lefs than that of the cylinder. 
Wherefore, the fuperficies of the cylinder is lefs than any fuper* 

U u ficie;^ 
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Part III. ficies greater than that of the fphere, and greater than any ItC^ 

^•'^y^ than that of the fphere ; it is therefore equal to the foperficies 
of the fphere. Ahd likewife any fegment of the cylindric fu- 
perficies is equal to the fuperficies of the correfponding fegment 
of the fphere, dut off by the fame plane. 

CoR. I. TTie furface of the fphere is four times a great circle 
of it, for a great circle is equal to the red:angle contained by 
half the circuipference and half the diameter. 

mC.3.E. Cor. 2. Becaufe the reftangle CA^ AP is equal ^ to the 
fquare of the chord AN, if each of them be multiplied by 

n4^ of this. 3. 1 416, the circle of which AN is the radius is equal ^ to the 
rectangle contained by AP, and the circumference of the circle 
ABC ; that is, it is equal to the fuperficies of the fegment made 
by the revolution of AMN about AP. v 



PART III. 

OF SOLID FIOURES. 



As an inch is the fmalleft meafure in length, and the fquare 
upon it the fmalleft fuperficial meafure, fo the cube defcribed 
from an inch is the fmalleft folid meafure ; and 1728 cubical 
inches make a folid foot. 

The Jlnglifli ale-gallon contains 282 cubical inches ; a pint is 
the eighth part of a, gallon, and contains 35^ cubical inches ; in 
the country, 34 gallons make a barrel; but in London, 32 gal- 
lons make a barrel of ale, and ^6 gallons a barrel of beer ; aj[i4 
a firkin is the fourth part pf a barrel. 

The Englifli wine*gallon contains 231 cubical inches, and 
therefore the pint contains 28^ cubical inches ; there are 63 gal- 
lons in a hogihead, 84 gallons in a puncheon, a hoflieads in a 
pipe, and 4 hoittieads in a ton ; and a tierce is the half of a 
puncheon. 

The Scots pint contains 1031% cubical inches, but is fuppofed 
to contain 105 fuch inches ; 2 pints make a quart, and 8 pints a 
gallon ; and the pint is fubdivided into 2 chopins, or 4 mutch- 
kins, and the mutchkin into 4 gills. 

In dry meafure, the Winchelter gallon contains 272-^- cubical 

inches j and 8 gallons make a bufhel, which fhould therefore 

contain 2178 cubical inches : but in levying the malt-tax, the 

t?\iihel is appointed to contain 2150 cubical inches ; and the gal- 

' ' " loix 
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Ion anfwering to it {hould be 268| cubical inches ; 2 gallons Part III. 
make a peck, and 32 pecks, or 8 buflkels, a quarter.- ^^^^^ 

The Scots wheat-firlot contains 21^ pints, or 2199 cubical 
inches, and the barley-firlot 31 pints, or 3208 cubical inches ; 
4 firlots make a boll, and 16 bolls a chadder ; a peck is the 
fourth part of a firlot, and a lippie the fourth part of a peck. 

A Paris pint is nearljr equal to 2 Englilh pints, and contains 
48 cubical Paris inches. 



P R O B. I. 

1 O find the content of a priftn. 

If it be a rectangular parallelopiped, of which the altitude is 
one inch, it is evident, that there will be as many cubical inches 
in its content, as there are fquare inches in its bafe ; and if its 
altitude be any number of inches, the content will be as many 
times the number of cubical inches $ therefore find the area of 
the bafe, and multiply it by the height, and the product is the 
folid content : and every prifm is equal * to a re&angular paral- a a. Cor. 
lelopiped, of the fame bafe and altitude with it. Therefore, if aa.it.E. 
the bafe found by the 4th or jth Problem of the 24 P^rt be 96 
inches, and the height zi inches, the content is 1056 fglid 
inches. 

p R a B. II. 

i O find the folid content of a pyramid. 

Find the area of the bafe by the 4 th or 5th Problem of the 
2d Part, and multiply it by | of the height, the produA is th« 
content, by 4th Prop. 12th Book £. 

Cor. If the folid content of a fruftum of a pyramid be re- 
quired, find the content of the entire pyramid, and of the part 
that is wanting, and their diflPerence is the content of the fru- 
ftum : or find the areas of the bafes, and multiply them by 
correfponding fides of thefe bafes ; then, as the diiFerence of 
theie 'fides to the height of the fruftum, fo ^ is the difference a 4. 6. and 
gf the produfis to the content. »^* 5« £ 



I P R O B. III. 

I 

i 



I 



1 O find the folid content of a cylinder. 

U u 2 Find 
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P^RT HI. Find the area of the bafe, by Prob. 6. or 7. of the 2d Paffi 

^^'^'"''T'sJ and multiply it by the height, the pvoda^\ is the folid content * : 

a^. li.JE-Thus, if the diameter of the bafc be 14, and the height 12 

and '-"f inches, the area of the bafe is 153*9384, which, multiplied b/ 

12, gives 1844.2608 folid inches tor the content. 
ri. III. Cor. If the bung-diameter 1£.F of a caik ABCD be not much 
I'i' i3' greater than the head-Jiameter AB ; find the areas of the circles 
at the head and bung, and take half the fum for a mean baf^, 
which, multiplied by the length, gives the content j only the 
dimenfioas arc to be taken within the ilaves. 



PROB. IV. 

1 O find the folid content of a cone. 

Find the area of the bafe, by Prop, 6. 2d Part, and multiply 

A i.Cor.7. J,. 1^^ X q£ jijg height, to get the folid content *. For example, 

if the diameter of the bafe be 8 inches, and the height 9 inches, 

the area of the bafe is 50.2656, which, multiplied by 9, givea 

452.39 folid inches for the content. 

PL III. CoK. I. If the content of the fruftum of a cone be required, 

lig. 14. let it be ABCD ; draw ^ AG, parallel to DE; then GC : CD : : 

b ji. 1. E. A,C ; CE : : AH : EF ^, the altitude of the complete cone ; and 

c 4. 6. £. j£ jjjg content of the complete cone ECD, and of the part EAB, 

be found, their difference is. ABCD. Which may be done, bjr 

fubtrading the produdl: of the diameters CD and AB from the 

fquare of their fum, the remainder, multiplied by .7854, and 

then by ^ of the height AH, gives the content of the fruilum. 

Vl. III. Cor. 2. Caiks, of which the Haves are very much bended to- 

Fig. 15. wards the middle, and ilraight towards the ends, as AB£F, 

may be taken for two fruilums of a cone* 

PROB. V. 

1 O find the folid content of a fphere. 

a^. II. E. Becaufe the fphere is | of its circomfcribed cylinder ■, find 
the area of a great circle of the fphere, and multiply it by ^ of 
the axis^ the prcdud is the content : or, which is the fam« 
thing, multiply the cube of the axis by | of .7854, that is, 
,5236. For example, let the axis be 9 inches, the cube of it is 
729, which, muUipliedby .5236, give§ 381.7044 for the folid 
content* . 

COA. X. 
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Caft. I. It may be proved, as was done in the 9th Propoficion Part III. 
of the 1 2th Book, that the folid defcribed by the revolution of ^-^W^ 
the part BGMC of the circle, together 
with the cone defcribed by the triangle 
BGP, is equal to the cylinder defcribed 
by tlie redtangle BB ; and therefore the 
content of the zone defcribed by BGMC 
is got by fubtrafting ^ of the fquare of 
GP or GB the height, from the fquare 

of BC ^ and multiplying the remainder ^ y^J^^^,^---^X*|| ^3. ,a. E. 
by 3.1416, and then by the height BG« 

CoR. 2, Hence the content of a feg- 
ment of the fphere may be found, by fubtrafting the remaining 
a^one from the bemifphere. 




P R O B. VL 

1 find the folid content of a fpheroid, 

A fpheroid is a folid defcribed by the revolution of a femi 
ellipfe about one of its axis. 

If ACR be a femiellipfe, and the pre- 
paration be made as in the 9th Propofition 
of the 1 2th Book, it may be proved, that 
the fpheroid defcribed by the femiellipfe 
ACR, about the axis AR, is | of the cir- 
cumfcribing cylinder : For, by the nature 
of the ellipfe, the fquare of EL is to the 
reftangle AE, ER, as the fquare of DA 
is to that of AB, that is, as * the fquare 
of EO to that of EB ; therefore the fquares 
of EL, EO are to the reftangle AE, ER, 
and the fquare of EB, as the fquare of DA 
to that of AB *» ; but the redtangle AE, 
ER, with the fquare of EB, is equal ^ to 
the fquare of AB ; therefore the fquares of 
LE, EO are equal * to that of AD or EF ; 
and the cylinders defcribed by the revolution of the reftaDglcs 
BL, BO, are therefore equal * to the cylinder defcribed by BF. 
From which it may be proved, that the cone defcribed by BAD, 
together with the bemifpheroid defcribed by AMC, is equal to 
the cylinder defcribed by AC, as was done in the 9th Prop, of 
the 1 ith Book. And the cone is a third part of the cylinder ^ ; 
therefore the bemifpheroid is | of it. Therefore, find the area 
of the circle defcribed by the revolving axis, and multiply it by 
I of the fixed axb. 

Cor. I, 
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Part IIL Cor. I. In the fame manner, it may be proved, that the part 

Kyy^J d£ the fphcroid de£cribed by the revolution of BGMC, together 

with the cone defcribed by BGP, is equal to the cylinder de- 

fcribed by BGHC. Now, the circle defcribed byGP is the 

excefs of the circle defcribed by GH or EC, above that defcri* 

bed by GM; therefore, from three times the area of the greater 

bafe, fubtraft the excefs of this area above the area of the leis 

bafe ; or, which is the fame thing, to twice the area of the 

greater bafe add the area of the lefs bafe, and the fum is the 

f I. Cor. 7. bafe of a cone, equal ' in height and content to the zone of the 

"•E. fpheroid. 

PI. III. Cor, 2. When the ftaves of a calk are much bended, it is 
Fig. 16. fuppof^^ xo be the middle zone of a fpheroid : Let the length of 
fuch a caik be 40 inches, and its bung-diameter 32 inches, and 
its head diameter 26 inches ; to 2048, twice the fquare of 32, 
add 676, the fquare of a6, and multiply the fum 2724 by 40, 
the length, and then by .2618, J of .7854, and the produft 
28525.728 is the folid content in inches, which, divided by 
282, gives lot gallons i pint of ale ; or if it be divided by 
331, the quotient is 123 gallons i pint of wine. 



To 



P R O B. VII. 

find the folid content of any regular body. 



The folidity of the tetrahedron, which is a pyramid, is found 
by the 2d Problem of this Part. The hexahedron, or cube, is 
found, Prob. i. of this. The oflahedron, being two pyramids 
of equal heights, upon the fame fquare for a bafe, is meafured 
by Prob. 2. The dodecahedron confiits of 12 equal pyramids, 
upon regular pentagons for their bafes, and may be meafured 
by Prob. 2. of this- The icofahedron confifts of twenty equal 
pyramids, upon triangular bafes, and may be meafured by the 
fame problem. The bafes and heights of thefe pyramids may 
be either meafured, or elfe found by Trigonometry^ 



PROB. VIIL 

J. O find the folidity of any body, however irregular. 

Let the body be immerfed in water, in a veffel of the figure 
of a prifm, and take notice how much the water is raifed by 
the immcrfion of the body ; for it is plain^ that the fpace whidi 

the 
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the water fills, after immerfing the bodj, exceeds the fpace it Part lir. 
occupied before, by a fpace equal to the folid content of the V-Or^ 
body ; and this excefs may be found, by Prob. i . by multiplying 
the area of the mouth of the vefl^^l, by the difference between the 
elevations of the water before and after immerfion. In the 
fame manner, the folidity of a part of a body may be founds by 
immerfing that part only. 



PROB. IX. 

TO find how much is contained in a calk, that is Pi. Ilf. 
in part empty, of which the axis is parallel to^^^'^'^^**' 
the horizon. 

Let AGBH be the circle made by cutting the caik at the bung^ 
by a plane perpendicular to the axis, AB the bung-diameter, 
and GBH the fegment of it, filled with liquor, of which the 
depth £B may be found by the guaging rod ; and the diameter 
AB, being alfo known, the area of the fegment GBH may be 
ifound, by the 2d Cor. to Prob. 6. Part a. or it may be founds 
from a table of fegmcnts, fuch as that at the end of guaging. 

Find the mean bafe of the caik, which, if the caft: be not of 
the kind mentioned in Prob. 3. of this Part, may always be 
found, by dividing the content of the caik by its length ; let thi» 
be the 9ircle CKDL, and let the fegment of it, fimilar to GBH, 
be KDL ; this fegment may be found, for the circle AGBH is 
to CKDL, as the fegment GBH to the fegment KDL ; and this 
fegment, multiplied by the length of the calk, gives the quan* 
tity of liquor in it. 



OF GUAGING. 

TO guage a veiTel, i& to liod its content in the meafures oi^ 
any country ; and this may be done, by means of the prd- 
ceding problems, by firft finding the folid content in inches, and 
then dividing it by the number of inches in the meafure requi- 
red ; but the work may be fliortened, by finding multipliers^ 
which will give the •ontent in that meafure, inftcad of inches* 
For example, if the veflel be contained by planes, inftead of di- 
viding by 231, multiply by the decimal .004329, and the pro- 
4viGt will be the content in wine- gallons ; and inftead of dividing 
by 282, multiply by .003546, to get the content expreiled in 
gallons of ale : But thofe multipliers are feldom ufed, becaufe 
they do not abridge the operation ^ they are found by annexing 

cyphers 
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Part III. cyphers to linity, and dividitig by the number qf inches in the 
^■^VO wine or ale gallon. The multipliers for roun4 veffels are got, 
by dividing -7853982 by the number of inches in the feveral 
meafures in which it is required that the contents fhould be 
cxpreffed. For example, .7833982, divided by 282 the num- 
ber of inches in an ale-gallon, gives .002785 r, the multiplier 
for ale^ gallons ; therefore, inftead of multiplying by .7834, in 
finding the content, multiply by .0017851, and the content will 
be found in ale-gallons. In the fame manner, .0034 is found to 
be the multiplier for wine-gallons : and fince thefe multipliers 
are to one another, nearly as 9 to 11, it follows,, that 9 ale-gal- 
lons are nearly equal to 11 wine-gdlons. And as there are 
2150 folid inches in a malt-bufliel, the multiplier in this cafe 
will be .0003653 : and if the Scots pint be 103.4 inches, the 
multiplier for it will be .0076 ; and for the Scots wheat-firlot 
of 2i2[ pints, or 2197 inches, the multiplier is .000358 ; or for 
the barley-firlot, of 31 pints, it is .000245 ' ^^ ^^^^ *^7 whcsS- 
firlots are nearly equal to no malt-buihels ; and there. are 92 
bolls in 47 quarters 9f the fame meafure, or 196 bolls nearly 
in 100 quarters. 

By the help of thefe multipliers, the contents of veffds may 
be found by the following rules. 

1 . To find the <ontent of a cylindric veffel ; multiply the 
fquare of the diameter of the bafe, by the height, both beings 
expreffcd in inches ; then, to find the content in wine-gallons, 
multiply the produ6t by.0C34; or to have it in ale-gallons, 
multiply by .0027851 ; or to have it in malt-buQiels, multiply 
it by. 0003653; or again, to have the content in Scots pints, 
multiply the faid produd: by .0076 ; or if it be required in 
Scots wheat.firlots, multiply by .000358; or in barley-firlots^^ 
by .000245. 

If the bafe of the veffel be not a circ^ - it an ellipfe, mul- 
tiply the produft of the greateft and I : diameters, by the 
height, and then by the proper multiplier. 

Let the diameter of the bafe be 48 inches, and the height 
54 inches; the fquare of 48, viz. 2304, multiplied by 54, 
gives 124416, the common produ£b, which, multiplied by .0034, 
gives 423.0144 wine-gallons for the content ; or if it be mul- 
tiplied by .0027851, the content will be 346.511 ale-gallons. 

2. When the veffel may be confidered as the fruftum of a 
cone ; from the fquare of the fum of the gfeatcft and lead dia- 
meters, fubtraft their produft, and multiply ^ of the remainder 
by the length, and then by the multiplier for the meafore. 

Thus, if the length of fach a calk be 4a inches, and the bung- 
diameter 32 inches, and the head-diameter 26 inches ; their fnm 
is 58, from the fquare of which, 336;}, fubtraft their produ6k 
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03 i, and the remainder is 2532; and | of Jt 844, multiplied Part III. 
by the length 40, gives 33760, which, multiplied bj •0034, ^^^V^J^ 
gives 1 14.71 54, the content in wine-gallons. 

3. When the veflel is of the kind riientioned in Prob. 3/ 
which is called a fruftum of a parabolic conoid ; take the diame- 
ter in the middle, between the greateft and leaft widths, and 
fquare it ; or add the fquares of the greateft and leaft diameters, 
and take half of their Aim'; then multiply by th^ length, ' and 
the multiplier, 

4. If the veffcl be the fruftum of a fphete ; from the fquare 
of the greateft diameter, fubtraft ^ of the fquare of the diftance 
between the greateft and leaft diameters, and multiply the re- 
mainder by the length, ahd by the multiplier. 

5. If the veflel be the fruftum of a fpheroid; to twice the 
fquare of the gfeateft diam'eter, add the fquare of the leaft, 
and multiply^ of the fum by the length, and the multiplier : but 
if the bafefs be unequal, find a* fourth proportional to the fquare 
of the axis, the fquare of conjugate axis of the ellipfe, and i| of* 
the fquare of the length/ and add this fourth proportional to the 
fquares of the greatejft and leaft diameters,' and multiply ^ the 
fum by the length, and by the multiplier. . 

6. When the velfel is the fruftum of a hyperbolic conoid ; 
find a fourth proportional to the fquare of the axis, the fquare 
of the conjugate axis, and i| of the fquare of the length, and 
fubtrad it from the fum of the fquares of the greatefl/and leaft 
diameters; then multiply i of the remainder by the length, and 
by the multiplier, . 

7. When the veflfel is the fruftuth of a praraboHc fpindle ; to' 
twice the fquare of the greateft diameter, add the fquare of the 
leaft, and from the fum fubtraft | of the fquare of the diffe- 
rence of the fame diameters, and multiply |^ of the remainder 
by the length, and by the multiplier for the meafure required. 

The moft common forms of ca&s contain I'efs than what is 

fiven by the 4th, 5th, or 7th rule ; but more than what is given 
y any of the others. The following method feems to agree 
beft with commott calks, and is nearly a mean betwixt the jdt 
and 7th rules. 

8. From 12 tim^ the head-diameter, fubtra£t 7 times the 
bung-diameter, and multiply the reinainder by twice the bung- 
diameter^ and fubtra6t the produft from the fquare of 5 times 
the fum of thefe diameters ; then multiply the remainder by 
the length; and hj .ao634, and the produ6i, divided by 9 for 
wine, or by 11 for ale, gives the content in gallons. The di- 
menfions being as in the 2d rule,- the concent by this rule would' 
be 118^ wine- gallons, or 97 ale-gallons. 

9. But the bell way is. to take a diameter in the middle, be- 
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Part III. tween the head and bung, »nd to add together the fcjuares q£ 

^<>y^>r\J the head and bung diameters, and of twice the middle diameter ; 

for 5 of the fum reduces the caik to a cylinder ; that is> whea 

multiplied by the length, and the proper multiplier, it gives the 

content, whatever be the form of the cafk. 

10. Large veffels are mcafured by diftingui filing them into 
fruftums, and taking the diameter at the middle of each fru- 
flum, with which the content of the fruftum is found, as if it 
were a cylinder ; and the contents of all the fruftums added to- 
gether give the content of the veflel : after which, they form 
a table of the contents at each inch deep, by fubt rafting fuccef- 
fively the areas of the circles belonging to thofe mean diameters, 
each as often as there are inches in the altitude of the fruftum 
to which it belongs; and from this table it readily appears 
how much liquor is contained in the veflel, by only knowing the 
depth of the liquor. 

11. To meafurc round timber; find the n[iean circumference, 
or girth, and multiply its fquare by .0795774715, which is the 
area, when the circunaference is i, the produd is the content* 
Let the mean girth of a tree be 10.3 feet, and the length 24 
feet, then the fquare of 10.3, is 106.09, which, multiplied by 
40, and by .0795775, gives 202.617 feet for the content. But 
the common way is to take ^ of the girth, and to multiply its 
fquare by the length for the content ; according to. this method, 
the tree, in this example, would be only 159.135 feet, which 
is 43-482 feet too little. 

Square timber is meafured by multiplying the mean breadth 
and thickhefs together, and the produdl by the length. 

12. To find a fliip^s tonage; multiply the length of the keel 
by the breadth of the fliip in the middle, and then multiply the 
produft by the depth of the hold, and the produd, divided by 
94, gives the tonage ; but neither this, nor any other rule thaC 
can be given, will ferve for all forts of flaips. 



OF THE SLIDING RULE, 

AKB THE DIAGONAL RO0. 

THE officers of the revenue generally find the contents of 
veffels by the Aiding rule, or the diagonal rod. The 
lines on thefe inftruments are divided into parts, proportional to 
the logarithms of numbers ; that is, the diftance between i and 

icr 
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to being divided into 1000 equal parts, the number 2 is placed Part III 
at 301 of thefe parts, and the number 3 at 477 of them ; and V«/V^ 
fo on ; becaufe thefe are the logarithms of 2 and 3, when the 
logarithm of 10 is 1000. The diflance between i and lo, on 
the line marked D, is three times as great as that between i 
and 10 on the line E, and twice as great as that on any of the 
other lines A, B, C, N, or MD ; and therefore the numbers on 
E are the cubes of thofc oppofite to them on D, and the num- 
bers on the other lines are the fquares of thofe on D. Any 
proportion may be wrought on the Aiding rule, by fetting the 
firft term on the rule oppofite to the third on the Aider; and then, 
oppofite to the fecond term- on the rule, will be found the fourth 
term, or anfwer on the Aider : Or it may be wrought on the rod, 
by extending the compaffes from the firft to the third term, and 
that extent, laid the fame way from the fecond term, will reach 
to the fourth term. The lines, marked SS, and SL, are ufed 
for uUaging ftanding and lying caflcs ; fet the length of a ftanding 
oaflt, or the bung-diameter of a lying cafls; on N, oppofite to 
leo on the other lines, and oppofite to the wet inches on N, 
take off the number on SS, if it be a Handing caflc, or on SL, 
if it be a lying ca& ; then having placed the content of the caflc 
on A, oppofite to loo on B, look on B, for the number taken 
off, and oppofite to it, on A, is the quantity of ale- gallons in the 
caflc. In like manner, on the rod, extend the compafles on the 
line of numbers, from the bung-diameter to the wet inches ; 
and that extent will reach on SL, from 100 to a number, and 
the extent on the numbers from 1 to the content of the caAc, 
will reach from that number to the quantity of liquor in the 
jca&, in ale- gallons. 

There arc alfo lines on the rod, and on the infide of the Aiders, 
for flicwing the contents of cylinders, at one inch deep, in ale 
and wine gallons ; and befides thefe, on the Aiding rule there 
are lines marked fpheroid or ift variety, id variety, 3d variety, 
and conical variety, on the infide of the Aider N, for finding the 
mean diameters of caAsLS ; that is, the number belonging to the 
variety, and op|x>fite to the difference between the bung and 
head diameters, added to the head-diameter, gives the mean dia- 
meter, or the diameter of a cylinder of the fame length and 
content with the cafic. Thefe varieties are the caflcs mentioned 
in the 5th, 7th, 3d, and 2d rules ; but tlie mean diameters found 
by the Aiding rule are not exaft. The moft remarkable lines 
on the rod, are thofe called Diagonals ; for if the rod be put 
into a ciflc from the bung to the fartheft edge of the head, the 
numbers on thefe lines, which are cut by the bang, will fiievv 
how many ale and wine gallons the calk can hold ; and for com- 
mo^ caAts, this method feems to give the content more exadly ' 

X 5P a than 
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Part Utl tfcah any^rule that depends on their forms, and vety aearly the 
^-Of^^ fame with the 9th rule, which in eyerj cafe gives the true con-. 
tent. 

' Since on thefe inflrumcnts everything is performed by pro- 
portions, the multipliers mentioned in the firft rule muft be- 
eon verted into div^fors, by annexing cyphers to I, and then di- 
viding it ,by thefe multipliers, and the quotients will be divifors^ 
anfwering the fame purpofe ; but in ufing the line D, the fquare 
roots of thefe divifors are ufed in the firft rple, or the fquare 
roots of 3 times the divifors, in working any of the varieties^ 
cr of 6 times the fame'divifora, in ufing the 9th rule; thefe are 
called Guage-points oji D, and for cylinders, they are 18.95 
for ale-gallons, and 17.15 for wipe ; and for any of the varieties^ 
except the third, which is the fame as for the cylinder, they arc 
32.8 for ale, and ^9.7 for wine ; and for the 9th rule, they arc 
46.4 for ale, and 42 for wfne gallons. . 

For example, jet the depth of a veffel be 5$ inches, and the 
mean diameter 42 inches ; fct 36 on C, oppolite to 18.95 on D> 
then oppofite ^o 42 on D, is 275 on C, which is the content iix 
ale-gallons ; or if 56 on C be f?t to 17,15 on P, then Qppofitc^ 
to 42 on P, is 336 wine-gajjons on fl. 

Again, let the length of a caflc of the conical variety be 40 
inches, and the bung-diameter 32 inches, and the head 24 
mches : firft fet 24 on C, to 24 on P, and opposite to 32 on C, 
is 27.7 on P, Che fquare root of the prod|ift of 32 and 24; 
therefore, fet 40 on C, to 32.8 on P, and then oppofite to 56, 
and 27.7 on P, are 116.5, *^4 ^8.5 on C, of which the diffe* ' 
rence is 88 ale-gallons, the content. Whenever the bafe of % 
veffel has "two diameters, the fquare root of their produ^ is tq 
be found on P, and )ifed inftead of them, in the fapie manner as 
27.7 in this example. ! 

Again, let the lengtb be 4P incfies, t^e bung-diameter 32, 
the head 26, and the diameter in the middle between the hea<J 
and bung 30^4 inches 5 and working as in the 9th rule, fet 40 
on C, oppofite to 42 on D, and then oppofite to 26, and 32^ 
and 60.8 on P, there are found on C, 15.3, and 23.2, and 84.8, 
which, added together, give 122.3 wine-gallons for the content: 
. and in the fame manner, piay any otjier of the al)oye rules be 
wrought on the Aiding rule. 

Some of thefe numbers are marked on the line D, and arc 
called Guage-points, fuch as W.G at 17.15, and A.G at 18.95, 
which are the guage-points for wine and ale gallons, in finding^ 
the contents of cylindrical vcffels ; alfo M.R at 52.32, being the 
guage-point for malt-buftiels in the fame veffels, and M.S at 
46.37, the guage-point for malt-bufliels, in finding the contents 
» of fquare or reftargular veffels : and in the fame manner, ipaj 

any 
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wy of the Other guage-points be marked on the line D. And Pai^t II] 
befides the guage-points, there are feveral other numbers marked \*<Y% 
on the rule^ fuch as M.B at 2150.4^ the inches in a malt-bufhel, 
A at 282, the inches in an ale-gallon ; thefe are marked on the 

^ line A: and on the line B, there are marked W at 231, the 

inches in a wine-gallon, S.I at 707, and S.e at 886, which are 
the fide$ of fquares iofcribed, and equal to the circle of which 
the diameter is looo, and C at 3141.6, the circumference of 
the fame circle : and on the line C are marked OC at •07969 
the area of a ^irde of which the circumference is i, and Od 
at •7834, the area of a circle of which the diameter is 1. The 
ufe of thefe is obvious ; for i^ the area of a circle be required 
of which the diameter is 8, place i on D, oppoiite to •7854, or 
Od on C, then, oppofite to 8 on D, there will be found 50.3 ou 
C, the area required. 

The ufe of the line MD, is for guagiog redangular veffels, 
c^ floors of malt: fet the length on B, oppofite to the breadth on 
MD, and then oppoiite to the depth on A, there will be found 
the content in malt-buftiels on B, Thus, if the length of a 
door of malt be 270 inches, its breadth 56 inches, and its mean 
depth 5 inches ; fet 270 on B, oppofite to 36 on MD, counted 
towards the left hand, then oppofite to 5 on A^ there is found 3 5 
on B, the number of bufliels in the floor. 

By the line E^ the contents of fimilar veflels may be found 
from one another, and the dimenfions of fimilar veflels may be 
found from their contents. Suppofe the depth of a veflel con- 
taining 100 gallons to be 40 inches ; what is the content of a 
fimilar veflel, of which the depth is 36 inches ? fet 40 on D, 

J/ againft 100 on E, then, oppofite to 36 on D, there will be found 

* 72.9 on E, which is the pontcnt. Again, let the depth of a 

veflel be 30 inches, and that it is required to find the depth of a 
fimilar veflel that fliall contain twice as much ; fet 30 on D, to t 
on E, and againft: 2 on E, there will be found 37.8 on D, which 

' is the depth required. Suppofe, again, that the diagonal; a 

caik containing a hogfliead, is 31 inches, and that it is required 
to find the diagonal of a fimilar cafl& that fliall hold a puncheon; 
fet 31 on D, to 63 gallons on E, and againft 84 gallons on E, 
there will l?e found 34.1 inches on D, which is the diagonal re^ 
quired. 

It is evident, that the fame riiles will give the contents of 
veflels in the meafures of foreign countries, if proper multi- 
pliers or guage-points be found for thefe meafures ; and thefe 
ipultiplicrs and guage-points are found from the number of 
inches in any meafure exaftly in the fame manner with thofe for 
JLnglifli meafures. For example, the fextier of Paris contains 
384 cubical Paris inches j therefore, if .785308 be divided by 
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?artI1I. ^84, the quotient .C020453 is a multiplier for giving the con* 
^--^V>-/ tents in fextiers ; or if 384 be divided by .785398, the quotient 
488. 924, will be a divilor for (he fame purpofe, and the fquare 
root 22.1 of this divifol- will give the guage-point for cylinders 
to be ufed on the line D : Thefe numbers fuppofe that the veffel 
is guaged in Paris inches, but if the veffel be guaged in Engliih 
inclies, the fextier contains 464.8 fuch inches ; and therefore the 
multipl'er in this cafe will be .00169, and the guagc-point on 
D will be 24.3. In like manner, there being 1040 cubical 
Englifli inches in a ftechan of Amfterdam, or in an almuda of 
Portugal, numbers may be found for finding the contents in thd 
meafures of thefe countries ; and fo on. 

When a calk, not full, is lying with its axis parallel to the 
horixouy it was Ihown in Prob. 9. of this Part, how to find the 
content of the full or empty part ; but it required the area of 
the fegment of a circle to be found, which being tedious, is 
ufiiaily done by means of a table of circular fegments, of which 
the following is a fpecimen. 



A TABLE 

Of the Areas of Segments. 



-^r^ 


Seirm.lV. S. 


Sejrm. 


v.s. 


Segm. 


„.,.... 


Sejcin. 


v.s: 


Segm. 


01 


00133 


, " 


04701 


21 


1 1990 


3« 


2073^ 


41 


30319 


. 62 


00375 


i la 


05339 


22 


12811 


3^ 


21667 


42 


31304 


03 


00687 


13 


060CO 


»3 


13647 


33 


22603 


43 


32293 


04 


01054 


14 


06683 


34 


M494 


34 


23547 


44 


33284 


03 


01468 


15 


07387 


25 


15355 


35 


24498 


45 


34278 


06 


01924 


16 


oSiii 


26 


16226 


36 


25455 


46 


35274 


07 


02417 


17 


088 j4 


27 

28 


17109 


37 


26418 


47 


36272 


c8 


02944 


18 


09613 


18002 


38 


27386 


48 


37270 


09 


°35°f, 


i '9 


10390 


29 


18905 


39 


2«359 


49 3B270 


10 


04088 


' 20 


111825 30 


19817 


40 


29337 


50 39276 



To ullage a lying cafe by the table of fegments, divide the wet 
inches by the bung-diameter, and find the quotient in the table, 
in one of the columns marked V, S. and the area of the feg- 
ment neareft to it on the right fide, is to be taken out of the table, 
and multiplied by the whole content of the cafe ; divide the pro- 
duel: by 8, and from the quotient cut oflF four figures for a deci- 
inal, the reft of the figures Ihew the quantity of ale-gallons ia 
the cafe. 

Suppofe the content of a cafe to be 92 gallons, the bung.dia- 
ixieter ^2 inches, and the wet inches 8 5 divide. 8.co by 32, the 

quotient 
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Quotient is .23, oppofite to which in the table is found 1535S, Part Ilf 
which, multiplied by 92, and four figures cut off from the pro- V^i^V^J 
dudy gives 141.3660; and this, divided by 8, gives 18 ale-gal- 
lons nearly for the quantity of liquor in it. 

If the calk be above half full, divide the dry inches inftead of 
the wet inches, and thus find the content of the empty part, 
which, fubtra£ted from the whole content, gives the quantity of 
liquor in it. 

TABLE 

Of Foreign Meafures exprejfed in Englifh Inches. 







Inches. 


1 Inches.l 


Paris 


foot 


12.792 


aunc 


/^6.6^o 


Lyons 




13-458 


Caune 
(^cane 


47-604 
77.220 


Leyden 




12.396 


aune 


27.120 


Amfterdam 




11.304 




27.228 


Antwerp 




11.352 




27.276 


Bruffels 




10.828 




27.260 


Hamburgh 




11.376 




22.860^ 


Lubeck 




11.448 




22.896 


Denmark 




12.504 




25.008 


Sweden 




11-733 




23.466 


Oantzick 




11.328 


* 


22.836 


Riga 




10.986 




21.972 


Ruffia 


ariheen 


9.090 






Rome 


\ pal. mere. 
1 pal. arch. 


9.791 
8.779 


f brace mer. 
< brace arch, 
(^cane. 


34.270 

30-730 
81.900 


Venice 


foot 


13-944 


brace 


26.460 


Leghorn 


palm 


9.182 


brace 


22.956 


Genoa 


palm 


9.960 


cane 


88.290 


Naples 


palm 


10.332 


C brace 
(^cane 


25.200 
82.560 


Madrid 


Cpalm 
\ foot 


9.012 
12.012 


f vara 


36.040 


Toledo 


foot 


10.788 


vara 


32.220 


Gibraltar 




11.039 


vara 


33.120 


Lifbon 


cavido 


20.122 


vara 


33.000 


Conftantinople 


fli. pike 


25-576 


gr. pike 


27.920 


Perfia 






ariih 


38.364 


Old Greek 


foot 


12.087 


cubit 


18.132 


Old Roman 


foot 


11.604 


cubit 


17.496 


Scripture 


palm 


3.648 


cubit 


21.888 



FINIS. 



